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SUMMARY

This job came of an investigation about a new model called 
Energy Split Hypothesis (onwards ESH), which is proposed and 
experimentally tested for the closed die compaction test based on a 
statement of energy conservation. It was motivated by the observed 
data scattering in constructing the compaction curve, making use of 
the well-known Method of Differential Slices (onwards MDS).

As part of this was addressed the problem of uniform fill-den-
sity before compaction, when using specimens of different size. As 
with testing the validity of the ESH, the methodology is based on 
a statistical analysis of the observed data scattering upon experi-
ment repetition.

The friction between the die wall and the powder specimen is 
considered the cause of data scattering, and it is shown as a reduc-
tion in the friction force, which makes the magnitude of this being 
equal for ESH and MDS approaches to the compaction curve. This is 
considered a proof of the physical validity of the ESH as a model of 
the Closed Die Compaction Test (at least to the extent the MDS is).

The study of this test from the standpoint of data scattering 
analysis, provided a method for computing a so-called True Com-
paction Curve, in a probabilistic sense and from a physically valid 
model of the process.
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The ESH, as an energy-based interpretation of the compaction 
test, allowed a proposal for the computation of die wall-powder 
friction coefficient, using optimisation principles. In addition, a re-
formulation of the MDS by considering an empirically defined 
parameter is also put forward.

These last two items were subject to experimental validation, 
and thus, set out as future work.
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1. INTRODUCTION

Powder compaction keeps as a main process within the realm of 
powder metallurgy and the investigation towards even more ac-
curate powder compaction engineering has achieved many goals, 
whilst at the same time faces many challenges. 

As the problem has been present from the very beginnings of 
powder metallurgy as a feasible manufacturing process, engi-
neering research has arrived to the stage of mathematical mode-
lling and computational simulation aimed at prediction of densi-
ty distribution and failure occurrence within the compact. Hence 
the design of proper die shapes and punching routines. Yet, the 
success of these approaches lies on devising a proper constituti-
ve model to a given material, as well as equations describing 
the evolution of internal variables characterising the extent of 
plastic deformation. These issues entail a careful and dependable 
model calibration.

One quite particular problem in regards of assessing the way a 
body of powdered material deforms, is that it is not a fully dense 
body nor a fluid one. Therefore, a sample of the material to be 
characterized needs a container. So that keeps a defined geome-
try throughout testing, at the expense of incurring sliding friction 
with the container walls. At the same time, the material charac-
terization and model calibration die and the wall-powder friction 
represents an undesired influence in the testing system, since the 
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measures taken from it will be inevitably some combination of die 
wall friction and the deformation of the material alone, which is 
that one intends to assess.

In this sense researchers have resorted to practices like lubrica-
tion, whether admixing lubricant to the powder or smearing it 
over the inner die wall surface, double punching action, floating 
punch and floating die configurations (German, 1994), along with 
keeping the aspect ratio of the powder specimen as low as possible. 
Success of these practices is usually reported in terms of a small 
observed difference between upper and bottom punch stresses (Za-
valiangos et. al., 2004).

Notwithstanding this, friction is a highly variable phenome-
non on its own right for its dependence on surface conditions is 
high. On accounts of this, might be low and also be the case with 
reproducibility. Thus, the issue of friction should be deemed as so-
mething quite particular to the experimental conditions on hand 
and references of successful friction minimization should by the 
same token, considered just as good suggestions to experiment de-
sign and conduction.

Moreover, punching layouts as those mentioned before may 
not be under the reach of a particular experimenter; additiona-
lly, the requirement of evaluating failure properties of compacted 
material at different values of relative density poses the need of 
having aspect ratios higher than what would be desired.

This obviously has an impairing effect on the curves used 
as evolution equations, in that they would probably not re-
present just the deformation of the powdered material, but 
would also be bringing in die wall-powder friction component 
difficult to control.
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So, just as dividing tensile force by specimen cross sectional area, 
and specimen elongation by initial length leads to an objective stress-
strain curve (depending only on the tested material), then a means 
of devising an objective compaction curve is necessary as well.

One factor of the compaction curve is highly sensitive and the 
way average punching stress is computed. This comes down to 
the static model made of powder compaction. In the well-known, 
and widely used formulation, MDS (Nedderman, 1992), a cons-
tant value of Janssen parameter is assumed, on the grounds of the 
observed increased radial pressure, exerted by the powder body 
against the die wall and gets closer to the upper punch surface (in 
a single compaction case).

Preliminary experiments carried out by the author and his co-
llaborators showed the inverse tendency. Though this was conside-
red a consequence of the highly variable die wall-powder friction, 
opening up the possibility of an inverted pattern in regards of 
radial pressure. Moreover, the literature review shows a gap in 
the treatment of the quite likely data, scattering on accounts of die 
wall-powder friction.

The same experiments indicated that this friction could make 
the average punching pressure computation (using the MDS) 
being specimen size-dependent.

In view of this the (ESH) is put forward, whereby the work 
exerted by the punch is additively decomposed into energy spent 
in just deforming the material, and that lost in overcoming die 
wall-powder friction.

So, at first, we had established the limits of this research in 
Chapter 2. Then there follows an account of the preliminary expe-
riments mentioned above and the research problem, objectives and 
methodology in Chapter 3.
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Chapter 4 reveals the details of the instrumented closed die de-
sign and construction, for the purposes of this investigation. There 
are a new course of action for the specification of die wall thickness 
is proposed, along with calibration features and mechanical per-
formance of the setup.

Chapter 5 systematically addresses the research problem stated 
in Chapter 3, by focusing on experimental data scattering and a 
statistical analysis of it. In particular, the physical validity of the 
ESH as a model for the compaction test is proven, giving a mea-
ning to the True Compaction Curve. Data analysis and results bore 
the research conclusions, also reported therein.

Finally, Chapter 6 lies down the foundations for future research 
work, taking on two specific aspects: reformulation of the MDS 
and an Optimisation problem on the basis of the proposed Energy 
Split Hypothesis. Its aim is to offer a new computation of the die 
wall-powder friction coefficient.
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2. THEORETICAL BASIS 
AND LITERATURE REVIEW

Preliminary reading pointed to the development-calibration 
and computer implementation of material models as the field 
where the state-of-the-art to the problem of powder compaction 
is being developed. The material model formulation has several 
approaches dictated by length scale. By and large two categories 
can be identified:

• Continuum models: the powder specimen under compac-
tion is considered a continuum body whose internal features 
are subject to some form of evolution law. These models 
are stated in terms of stress-strain as relationships involving 
these sub-scale features (for instance, specimen porosity) 
and material parameters or “properties” obtained through 
appropriate calibration tests. An example is the Closed Die 
Compaction Test.

• Micromechanics models: they focus on particle features as the 
parameters of the model and how they combine at the time 
of considering a large assemblage of these (Fleck, 1995 & He-
lle 1985). Micromechanics-based models are tested by having 
them predicting a macroscopic observation, for example, the 
compaction curve from the Closed Die Compaction Test.
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A third hybrid category is constituted by the Combined 
Finite-Discrete Element Method (onwards CDFEM) where by 
each particle is considered as an independent continuum body, 
and then interactions within an assemblage of these continuum 
units are studied by resorting to the power of computer methods. 
Some relevant results using this approach have been obtained by 
Chiang et. al. (2001), and Shima & Kotera (1998).

2.1 LITERATURE SURVEY DELIMITATION

2.1.1 Powder specimen as a continum

Some compaction tests using an instrumented closed die revealed 
a die-wall friction problem, whereby the compaction curve showed 
a dependency on specimen size. This situation, as more thoroughly 
elaborated in later chapters, constituted the main problem of the 
investigation and compelled the author to consider the powder 
specimen under compaction as a continuum body. This made the 
micromechanical-based construction of material models to be rele-
gated from the literature review that follows in this chapter.

2.1.2 Plasticity theories and computer implementation

A common point to material models is the classical theory of 
plasticity, which postulates the additive decomposition of strains 
(into plastic and elastic components) and the existence of a yield 
surface (Lubliner, 1998). Specifically, the models are presented in 
the literature as a function for the yield surface.

There have been modern developments as to the classical theory 
of plasticity itself, that is to say, not turning to the postulates just 
mentioned but to some new ones (Khoei, 2005 & Wu, 2005). Con-
tinuum models for powder compaction, in the context of such new 
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plasticity theories, have already been proposed. In any case, the 
question of devising proper, accurate calibration methods is still there.

The thesis deals with the closed die test as a mean to mechani-
cally characterise the powder during compaction. This is indepen-
dent from the discussion about theories of plasticity, as it is from 
computer implementation methods. Therefore no further elabora-
tion that will be made in these regards.

2.1.3 Static deformation process, die-filling problem and 
elastic recovery

There are three more delimitations to the literature review to 
make note of. First, experiments carried out by the author revealed 
that even after compacting at loading rates below those specified in 
the test ASTM B331-85, the load display in the press showed a stress 
relaxation from the specimen and is less significant as punching load 
increased. Nevertheless, at the time of data analysis the assumption 
of quasi-static plastic deformation is made. That is, viscous effects are 
neglected, and this idea is kept into the scope of the literature selection.

Second, the literature reports that the fill condition of the pow-
der largely influences its compaction behaviour (Doremus et. al., 
2007). This poses the die-filling process as an integral part of the 
powder compaction problem altogether. However, for the sake 
of isolating one specific situation to concentrate on, a standard 
method of die filling is used and the influence that its procedure 
might have had is thereby bounded to scattering of fill-density 
data (as Chapter 5 shall show, the situation can then be handled 
by statistical means). Consequently, die filling is not considered in 
the literature review.

Finally, issues like elastic recovery and compact failure during 
both compaction and ejection are not considered either. The spe-



28

Elver Mauricio Barrera

cimen is observed under its instantaneous deformation state and 
under the kinematic constraint of the loading punches (and the die 
wall, of course).

Similarly, motion and rearrangement of powder particles are 
considered internal phenomena to the behaviour of the powder 
specimen as a continuum. The situation is addressed by both mi-
cromechanical and the Discrete Element Method (onward DEM) 
approaches, and therefore it is edged out from the literature selec-
tion as well.

2.2 DIE WALL FRICTION AND AXIAL 
STRESS DISTRIBUTION

At first the problem was regarded as that of classifying mate-
rials according to how easy their compression was in terms of how 
much volume reduction was attained under a given punching 
pressure. In this sense, indicators like compression ratio CR ≡ VL/VC 

(VL/VC ) emerged as stand for loose powder volume and compac-
ted powder volume, respectively.

As compact shapes became more complex, a first hindrance 
came from the fact that for a cylindrical die –and more complica-
ted shapes thence-, its height-to-diameter ratio proved influential 
to the material compression ratio (German, 1994). A mixture of 
early experimental results and intuition led to consider stress distri-
butions of the sort shown in Figure 1.
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Figure 1. Stress distribution in cold compaction for single (above) and dou-
ble action punching. Reprinted from AIME. (Kuczynski et al., 1956, p.206).

The study of die-wall friction influence was a next step up 
in analysing the powder compaction problem. This gave rise to 
MDS, (Ne dderman, 1992), thus involving a static problem and 
one-dimensional calculus as one of the first attempts at modelling 
pressure distributions within the compact.
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Figure 2. Free body diagram of a differential slice of a powder body 
undergoing closed die compaction. Author’s own work.

The force balance over the thin, differential slice shown reads as:

0
4

2

=fz FDd        (2.1)

It is seen that no inertial effects are considered, so a slow com-
paction is implied. Also, are not deformation of the thin slice. Each 
one of them is designed as a rigid membrane. Yet, the friction force 
term Ff is to be specified. Here, a friction model must be selected, 
and that of Coulomb (De Boer, 2000) appears as a first choice.

NFf μ=        (2.2)

The normal force would be caused by the radial stress exer-
ted by the powder body against the die wall (N=σradial πDdz). 
At this point another assumption is necessary, namely, to relate 
punching stress with radial stress. The problem has been sorted 
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out by means of an empirical proportionality Parameter K (also 
known as Janssen parameter):

zradial K=       (2.3)

Where σz equals top punch pressure σT in a single punching, 
closed die compaction just at the contact surface with the powder.

The static equilibrium equation becomes:

0
4

2

== DdzDd radialz μ        (2.4)

On substituting the linear approximation dσz the resulting di-
fferential equation may be integrated as follows:

( )

=
zz

z

z dz
D

Kdz

T 0

4μ
        (2.5)

( ) = z
D

Kz Tz
μ4exp        (2.6)

Here, Janssen parameter K and friction coefficient µ were assu-
med constant at any point z  along die wall surface. Through inte-
gration, Coulomb friction model is endowed the same supposition.

After stating equilibrium equations using the free body dia-
gram to a differential slice of the compaction specimen, with re-
action stress at the bottom punch now brought in as part of the 
analysis, and with coordinate taken from bottom punch upwards:
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( ) = z
D

Kz Tz
μ4exp        (2.7)

Solving for the applied, axial stress over a slice placed at z:

( ) = z
D

Kz Bz
μ4exp        (2.8)

In addition:

( ) === z
D

KHz BTz
μ4exp        (2.9)

Upon solving the last two equations one gets:

z

D
K

BBz ez
D

K
==

μ
μ

44exp
        (2.10)

This equation represents an exponential decay of top punch 
pressure along the powder body. Moreover, it can also be stated, 
from the previous result, that:

== D
KH

B

T
BT eH

D
K μ

μ
41

4exp
        (2.11)

The last two results suggest a direct formula for σz in terms of 
top and bottom punch pressures (σz , σB ), both being measurable 
quantities (Zavaliangos et. al., 1994):

H
z

B

T
Bz =

        (2.12)
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Additionally, an average punching stress is computed, by the 
mean value theorem of calculus, as:

==

B

T

BT
H H

z

B

T
Bavg dz

H ln

1

0        (2.13)

Thus providing a characteristic value of punching pressure at 
any instant during compaction.

2.3 DISCUSSION AND RECENT DEVELOPMENTS

From the very onset of a compaction process such assumptions 
might be far more than stretched; the friction force, supposed cons-
tant in this analysis, is surpassed for one of the slices. It is necessary 
a process of sliding and deformation of the powder body to come 
by. This will have an effect on assumed changelessness of Janssen 
parameter and friction coefficient, let alone the validity of Cou-
lomb friction model.

In addition, it is worth to note that as long as compaction goes 
on, plastic deformation comes about at some point within each diffe-
rential slice. Such a deformation is an irreversible one and it may be 
surmised that from then on material conditions will have changed. 
In particular, material uniformity in the radial direction is broken 
down and a differential slice is no longer a representative model 
to the powder body undergoing compaction (Khoei, 2005). A no 
uniform density distribution results thereof and only accessible by 
experimental means, as of late 1950’s.

Nevertheless this static analysis constitutes a definite sophistica-
tion over the aforementioned compression ratio index, and is even 
used nowadays as part of the compaction tooling design process.
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The main assumptions of the MDS, in particular the cons-
tancy of Janssen parameter, have been discussed in some other 
contexts. For instance, self-consolidating concrete shows a rheo-
logical behaviour and the question of radial stresses exerted 
onto the formwork walls is an issue. Models for this situation 
are inspired on that of Janssen for the stress state of granular 
materials stored in silos. They found size effects, so that Janssen 
parameter was not constant along the axial direction of the 
formwork. In addition, it was also found that assuming a linear 
elastic behaviour prior to material flow yielded a relationship 
between Janssen parameter and Poisson ratio in good agree-
ment with experiments.

As to the wall-specimen friction their model considered a per-
manent state of plastic yield in accordance with Tresca criterion. 
This approach is also considered by Walker (1966); the latter, 
however, rather concentrates on the stress state itself into the do-
main of a granular batch into a silo. Hence, a stress state distortion 
in the radial direction is discussed throughout this investigation. 
Noteworthy is the mention he makes of an average stress on a 
thin slice of material under compaction, also called “distribution 
factor”. Additionally, another expression for the axial pressure dis-
tribution is made which for negligible wall-specimen friction redu-
ces to the MDS results already reported.

Such a more general approach sounds appealing for deeper in-
vestigation. Nevertheless results obtained by Walker (1999) are 
for the specific problem of granular flow down a silo, with no 
external action of an increasing punching pressure from above, so 
no reference is made at the computation of an average punching 
stress, which is the formulation of use when constructing a com-
paction curve.

Yet another attempt at gaining insight into stress distributions to 
this problem is proposed by e turning to a form of the slip-line theory 
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application at the wall-specimen interface. Again, he focuses on the 
problem of granular motion under the sole influence of gravity.

The final Chapter of this book shows that proposing a variable 
form of Janssen parameter faces some difficulties at the time of 
integrating the axial pressure function to obtain an average pun-
ching stress, whereby empirical parameters that vary within the 
specimen are not explicit.

2.4 DIE WALL FRICTION COEFFICIENT

Another important result of the MDS is the computation of fric-
tion coefficient µ (from Coulomb’s friction model).

Recalling that Janssen parameter is defined as the radial to pun-
ching pressure ratio, its expression is put down as:

z

radialK =
        (2.14)

Here, the assumption of a constant value for this ratio is remin-
ded once again. As it will be expounded in later chapters, experi-
mental computation of σradial is performed by turning to a strain 
gauge attached to the outer surface of the die wall, capturing the 
hoop strain (U.W.S., 2007). The next thick walled vessel formulae 
provides the relationship between σradial and measured hoop strain 
εθθ. In particular (Budynas, 1999):
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Figure 3. Relationship between hoop strain and radial tress between the 
die wall and the specimen. Author’s own work.

Now Eq. (2.12) and Eq. (2.14) are substituted back into Eq.(2.11) -rear-
ranged-, yielding:

==
B

T
BT K

DH
D

K
μ

μ
μ ln

4
4exp   (2.15)

And then:

==
B

T
H

z

B

T

radial

B

B

T

H
D

K
D
μ

μ ln
4

ln
4        (2.16)

2.5 DISCUSSION AND RECENT DEVELOPMENTS

For Eq. (2.16) is a result of the MDS, then another approach 
may have to resort to other ways, whereby the stress distribution 
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within the specimen has been addressed. This is the author’s opi-
nion and the literature does not report attempts at this possibility, 
partly because of the problem mentioned at the end of the pre-
vious section: to be of use, a formulation for the friction coefficient 
should not have parameters such as Janssen’s K in an explicit way. 
Rather than this, direct measurements of friction coefficient upon as-
sumption of Coulomb’s friction model are attempted.In the author’s 
opinion, the experimental results indicated there hint that a great 
deal of scattering may be taking place in the studied phenomenon. 
Although no repetitions are reported, the lack of pattern consisten-
cy could support this possibility. In addition there are several as-
sumptions made around the rig behaviour, aside from the powder-
plate friction itself: the powder specimen pressed against the friction 
plate is said to be compacted down to a 3 to 5mm height, using a 
16mm diameter, claiming that density uniformity may be taken 
for granted. This is not exactly so, and the consequence of this is an 
uncertainty embodied by output data dispersion.

The assumptions made on the MDS (constant Janssen Para-
meter and friction coefficient, plus validity of Coulomb’s friction 
model) may find limitations when considering a particular set 
of powders. Internal phenomena to powders (e.g. particle size, 
shape and distribution, interparticle friction) might make its con-
clusions too specific to the materials tested, so a generalisation to 
parameters like the (overall) friction coefficient may seem too 
much to expect (p. ).

So, in the end no questions are made to the formulation in Eq. 
(2.16), but it is evident that die wall friction (which turned out 
much less than when using admixed lubricants) plays a signifi-
cant role in data scattering and in making it difficult to obtain 
general conclusions as to the friction forces between the die wall 
and the specimen. For those cases where full cohesion is developed 
early on, it might be thought that a direct measure of stresses on 
the specimen could be possible, and therefore a direct computation 
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of friction forces. This idea has been exploited in the study of rock 
mechanics by Hoek & Franklin (1968).

The literature reports on data scattering in compaction tests are 
scarce. Fanelli (2005) indicates that its magnitude does not go 
beyond the uncertainty of their measuring devices; however, ex-
periments conducted during the course of this investigation are 
compelling in not taking such a statement for granted. 

2.6 POROSITY-PRESSURE FUNCTIONS

These deal with finding out the relationship between applied 
pressure and attained degree of densification (Alderborn & Nystrom, 
1996). As it may be inferred, this focus is not intended to step up 
the understanding of how in homogeneities arise during compaction. 
Instead, an insight into the relationship between particulate mate-
rial properties and easiness of compression –more densification for 
an applied punch pressure- and compaction – development of green 
strength as densification evolves (Odeku, 2005) is now sought.

In dealing with particulate material properties, some other is-
sues come to be necessarily addressed: size and shape of individual 
particles, the ways in which particles are arranged, deformation 
mechanisms, interparticle friction and cohesion development me-
chanisms (Hirschhorn, 1969; Ilkka & Paronen, 1993). Even now 
is possible to find approaches combining physical phenomena at 
different scales of time and length, ranging from atomic to conti-
nuum, if restricted to computational methods (Raabe, 1998).

All the same, the density evolution with applied pressure in con-
junction with the micrographic imaging of compacted parts were 
the initial sources to put forward different functional relationships, 
from then onwards regarded as compaction models. Figure 4 illus-
trate what several researchers were after in this regards.
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Figure 4. Basic process in the construction of a porosity-pressure function. 
Author’s own work.

An account of powder compaction phenomenology at a parti-
cle level was delivered by (Odeku, 2005, (p.82-90). It is worth to 
mention that the equivalent problem of granular material com-
paction existing in pharmaceutical and food industries, spurred 
these investigations (Brewin et. al., 2007).

After pouring loose particles into the compaction die, load appli-
cation forces the powder body into rearrangement and elastic de-
formation, the amount of each depending upon particle features 
and loose packaging configurations (Tsukerman, 1965).

Modelling and simulation of this case is a problem on its own 
right. Subscale particle features and the way as the powder mate-
rial is poured into the die, are information considered by approa-
ches like the Discrete Element Method or DEM (Munjiza, 2004) 
and Monte Carlo-based simulations (Macropack, 2004). However, 
calibration tests for compaction models assume a homogeneous dis-
tribution of particle scale features throughout the volume of the 
specimen, and during the entire compaction test. 



40

Elver Mauricio Barrera

This can be assumed true, so long as specimen size is small and 
cylindrical in shape, but large enough to be representative of par-
ticle level features. Sorting out this point seems to demand variabi-
lity, based on a study, which has not yet conducted.

Upon punch loading, and regardless of whether brittle or duc-
tile behaviour, shown by the particle material, is the creation of 
clean surfaces the responsible for cohesion development (Odeku, 
2005). This is not to be confused with densification, which comes 
in response to particle material being placed into pores from origi-
nal powder packaging.

Separately addressing cohesion and densification may then be 
a fitting viewpoint to study powder compaction.

2.7 COHESION

It reduces the processes at atomic scale. On getting layers of 
atoms close enough together, will develop atomic bounds forming 
a solid bulk. This is the mechanism underlying cold welding, and 
this way, the particle cohesion (Zhang et. al., 2007). The supply 
powders have oxide layers and other impurities preventing such 
an atomic scale contact from happening. Chemical treatment prior 
to compaction turns to be an aid to achieve cohesion (Hirschhorn, 
1969). However it is the particle deformation mechanism which 
generates new surfaces, fittingly regarded as “clean surfaces” by 
(Odeku, 2005, p.82-90). In ductile materials dislocation motion 
accounts for clean surface generation, whereas particle fracture is 
the mean for brittle materials.

This process is usually performed under no special atmosphere, 
so that even upon clean surfaces generation, those materials prone 
to oxidation will be of quite difficult compaction (Sands, 1966).
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Micro and mesoscale simulations resorting to metallurgical stu-
dies at a particle level, have been devised to clarify how clean 
surface generation mechanisms could be controlled and used to 
advantage in powder treatment specification and powder mix-
ture design to achieve maximum cohesion under a given exter-
nal, applied load (Hu, 2007). Telling apart whether a cohesion or 
gravity force is dominant at a particle level, in accordance with 
observed trends, is an issue coming in conjunction (Hausner, 1970).

It may be surmised that the very nature of the material un-
der compaction has a crucial role in cohesion development, which 
should be argued to be over powder densification as the main goal 
in cold powder compaction.

2.8 DENSIFICATION

Also referred as “compression”, it addresses how the material 
moves into previously void spaces as the powder body undergoes 
compaction. In ductile materials,  the particle material is squee-
zed into these pores by ductile deformation mechanisms (Martin, 
2002); particle break down into smaller debris filling interstices is 
the densification course of facts occurring in brittle materials (Sa-
mimi, 2005; Bolton, 2008).

Combined discrete-finite element method or CDFEM (Munjiza, 
2004) has been used to study densification mechanisms in the 
context of pharmaceutical powders compaction (Lewis, 2005).  
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Figure 5. Dominance of gravity (a) and cohesion (b) forces in terms of 
particle size.

However, computational costs involved in meshing and solving 
the discretised, nonlinear equilibrium equations for each particle, 
and simultaneously dealing with contact detection and evaluation 
algorithm, has limited these approaches to consider samples whose 
number of particles is to be traded off with representation quality 
of the actual system. Yet, when a significantly large number of 
particles are included in the simulation cell, this can be used to 
effectively study particle level features influence in the macrosco-
pic behaviour of a powder body (Henrich et. al., 2006). Capturing 
the dependence of apparent density on particle size and distribu-
tion, is one of the possibilities sought after using this approach.
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Figure 6. Workspace of CDFEM approaches: meshing of individual 
particles with provision of independent constitutive behavior, and es-
tablishment of contact detection and evaluation algorithms.

The question of how influential volumetric features of particles 
might be, has cast doubts on the appropriateness of two-dimensional 
CDFEM models as being good representations of their study aims. 
Currently, attempts at three-dimensional CDFEM simulations are 
underway, and it is looked forward to use these simulation cells to 
aid in the formulation of yield functions in plasticity (Lewis, 2006).

Having stated the essential differences between cohesion and 
densification, it is now clear what compaction models of the form 
U(P) where U is porosity and P is applied pressure, are meant to be.

Although many have been proposed, that of Heckel (1961) will 
be referred to here, since it is of wide usage and embodies the con-
cepts introduced in the foregoing discussion. Moreover, it is used as 
an evolution equation in developments belonging to Chapter 4.
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2.9 HECKEL MODEL

Heckel (1964) interpreted the powder body undergoing com-
paction as a first order kinetic system, whereby porosity U is the 
reactant and relative density R is the product, throughout a chan-
ge in applied pressure:

kU
dP
d R =
        (2.17)

With k the reaction constant. As U=1 - ρR , previous equation 
turns into a differential one, which upon solution reads as:

CkP
R

+=
1

1ln
        (2.18)

This is the equation of a straight line, being K its slope and C 
the intersection with ordinate axis. Of course, not all actual data 
will follow such modelled behaviour. In particular, interpretation 
of the compaction phenomenon from the kinetic model equation 
indicates that K is related to an agent of change linked with 
applied pressure P, hereby playing the role of evolution parame-
ter. Then it is natural to associate k with the inverse of punching 
yield pressure. On the same grounds, Heckel (1961) straight line 
would stand for compaction entirely due to plastic yielding of the 
powder body. Generally speaking, deviations from actual data are 
to be interpreted as the action of other consolidation mechanism, 
namely, particle rearrangement.

Experimental data may show more than one subset of points 
fitting the linear equation. At low pressures these subsets tend to 
be small, so that particle rearrangement and initial fragmenta-
tion are usually ascribed as initial densification mechanisms. It 
is remarked here that Heckel (1961) hypothesis using a first order 
kinematic model indicates that densification mechanisms charac-
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terization, by contrast to cohesion development ones, are the very 
aim of the approach.

When that initial subset of experimental points gets larger, a 
plasticity mechanism is usually given to first compaction stages 
on their own right. However, deviations from an initial, linear 
behaviour are more common, and constitute an assertion of densi-
fication mechanisms other than plastic yielding taking place.

Intercept C complements in a significant way the linear fitting 
of sets or subsets of experimental points to the Heckel equation. The 
kinetic model evolution assumes that this takes place by a single, 
plastic squeezing of particles, so that no allusion is made to void 
filling by rearrangement and/or fragmentation. Therefore, at zero 
applied pressure, the powder relative density into the die (i.e. just 
set to be punched) is ρR = ρset , and:

C
set

=
1

1ln        (2.19)

Leaving then:

C
set e=1       (2.20)

The difference between ρset and apparent density of the loose 
powder is an indication of the densification extent, which takes 
place on accounts of particle rearrangement during handling, 
transportation and die filling.

Xiong et. al. (2007), in accordance with the interpretation pat-
tern provided in the foregoing discussion, deemed the arrangement 
of loose particles as the main feature of initial compaction stages (1). 
Sliding and rearrangement were thought to take place between 300 
MPa and 1200 MPa (2), being a linear behaviour within this range 
also reported by other investigators for Si, Fe, Pb and Ni powders.
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A third linear behaviour stage (3) was attributed to the fact of 
the Mg2Si compaction being undertaken at high temperatures. So, 
simultaneous sintering and pressure application scaled up the rate 
of void elimination, therefore taking Heckel slope k nearby yield 
strength of the fully dense material under confined compression.

Given the interpretation features of a Heckel plot, the compac-
tion of mixtures of plain powders whose individual mechanical be-
haviour in regards of densification mechanisms is well known, has 
been studied by means of this compaction model (lkka & Paronen, 
1993) In particular, the behaviour of a given densification course 
of facts in terms of mixture proportions was shown to be highly 
nonlinear at intermediate compositions. Therefore, the authors rai-
se awareness as to the interpretation of the Heckel plot when com-
pacting mixtures of powders showing very different densification 
mechanisms separately.

To summarise, it is clear that the Heckel plot is used to dis-
tinguish between materials consolidating by fragmentation from 
those consolidating by plastic yielding.

In spite of not advancing in the problem of density distribution 
within the sample, Heckel (1961) and other similar compaction mo-
dels lend a valuable link between macroscopic behaviour of pow-
dered bodies and their subscale, particle level features, thereby 
bringing micro structural based studies and engineering practices 
in direct connection with readily obtained macroscopic results (as 
with the Closed Die Compaction Test).

A list of some other porosity-pressure functions and their refe-
rences is set out in Table 1.
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Table 1.
Porosity-pressure functions to characterize powder compaction

Athy [3]

Shapiro & Kolthoff [73]

Cooper & Eaton

Bockstiegel [7]

Knopicky [47]

Note. Some porosity-pressure functions to characterize powder compaction: rep-
resent a depth providing the compacting pressure over a sample of sedimen-
tary rocks; K0 , K1 , K2 , a1 , a2 , CKT , KKT stand for empirical parameters particula 
to each model; DP0, DPmax  represent initial and maximum pore diameter; U0 , 
initial porosity.

2.10 CONTINUUM PLASTICITY MODELS FOR 
POWDER COMPACTION

Continuum mechanics studies kinematics and dynamics of de-
formable bodies considered as fully dense units, possibly bearing 
an evolution variable to keep track of its degree of transforma-
tion under applied, external forces (Mase, 1999; Malvern, 1962; 
Eringen, 1967).

Additionally, and throughout the deformation process, these 
units are limited amongst them, so as to not to leave empty spaces 
(discontinuities). Details of subscale features are either ignored or 
given an evolution variable. This way, a porous body, in the light 
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of continuum mechanics, is a full dense unit, exactly and smoothly 
limited by neighbouring units, and porosity is ascribed the relative 
density as evolution parameter (Lewis, 1993). Hence, no allusion to 
pore morphology or particle to particle interactions is made at all.

An appeal of the continuum mechanics approach is that it 
offers a consistent frame to deal with large deformation proces-
ses (Holzapfel, 2004), and by virtue of conservation laws, leads 
to boundary value problems well representative of many practi-
cal situations. In this sense, powder compaction is interpreted as 
a large deformation plasticity problem, where die geometry and 
punching routine make up the boundary value problem through 
a momentum equilibrium statement.

The continuum mechanics problem consists in a governing 
equation, which is the statement of a suitable conservation law, 
and a constitutive equation. The former is usually cast into a va-
riation form, for highly efficient numerical methods to this sort of 
problems have long since been devised (Bathe, 1996; Hildebrand, 
1992) (e.g. the finite element method). The latter is a mathemati-
cal statement in the form of a transformation:

{ } [ ]{ }vAu =        (2.21)

Where { }u  is the input (applied stress) needed to get a response 
(deformation) { }v , and [ ]A  is a tensor whose components charac-
terize the material behaviour. An example of this is the linear 
elastic, small strains constitutive equation, which for the two di-
mensional case has the form (Timoshenko, 1970):
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Different theories of material behaviour viscoelasticity (Garcia 
& Cortes, 2006), viscoplasticity (Owen & Hinton, 1982), internal 
state variables (Guo et. al., 2005) have their own way to arrive 
to constitutive equations in the form just shown.

2.11 PLASTICITY THEORY AND MATERIAL MODELS

“Plasticity theory can be considered an independent form of the 
broader subject of viscoplasticity” (p.), even though this generali-
sation came long after the original, quasi static theory of plasticity 
(Hill, 1950). It is the main framework of most constitutive equa-
tions thus far devised for powder compaction.

Yield surfaces developed in the frame of time independent 
plasticity lack the capability of capturing deformation history 
(or stress/strain path) dependency. The relevance of this to the 
powder compaction has been proven only for some particular si-
tuations (Sinka, 2007). There are practical circumstances, though, 
where quasi-static plasticity has conveyed acceptable predictions 
in terms of density distribution within the compact (Sinka, 2007), 
and therefore, corresponding yield functions are still of wide use 
in both industrial and research settings. A list of example models 
(originally devised for porous bodies) is given in Table 2 below, 
and some plots of them at different void ratios, in Figure 7.



50

Elver Mauricio Barrera

Table 2.
Some yield functions developed for porous bodies, in accordance with 
the form AJ2

´+ BJ21 = δσ2
y

Kuhn and 
Downey [49]

Oyane et. al. [66] Gurson [29]

Figure 7. Yield surfaces proposed by several authors (hydrostatic stress 
on the abscissa). Reprinted from Computational Plasticity in Powder 
Forming Processes (A.R. Khoei, 2005, p. 44-70).

A seminal work to the development of these models was the 
study conducted by Green (1954) on the failure of ductile bars 
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under the stress state at their necking zone (Bridgeman, 1944). 
Also, characterization of the mechanical behaviour of partially 
sintered parts has carried over to engineering applications in 
pressurized sintering and hot working of metal powder billets 
(Olevski, 1988). In particular, sizing and coining operations, and 
improvement of manufactured parts thereof, keep these yield 
functions as an active field of research.

Figure 8. Reduction in porosity achieved by pressing after sintering 
(sizing/coining operations).

However, in constructing these models, the solid phase was as-
sumed a skeleton, which is not much of a realistic abstraction of 
the powder compaction problem. In particular, porous body mo-
dels seem to be fitting to the powder compaction course of facts 
only at the last stages of the process, where particle cohesion is 
expected to have taken place (Karlsson, 1997).

On the other hand, soil mechanical behaviour (Terzaghi, 1967), 
where an initially loose, granular state of the body evolves to hig-
her densities with a variable possibility of cohesion development, 
has made some researches turn their attention to soil mechanics 
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models in regards of their application to powder compaction simu-
lation (Brown & Abou-Chedid, 1994). In this sense powder com-
paction is deemed as a process of plastic deformation of a granular 
body into a porous compact. A primal example is the Cam Clay 
model (Schofield & Wroth, 1968). The considerations underlying 
its derivation resulted in the yield function:
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q
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pp

        (2.23)

Where (p, q) stand for the current stress state of the material 
(hydrostatic pressure, deviatory stress), and (p0 , q0) are the yield 
surface parameters whose value depends on the state of the mate-
rial plastic deformation.

Some other results from investigations in soil mechanics have 
been adopted by the study of powder compaction (Drucker et. al., 
1957). Noteworthy is the failure line, motivated by the need to 
assess crack formation during compaction of multilevel parts and 
the specification of compaction routines thereof, and the generation 
of the so-called “capping” failure upon compact ejection.

Figure 9. The compaction of a multilevel part shows a multiple action 
punching (right) and “capping” failure in a compact.
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Originally stated as a Coulomb friction law from an inclined 
plane experiment, the failure line considers that the material breaks 
apart by particle-particle detachment and subsequent slipping over 
a plane, whose inclination angle is called failure slope. Adopting 
this viewpoint for powder compaction then presumes the failure 
mechanism just mentioned to be the one taking place now. In that 
sense, the powder body must first develop some degree of cohesion, 
so that at least two points over the failure line can be identified. 

This makes the calibration of failure-line models as a difficult 
experimental problem. Provided enough cohesion exists within the 
specimen, so that ejection and handling of a compacted specimen 
can be done without crumbling it, several, simple to conduct tests 
have been devised to perform this task (Zavaliangos et. al., 2004). 
Among them there are the simple unconfined compression test and 
the Brazilian disc test (Stagg, 1968). The attained elastic stress state 
is said to immediately precede failure, so the line crossing this stress 
state is considered part of the yield surface, Figure 10.

Figure 10. Mechanical tests to set up the failure line: simple tension 
(1), pure shear (2), Brazilian disc test (3), unconfined compression (4). 
(Zavaliangos et al., 2004, p.2022-2039).
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The failure cuts through the hydrostatic stress axis at a point 
different from zero, thereby embodying the development of 
strength under tension, which clearly complies with experimen-
tal observations.

In simulating powder compaction the failure line has been gi-
ven a cap intersecting the hydrostatic axis, and thus, bounding 
the strength of the material under this stress state (Drucker et. al., 
1957). The function defining the cap has been obtained in different 
ways by different researchers on the subject. Each case comes to 
give the rise to a constitutive equation (Desai, 1980). 

A representative example is the Drucker-Prager cap model, of 
wide current usage among powder compaction industries, through 
commercial codes incorporating this option (Hibbit, 1998). The cap 
is parameterised in such a way that a Closed Die Compaction Test, 
with an instrumented die, provides calibration data (Zavaliangos 
et. al., 2004).

The instrumented die is an inexpensive and straightforward 
way of mechanical characterization of the powder body. It per-
mits to trace out a proportional stress path as plastic deformation 
evolves. In addition, and through the method of differential slices, 
friction coefficient may be ascertained as well. Details of construc-
tion of the closed, instrumented die is developed in Chapter 4.

The interest in using the instrumented die lies on the evolution 
of the cap shape as the material gets denser. The strengths defining 
the failure line and, therefore, the material cohesion under tension 
are also made dependent on density. Evolution of the cap-failure 
line yield surface looks like set out in Figure 11.
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Figure 11. Evolution of the cap-failure line yield surface with plastic de-
formation. (Zavaliangos et al., 2004, p.2022-2039 ).

At this point a curve fitting procedure is to be performed over 
the set of experimental points involved in getting the evolution 
equations (i.e. the parameters defining the cap portion of the yield 
surface –when defined by just one point on the pq plane). No 
prescriptive functions are used in this regard, even though well-
known compaction models, such as that of (Heckel, 1961), have 
been turned to as evolution equation of cap parameters (Univer-
sity of Wales-Swansea, 1997). When the cap is defined by fitting 
a function to a set of more than one experimental point on the pq 
plane a more general device, the triaxial load cell, is a necessity 
(Schneider & Cocks, 2002).

More recently, attempts at devising evolution parameters other 
than density have been carried out within the frame of cap-failure 
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line models (Coube & Riedel, 2000). Namely, failure occurrence 
prediction was found to be the result of a numerical instability du-
ring solution process. This is linked with strain softening, associated 
with loading paths crossing the failure line. This enforces a change 
in plastic strain direction, as shown in Figure 12.

Figure 12. Strain softening by virtue of plastic strain change of direction 
upon crossing the failure line. J2D Is the second invariant of the stress devia-
tor tensor; σm is the mean hydrostatic stress. Reprinted from Computational 
Plasticity in Powder Forming Processes (A.R. Khoei, 2005, p.44-70).

Yet, with density as evolution parameter, the numerical solu-
tion was too stable, thus missing the outbreak of cracks at sharp 
corners of some multilevel parts used as benchmark tests (P.M. 
Modnet, 1999). Using the strain deviator as a measure of the 
extent of plastic deformation led to a satisfactorily sensitive so-
lution, appropriately featuring the shear strain localization phe-
nomenon (Belytschko et. al., 2006). This has become the nume-
rical instability sought in crack prediction. Hence, shear strain 
localization turned out a much better indicator of proneness to 
failure during compaction, thus setting up a change of para-
digm as to what information is worth including in a mathema-



57

Construction of a True Compaction Curve:
Critical review of the closed die compaction test for powdered materials

tical model for powder compaction. The approach seems to have 
been applied in a successful manner to failure occurrence during 
powder transfer operations in the compaction of multilevel parts 
(Cante et. al., 2005). 

Nevertheless, for these models are built upon continuum mechanics 
assumptions, description of failure occurrence is entirely qualitative.
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3. PROBLEM DEFINITION, OBJECTIVES 
AND METHODOLOGY

The beginning underscores the problem of friction between the 
die wall and the powder specimen, showing how it makes the ave-
rage punching stress form the Method of Differential Slices unduly 
dependent on specimen size, in accordance with experimental data 
obtained by the author and his collaborators.

After this, the research proposed an energy-balance point of 
view of the specimen deformation during the compaction test, as 
an alternate approach to the problem outlined in Section 3.1. This 
approach is new. As such, it must be submitted to systematic vali-
dation through experiments.

The final part sketches how this validation is to take place; 
within this context research objectives and methodology are set out.

3.1 METHOD OF DIFFERENTIAL SLICES AND 
DIE WALL-SPECIMEN FRICTION: PHYSICAL 
IMPLICATIONS OF THE MDS

The compaction statics model from the MDS characterises an 
instant of the compaction process. The changelessness of the die-
wall friction coefficient µ and Janssen parameter K allowed for 
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expressing punching pressure in terms of top and bottom punch 
stresses, and the axial coordinate position of a slice within the com-
pact, thereby not making any explicit reference to either µ or K.

More importantly, an average punching stress is computed to 
ascribe one figure to the punching pressure, so that a powder ma-
terial may be uniquely identified, Eq. (3.1) -taken from Chapter 2-:

=

B

T

BT
zavg

ln
        (3.1)

So at each instant throughout compaction process, the couple 
(σT, σB) and a corresponding relative density will provide a point 
to the compaction curve.

In addition, the exponential decay of axial stress from top to 
bottom punch indicates that any instant of the compaction is cha-
racterized as shown in Figure 13.
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Figure 13. Exponential decay of axial stress at any moment during 
compaction. Author’s own work.

Friction coefficient and Janssen parameter were given notional 
values of 0.4 both, whereas 12.5 mm was the specimen diameter. It 
is noteworthy that the distance from upper punch is also notional: 
no practical powder compaction is done wherein a 12.5mm bore 
diameter sample is compacted from a fill height of >50mm. The 
evolution of axial pressure and the fact of Janssen parameter being 
positive imply that radial stresses are highest just beneath the up-
per punch surface and declines as axial pressure does.

In Figure 3.1 some values for friction coefficient and Janssen 
parameter were assumed. Yet, from the discussion of the MDS 
powder compaction statics model in Chapter 2, these values are 
not known up front. Rather, by assuming that they are constant 
at any given instant of the compaction process, the method of 
differential slices seeks the value of friction coefficient that sets the 
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boundary condition σz (z = H) = σB . The outcome of this analysis 
is precisely Eq. (2.16).

3.2 INCREASED RADIAL STRESSES AT 
LOWER SECTIONS OF THE COMPACT

Some exploratory compaction tests were carried out, from where 
the research problem itself emerged. They are set out in the following. 

3.2.1 Compaction procedure details

Iron powder samples were compacted at 814 MPa (100 KN 
punching load), attaining an in-die relative density of 87 %. Upon 
ejection elastic recovery led to a final compact relative density of 
80 %. As this is another problem, which well deserves an indepen-
dent study on its own right, the degree of compaction will refer to 
the material whilst still into the die and under the constraint of the 
upper punch as well.

Loading rate was manually controlled so as to not to surpass 
ASTM B331-85 standard. Apparent relative density was 36 % 
and filling height was 42mm. 

Lubrication was performed by compaction of an amount of mag-
nesium stearate prior to conducting the metal powder compaction. 
This procedure was carried out in between compaction processes, so 
as to ensure uniformity in regards of friction conditions. Iron powder 
was poured into the die by using a cardboard funnel. This was de-
cided after a cross section of a powder compact where pouring had 
been done from one side of the die bore diameter showed great lack 
of uniformity. Additionally, the method of funnelling the powder 
into the die has successfully been implemented by (Hoganas, 2003).
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The upper punch was slipped into the die and hand pressed. 
Relative density, calculated from upper punch displacement upon 
hand pressing, went from 36 % to about 50 %. Softer powders, like 
aluminium, showed a larger degree of hand-pressing compaction: 
from a 15 % to 60 % of relative density. This figure was considered 
as the initial deformation state of the material, at the onset of the 
actual compaction process.

Upper punch displacement was measured using a digital ca-
lliper mounted between the pressing machine header plate and 
a lower, static plate. A Wheatstone bridge facility was also pro-
cured. As the compaction was carried out manually, no electronic 
data logging was resorted to. Some details of the instrumented 
compaction rig are given in Figure 14 and Figure 15.

Figure 14. Experimental rig for instrumented, closed die compaction from 
left to right: magnesium stearate pseudo compact for lubrication; top, 
bottom punches, closed die and pseudo compact; hoop strain gages lay-
out. Author’s own work.
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Figure 15. Experimental rig for instrumented, closed die compaction from 
left to right: die and punch after hand pressing; Wheatstone bridge and 
250KN press facility; powder compaction underway. Author’s own work.

3.2.2 Observations

Even though three strain gages were laid out to gage hoop strain, 
the net effect of hand-pressure was that from the outset of the actual 
compaction, only two strain gages could actually capture significant 
data; furthermore, after a punching load of 450N the punch surface 
had also gone past the locus of the second hoop strain gage. Never-
theless collected data shown in Figure 16 clearly reveals the tendency 
of radial stresses.
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Figure 16. Measured hoop strain farther (“upper”) and closer (“bottom”) 
to the bottom punch. Author’s own work.

This non-intuitive tendency could be explained on the grounds 
of the following three items: 

• The relationship between sliding die wall friction (which 
makes reference at a kinematic friction coefficient, unlike the 
static one upon which MDS is based) and the rigidity the pow-
der body might have at any stage throughout compaction.

• The radial stress is generated by force reaction due to displa-
cement constraint. Thus, it is caused by the elastic behaviour 
of the material under confined compaction in response to an 
applied axial load (the punching stress).

• When the material density is higher, the value of elastic 
parameters also increases and the amount of radial stress 
corresponding to a given punching load shall be higher.
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The previous discussion and the alleged causes point to the fact 
that a constant value of Janssen parameter in the MDS formulation 
might be too much of an assumption when the die wall friction 
lies beyond control. In practice, control of wall-specimen friction is 
much less systematic than control of punch load and displacement. 
So, in the context of the compaction test itself, this friction (and its 
consequences) should better be considered as a random variable.

3.3 DIE WALL-SPECIMEN FRICTION 
AND THE COMPACTION CURVE

Essentially, computing an average punching stress has the role 
of normalising compaction tests results in regards of die wall fric-
tion. Just by following a compaction test standard such as ASTM 
B331-85, no mention is made as to whether top or bottom punch 
stresses to take in plotting a compaction curve. MDS static mo-
del yielded an average punching stress computed from top and 
bottom punch stress figures at any point throughout the process.

Now it is intended to highlight that larger specimens would 
require larger punch displacements to attain a certain value of 
relative density, thus bringing about larger amounts of die wall-
powder friction. Even though friction coefficient is not explicit in 
the average punching formula, its effect was assessed by perfor-
ming compactions of a 4g and a 5g sample of a 70%Fe30%Al 
powder mixture (percentages in mass) and plotting their compac-
tion curves. The results are shown in Figure 17.
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Figure 17. Effect of different amounts of die wall friction, stemming from 
specimens of different size, on the compaction curve. Author’s own work.

The difference is comparatively small, yet noticeable, and 
the fact is that there should not be such difference at all. There 
is another standpoint, which might make specimen size effects 
clearer. In accordance with Figure 18, taking a specimen from 
its apparent density to a given relative density entails a larger 
punch displacement for a larger one (the compaction process takes 
place in a constant mass system).
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Figure 18. Enforcing a given change in relative density by closed die 
compaction demands a larger punch displacement the larger the speci-
men is. Author’s own work.

This means that taking the material through a given change in 
relative density, a higher amount of energy is lost in overcoming 
die wall-powder sliding friction. The friction force plot, Figure 19, 
provides a clear picture of the situation. Corresponding energy loss 
is read as the area under these force-displacement curves.
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Figure 19. Friction force plot. Author’s own work.

It is worth to note that friction force is readily computed from 
experimental data, namely, upper and bottom punch stresses. 
Also, it is remarkable to see that the friction force curves for two 
specimens different in size are well away from each other, when 
likened to compaction curves.

3.4 THE ENERGY SPLIT HYPOTHESIS

From the well-established practice of either adding lubricant or 
procuring a better surface finish to the inner die surface in order 
to minimise die-wall friction with the compacted powder, whi-
chever this may be, it is set forward that the energy spent solely 
deforming the material, and that energy lost in overcoming die 
wall-powder sliding friction, are independent from each other. A 
purely mechanical consideration leads to equate their difference to 
the work exerted by the punching stress.
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Equivalently, it can be stated that the energy exerted by the 
punching stress splits additively into the energy devoted to de-
form the material alone and that lost in overcoming die wall- 
powder friction.

3.4.1 Elements

In accordance to Figure 20 below, representing a single pun-
ching compaction of a cylindrical specimen:

Figure 20. Single punching compaction layout. Author’s own work.

There it is:
FT   Force exerted by top punch
FF   Friction force between die wall and powder body: 
  computed from the difference between top and 
  bottom punch pressures, and specimen’s cross 
  sectional area.
σMAT  Compaction stress actually deforming the material 
  body alone (the powder specimen).
δ   Upper punch displacement
H   Fill height of the compact (i.e. before any compaction)
ε  Compression strain
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The compression strain is related to punch displacement by:

==
H

1ln
Length Initial
Length Finalln

        (3.2)

The following energy conservation statement may be proposed, 
called the Energy Split Hypothesis:

Figure 21. Energy split hypothesis. Author’s own work.

3.5 ESH: STATEMENT FOR TWO 
SPECIMENS OF DIFFERENT SIZE

Considering two specimens {A, B} of the same material but di-
fferent sizes (i.e. different in mass) undergoing the same amount of 
compression strain, then εA = εB and punch displacements shall be 
related by (from Eq. (3.2)):
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B

B

A

A

HH
=

        (3.3)

Then, the ESH may be stated for the compaction process of the-
se two specimens {A, B} as follows:

+=
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dFddF FAMATTA
000

        (3.4)

+=
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000

        (3.5)

As the material is the same, no subscript was added to σMAT. 

When considering the same amount of compression strain in 
Eq. (3.4) and Eq. (3.5), then the integration limits of Eq. (3.5) must 
be changed as shown next, by virtue of Eq. (3.3):

A
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B
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Therefore, and solving Eq. (3.4) and Eq. (3.5) for the work in-
volved in deforming the material alone we are left with:
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3.6 EXPERIMENTAL DATA

Now, upper and lower punch pressure data form experiments 
will be processed in order to make use of Eq. (3.6) and Eq. (3.7).

It is noted that top punch force and die wall-powder body fric-
tion forces are functions of punch displacement, and experiments 
revealed them particular to each specimen {A, B}. Letting A be 
a 4g and B a 5g specimen of 70%Fe30%Al (mass) powder mix-
ture, the following experimental data were obtained, Figures 22 
(punch force) and 23 (die wall- powder body friction force):

Figure 22. Punch force vs. punch displacement. Experimental data.
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Figure 23. Die wall-Powder body friction force vs. punch displacement. 
Experimental data.

For Eq. (3.6) and Eq. (3.7) refer to the same material undergoing 
the same amount of strain, subtraction of these expressions should 
give zero. Those terms at the right hand side of these expressions 
may be computed upon getting a function from the experimental 
data displayed in Figures 21 and 22. A least squares fit over these 
sets of data, using exponential functions yielded the results shown 
in Figures 24 and 25.
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Figure 24. Fitting of exponential function to experimental data: 
punching forces.

Figure 25. Fitting of exponential function to experimental data: die 
wall-powder body friction force.
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The functions just obtained are:
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        (3.8)

3.7 ESH: APPLICATION TO EXPERIMENTAL DATA

Expressions in Eq. (3.8) can now be replaced on the right hand 
sides of Eq. (3.6) and Eq.(3.7). It is worth recalling that punch 
displacement δA establishes the integration limits to both of the-
se expressions. From experiments (either Figure 3.9 or 3.10), the 
maximum δA is of 3.81mm. The fill height to this sample (with 
a 2KN preload) was 10.31mm. Then using Eq. (3.2) this means a 
maximum compression strain of:

%98.45
31.10
81.31ln1ln maximum, ===

A

A

H        (3.9)

Integration of the right hand sides of Eq. (3.6) and Eq. (3.7) 
and replacement by a set of values for δA (or its corresponding εA, 
which is now a common compression strain to specimens A and B 
alike) yielded the graph of Figure 26.
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Figure 26. Work involved in deforming the powder body, upon com-
paction of two specimens of different size. Author’s own work.

Figure 26 reveals a difference in the energy involved in defor-
ming the material alone out from the fact of employing two speci-
mens different in size, yet considered short as compacts (at the end 
of compaction, about 87% of full density was achieved, and the 
compacts were 12.5mm diameter and 6mm high). This difference 
in deformation energy, which is supposed to be a unique quantity, 
may be signalling that the energy balance, as presented, should 
be recast somehow.

Plotting the integrands of Eq. (3.6) and Eq. (3.7), which stand 
for punching force corresponding to the work solely devoted to de-
form the specimen material, yielded the curves shown in Figure 27.



78

Elver Mauricio Barrera

Figure 27. Real punching force, in KN (difference between actual 
punching force and die wall-powder body friction force, i.e., the inte-
grands in Eq. (3.6) and Eq. (3.7)) obtained after a constrained, least 
squares fit.

As mentioned, this prompts a restatement of the energy ba-
lance, after realising that the integrands to the left hand side of 
Eq.(3.6) and Eq.(3.7) mean energy per unit volume, whereas those 
to the right hand side of the same equations stand form total work 
exerted (or lost, in the case of die wall friction). Therefore, the 
Energy Split Hypothesis is modified as set out next:
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Figure 28. Modification of the energy split hypothesis. Author’s own work.

Where Apunch is the cross sectional area of the punch, and Afriction is 
the current area of the surface between the die wall and the powder 
body undergoing friction. It is computed at each stage throughout the 
compaction process (characterized by a value of compression strain) 
by πD (H - δ), where {D, H, δ} are punch diameter, initial fill height 
of the specimen and current punch displacement, respectively. With 
this modification, Eq. (3.6) and Eq. (3.7) are changed accordingly, and 
now the integrals represent work per unit volume as well; correspond-
ing integrands now stand for real stress, in the sense given to real 
punching force in Figure 29. 
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Figure 29. Real stress devoted to deform the specimen alone, from com-
paction data for two specimens of different size. Author’s own work.

This figure indicates that the Energy balance just reformulated 
seems an adequate representation of the compaction pressures so-
lely deforming the material. Nevertheless these curves are drawn 
from just one set of experimental data; so, it is necessary to sort out 
whether this energy-based model is actually representative of the 
physical phenomenon or just the result of chance. In particular, the 
ESH must be assessed in the light of a random variable process, 
whereby the die wall-specimen friction introduces the data scatter 
to be analysed.

3.8 OBJECTIVES AND METHODOLOGY

In mechanically characterising a powder specimen, considered 
as a continuum for modelling purposes, it is essential to make sure 
the specimen is homogeneous at the onset of the test, and that test 
results are independent from specimen size. In addition other pheno-
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mena have to be accounted for, like dynamic behaviour of the ma-
terial, and thus the definition of when the test is considered static.

The present work aims to address the homogeneity and the 
specimen-size dependency issues just mentioned, whereas the time 
dependent behaviour is sorted out by letting a dwell time go past 
before taking experimental readings, and by slow load applica-
tion in the press.

In accordance with the compaction curve constructed using the 
ESH concept, the main research hypothesis is: The Energy Split 
Hypothesis as physically valid representation of the specimen de-
formation process in a Closed Die Compaction Test.

The systematic approach to this hypothesis and its implications 
entail the objectives of this work:

General:

• Providing a mean to construct a unique compaction curve, 
independent from specimen size.

Specific:

• Providing a mean to ensure specimen homogeneity at the 
beginning of the Closed Die Compaction Test.

• Testing the validity of a physical interpretation of the com-
paction test based on an energy balance.

• Proposing an optimisation problem by means of application 
of an energy-based model of the test.

This investigation is expected to contribute to the field of powder 
compaction in regards like:
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Characterisation  of data scattering in compaction leading to 
a unique compaction curve within some predetermined confi-
dence bounds.

A proposal of an experimental protocol to ensure specimen ho-
mogeneity prior to load application.

Cue:

Altogether these expected contributions would enhance the 
dependability of simulations currently available from numerical 
approaches to the powder compaction problem. As widely accep-
ted now, that is the context of engineering practice as far as the 
process is concerned.

Next it is provided an outline of the methodology, which is ba-
sed on a statistical treatment of experimental data, and shows the 
specific way in which the objectives of the study will be fulfilled.

3.9 METHODOLOGY

Up to now there is a rather informal indication of the problem 
of die wall-specimen friction having an effect upon the compac-
tion curve. The methodology addressed this situation by systema-
tically putting to test the following:

• Die-fill density: testing specimens of different mass was es-
sential to make sure that initial conditions were significantly 
the same (in a random variable sense). By initial conditions 
it is meant die-fill density: the one achieved after pouring 
the powder into the die by some specific means and preloa-
ding it (tapping) using a predetermined load before taking 
the whole rig to the press.
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• Die wall-specimen friction and its effect on the compaction 
curve: Figure 28 is just a non-rigorous indication of this si-
tuation. It is necessary to say up to which extent the obser-
ved differences there are either systematic or just the result 
of chance.

• Statistical analysis of data was the method of choice to pro-
vide answer to these questions. As the problem regards the 
mechanics of the Closed Die Compaction Test, whereby the 
specimen was deemed as a continuum body, this allowed 
using any material suitable for compaction. Specifically, 
calcium carbonate (mesh 325) was selected for its availabi-
lity, low cost and uniformity.

• Nevertheless, having resorted to statistical methods, the 
analysis and results are specific to the conditions mentioned 
therein. Furtherance of the statements will then be the sub-
ject of future works involving a broader set of experimental 
conditions (e.g. using another material, preloading, way of 
pouring the powder into the die, etc.).
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4. INSTRUMENTED DIE DESIGN

Firstly, the apparatus to get the experimental data necessary for 
this study consists of a cylindrical closed die with top and bottom 
removable punches.

4.1 MECHANICAL TRANSDUCTION FEATURES

This die cylinder poses a question regarding the die wall thic-
kness: too thick, and hoop strain gages would be set to work too 
close to the bottom of their scale, making readings too close to 
each other throughout compaction; on the other hand, too thin 
a die wall would allow the specimen to barrel under high pun-
ching loads, thus impairing specimen homogeneity. Even though 
the ESH involves only top and bottom punch pressure data, hoop 
strains provided the observations as to the radial stress pattern 
highlighted previously; moreover, and as part of future work, it 
is expected to use the die as a calibration device for continuum 
material models. Section 4.1 deals with this issue under the heading 
“Mechanical transduction features”.

Material selection, manufacture and design tolerances are 
shown in Section 4.2. In addition a computation to quantify the 
die and punch deflections under load is also provided. This is im-
portant in that no mechanical interference other than specimen 
deformation must be ensured.
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Finally, Section 4.3 considers bottom punch calibration and the 
corresponding uncertainty figures, for this piece shall provide the 
data relevant for this study.

4.1.1 Mechanical transduction features

4.1.1.1 Die wall thickness

An approach to sort out this point was to consider a rubber spe-
cimen: being nearly incompressible, radial stress was taken equal 
to top punch stress.

An actual powder specimen, as a confined, continuum material 
under loading, conveys radial stresses based on its elastic reaction 
against the die walls. If this radial stress is less than the top, applied 
punching stress, then there is room for reducing die wall thickness, 
and thus allowing the strain gauges on the outward surface of the 
die to work at higher values on their measuring scale.

No reference to this sort of attempts has been reported in the li-
terature up to the time of writing this document; so, it is considered 
as an additional contribution.

4.1.1.2 Estimation of radial stress

To provide an estimate of radial stresses, linear elastic, small 
strains behaviour is assumed. This in conjunction with presumed 
homogeneity within the specimen permits to state the generalized 
Hooke’s law to an axisymmetric element, as shown in Figure 30 
and rearranged in Eq. (4.1).
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Figure 30. Axisymmetric stress state and generalized Hooke law to the 
case. Author’s own work.
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In Eq. (4.1). A ≡ νE-1 and B ≡ E-1. The linear dependence of the 
first two equations in Eq. (4.1) shows that radial and transverse 
stress components equal each other. This is why a single compo-
nent is given to them in the context of stress states on (p, q) plane, 
where axisymmetric stress states are assumed (i.e. σrr = σTT = σH).

Solving for radial stress yields Eq. (4.2):

PK
AB

APrr ==        (4.2)

The last term to the right is just shorthand for upcoming derivations.

As the material becomes denser, their elastic properties increase 
as well. There are many theories and micromechanics-based mo-
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dels proposing evolution laws for these parameters. It is not the 
purpose here to propose one anew, but just to propose a rationale 
for radial stress generation and a course of action to compute it. 
Therefore the following evolution law is borrowed from (Ashby 
et. al. 2002, p80-82):

( )
2

3.0==
full

fullEEE        (4.3)

The accumulation of elastic strain energy as determined from 
a given set of material parameters, is limited by yield strength. 
Moreover, as the specimen is progressively becoming denser, its 
yield strength evolves accordingly. The approach considered here 
is to assume some form of yield surface for the material and make 
it evolve so that at full density a typical Von-Mises yield surface 
is recovered. To do this an elliptic yield surface is considered as the 
starting point. Many models for granular and porous bodies have 
this form of yield surface as a roughly common place at the begin-
ning of the deformation process. One such example is provided by 
(Deshpande et. al. 1999, p.1253-1283):
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This function is actually a quadratic expression in {σe, σm} de-
picting an ellipse on (p, q) plane, which has proven adequate 
in fitting experimental data to results of testing of metal foams 
and some granular materials (Ashby, 2000; Green, 1954, Oyane, 
1973); α is the aspect ratio of the ellipse.

The stress state during the closed die compaction, shown in Fi-
gure 31 allows Eq. (4.5) to be cast into Eq. (4.6).
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Figure 31. Stress state of a homogeneous specimen undergoing confined 
compression. Author’s own work.
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The left hand side of Eq. (4.6) represents the yield stress under 
uniaxial tension. This is so because the model given by Eq. (4.5) is 
constructed on the basis of modifications to the Von-Mises yield surfa-
ce (Green, 1954 & Oyane et. al., 1973) formulate other akin examples).

As compaction progresses the specimen is at equilibrium with 
the applied punching stress and is storing elastic energy as well. 
Therefore the equivalence:

rrH
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       (4.7)

Holds valid and Eq. (4.2) may be replaced into Eq. (4.6), giving:
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Two plastic behaviour parameters have been introduced now: 
the aspect ratio of the yield surface ellipse α and the yield stress 
under uniaxial tension σ0. These must evolve with density too. 
For the latter the following empirical relationship is brought from 
(Ashby et. al. 2000, p.80-82).
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A possibility for the functional form of α(ρ) is provided by the 
measured evolution of the Cam-Clay yield function as applied to 
some metal powders of industrial interest (U.W.S., 2007). Graphi-
cally, the underlying idea is depicted in Figure 32:

Figure 32. Intended yield surface and its evolution with relative density. 
Author’s own work.
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The value of P0 may be taken from the hydrostatic stress com-
ponent of the specimen under confined compression. Its evolution 
with material density could be fitted by some suitable porosity-
pressure function, like the (Heckel, 1961, p 671) function:

3

0
20 1ln

K

full

KP =
        (4.10)

As seen in Figure 31 yield surfaces at different densities do not 
intersect. So, one option to capture the evolution of the aspect ratio 
is considering a one-to-one relationship between Q0 and P0. In prac-
tice, the deviator component of the yield stress under unconfined 
compression can be taken as the value of Q0 for a given P0 , which 
in turn corresponds to a given value of material density.

One such empirical relationship is provided in the Merlin®-
Powder Compaction Software documentation (U.W.S., 2007, 
p.installation CD):

=
max

01
max0 tanh

Q
PKQQ        (4.11)

The same reference offers some example values for empirical 
parameters involved in Eq. (4.10) and Eq. (4.11), corresponding to 
iron powder of 170MPa yield strength (Qmax ). Fitting parameters 
were 1.5, 21.903 and 1.3527 for {K1, K2, K3} K1, K2, K3 respectively 
(U.W.S., 2007, p.installation CD).

The processing of compaction data from Eq. (4.10) and Eq.(4.11) 
provides a mean to track the progress α(ρ) sought for. Table 3 dis-
plays the results of a compaction process of up to 87.5% of full den-
sity for an iron powder (theoretical density 7.8Kg/m3), obtained 
during the research tests. Actually, this was done with a 10mm 
thick, AISI D2 steel cylindrical die, constructed after carrying out 
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a trial compaction of iron powder with a much cheaper, A36 steel 
die same as thick.

Table 3.
Data from a compaction process, iron powder.

Current density
(Kg/m3)

P0 (Mpa) Q0 (Mpa) Aspect ratio

2.808 0.000 0.000 -
5.803 19.460 28.907 1.485
6.802 41.694 59.864 1.436
7.301 67.682 90.958 1.344

Apparent density (Kg/m3): 2.808; Theoretical density (Kg/m3): 
7.8; Qmax (MPa): 170 (U.W.S., 2007).

It can be seen that the aspect ratio changes are negligible and 
that a Von-Mises yield surface might not be recovered this way. 
However, assuming that from this compaction state up to full den-
sity there are not changes in material phenomena underlying fit-
ting parameterS {K1, K2, K3}, one may actually approach the theo-
retical density (7.8 Kgm-3). Results are set out in Table 4 below.

Table 4.
Yield surface aspect ratio on using Eq. (4.10) for extrapolation.

Current density
(Kg/m3)

P0 (Mpa) Q0 (Mpa) Aspect ratio

7.650 119.603 133.257 1.114
7.794 292.428 168.060 0.575



93

Construction of a True Compaction Curve:
Critical review of the closed die compaction test for powdered materials

Current density
(Kg/m3)

P0 (Mpa) Q0 (Mpa) Aspect ratio

7.797 337.976 169.129 0.500
7.799 429.565 169.827 0.395

Author’s own work

It is shown that the yield surface actually tends to approach 
Von-Mises yield surface in a noticeable manner only as density 
is within 2% before theoretical density. Then, one may take these 
just tabulated results to perform a curve fitting leading to an evo-
lution equation for α(ρ) The following variable modification, Eq. 
(4.12), is enforced so that curve fitting results do not resort to an 
unwieldy set of empirical constants, which would make a physical 
interpretation nearly impossible.

( ) =

full

1

1lnln

        (4.12)

Plotting this equation leads to Figure 33 below.
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Figure 33. Evolution of yield surface aspect ratio with a logarithmic 
function of relative density. Author’s own work.

From the value 2.00 (corresponding to a relative density of 
about 87 %) for the abscissa towards the right, a straight line 
would provide a satisfactory fitting, indicating an exponential-like 
relationship between the plotted parameters. So, the dependence 
α(ρ) could be split into two ranges:

• From apparent density to 87 % full density: aspect ratio is 
almost a constant, with a value of α≈1.5. Yield surface evo-
lution is self-similar, and provided this self-similarity was 
experimentally proven, metal foam yield flow behaviour 
might be thought of as a fairly good imitation of that of 
metal powder. This does not mean that at a micro-scale le-
vel the same plastic flow mechanisms come upon in metal 
foams and metal powders. In any case it must be said that 
this statement could well be a gross assumption overall; 
but, at the same time, a place for significant refinements.
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• From relative density 87.5 % up until full, theoretical den-
sity: aspect ratio varies in order to recover the Von-Mises 
yield surface as the material gains full density. It is by vir-
tue of Eq. (4.10) that self-similarity breakdown takes place. 
As full density is neared P0 tends to infinity and Q0  tends 
to Qmax. This situation could only be explored by means of 
curve fitting functions, for the practical limits of powder 
compaction processes prevent, in many cases, compaction 
densities close to 100 % from being achieved.

For relative densities of 80 % and above, Figure 34 shows a 
point selection fitting a straight line. The fitting function is given 
by Eq. (4.13) thereafter.

Figure 34. Linear fitting to compaction data at high relative densities 
(>80 %). Author’s own work.
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( ) 378.0
1

1ln177.0ln +=

full        (4.13)

Eq. (4.13) is actually a linearization of Eq. (4.14), which is the 
sought evolution equation α(ρ).

( )

177.0

1

1459.1=

full        (4.14)

4.1.1.3 Evaluation

From the discussion leading to Eq. (4.8) radial stress computa-
tion comes after four steps:

• First, definition of a set of relative densities spanning over 
the range of compaction {ρ0 / ρfull , ρ1 / ρfull , ρ2 / ρfull ,...,1}

• Second, computation of the value of material properties 
(elastic and plastic) from evolution equations provided.

• Finally, radial stress is computed following Eq. (4.2).

From obtained compaction data and mentioned evolution laws 
computations are shown in Table 4.3 (the following values were 
used: Efull = 200GPa; σy = 0 MPa; die wall thickness=10mm).
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Table 5.
Material data from compaction of an iron alloy powder, and resulting 
radial stresses.

Relative density P (MPa)
Radial Stress 

(MPa)
Hoop

Microstrain

0.448 93.41 13.41 21.18
0.675 142.07 29.40 46.44
0.870 206.46 59.58 94.13
1.000 315.15 115.15 181.92

Author’s own work.

Experimental data for hoop microstrains as related to punching 
stress are set out in Table 6 below:

Table 6.
Experimental results for radial stress using a 10mm thick die. Compacted 
material: iron powder.

P (MPa) Hoop Microstrain
114.08 46
195.57 84
277.05 125
317.80 146

Author’s own work.

It must be recalled that for the theoretical prediction relative den-
sity is the input, whereas for the experimental test it is the upper 
punch load. From this and the data displayed it may be said that:
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• Prediction of maximum radial stress as related to punching 
stress is fairly accurate. Thus, it is a fitting approach to die 
design purposes; yet, as a material model there is plenty of 
room for refinement.

• Then again, punching stress as related to relative density is 
poorly represented by the model. This may be directly tied 
with the assumptions as to the evolution of material para-
meters (elastic and plastic alike).

4.2 MATERIAL SELECTION, MANUFACTURE 
AND DESIGN TOLERANCES

4.2.1 Radial expansion of punching rods

Their diameter comes from the compact itself. Considering 
a punch travel not beyond 50mm and the recommendation 
given by German (1994) in regards of keeping the length-to-
diameter ratio under 4, the die and punch diameter was deci-
ded to be 12.5mm.

As customary in powder compaction tooling, steel is the 
material of choice. With an elastic modulus of 200GPa, the 
computation of radial expansion under loading is set out in 
Figure 35 A maximum load of 100KN upon the bottom punch 
is considered.
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Figure 35. Evaluation of radial expansion of punching rods. Author’s 
own work.

This value is important at the time of establishing dimensio-
nal tolerances.

4.2.2 Dimensional tolerances and tool material

Suggestions in this regards have already been proposed by 
Kunkel (1970), “in particular as to the material: AISI D2 cold work 
tool steel, heat treated to hardness greater than or equal to 62HRC 
on contact surfaces” (p.240-244). Also provides specifications for 
the top punch edges in contact with the powder specimen.

As for the surface finish it was decided on an H8e8. This and 
values considered for punch and die diameters and maximum 
punch travel, led to definitive calculation of design tolerances. Ra-
dial expansion of punches evaluated in the previous section also 
influenced this decision. Figure 36 shows final construction details.
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Figure 36. Construction details of the closed die and punches.

As seen, a provision is made to attach strain gauges to the 
bottom punch, so that it works as a load cell, and bring strain 
gauges leads out from the rig.

4.2.3 Die wall stiffness

This is concerned with making sure that die radial deflections 
are negligible, so that the specimen may be considered cylindrical 
throughout compaction. The corresponding computations are set 
out in Figure 37 Radial pressure is taken as 1GPa: this is an extreme 
case just for evaluation purposes.
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Figure 37. Radial deflection at the inner surface of the die wall. Author’s 
own work.

It is seen even for such a high notional value of radial stress 
that the radial deflections are of the order of magnitude of the 
dimensional tolerances themselves. So the die can be considered 
stiff enough for the purposes of this study.

4.3 BOTTOM PUNCH-LOAD CELL CALIBRATION

A picture of the disassembled compaction rig and the bottom 
punch-load cell is given in Figure 38.



102

Elver Mauricio Barrera

Figure 38. Disassembled compaction rig. Author’s own work.

The bottom punch was taken to the calibrated press, and the 
data for calibration is displayed in Table 7.

Table 7. 
Calibration data for bottom punch-load cell.

Load input [N] Output microstrain

1975 157
4010 245
5980 322
8020 403
10010 486
12030 573
14010 656
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Load input [N] Output microstrain

16000 738
18000 819
20000 900
22000 985
24000 1065
26000 1153
28000 1225
30000 1310
32000 1385
34000 1460
36000 1543
38000 1615
40000 1707
42000 1770
44000 1860
46000 1926
48000 2005
50000 2080

Author’s own work.

The corresponding calibration curve, least squares fit and cali-
bration parameters are shown in Figure 39. Output microstrains 
were converted into output load assuming one-dimensional Hooke’s 
law as the transduction equation.
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Figure 39. Calibration curve for bottom punch-load cell. Author’s own work.

Although Figure 39 may not offer evidence of this, all values of 
load output turned out higher than the corresponding inputs. This 
can be attributed to the bottom punch not keeping its cylindrical 
shape exactly as it is loaded; rather, friction on its top and bottom 
surfaces may account for some barrelling effect. A consequence of 
this is that the strain gage attached to it stretches more than if no 
barrelling at all happened. 

One of the purposes of the calibration procedure is, in fact, to ac-
count for this by computing an uncertainty figure to any estimate 
of the true value using the calibration curve. Uncertainty calcula-
tions from calibration data are set out below, Figure 40.
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Figure 40. Uncertainty calculations for readings taken load cell. Input 
and output quantities are forces in Newton. Following E.O. (Doebelin, 
1990, p.41-67).

The calibration data is used by taking the reading q0 and cal-
culating its corresponding best estimate value qi. This result is read 
with a 99% confidence, as qi 7263 ±=± iqii qsq  3sq = qi  7263 ±=± iqii qsq  726 (it is assumed that 2

0qs  
is constant throughout the calibration range and that readings from 
the load cell are normally distributed when taken repeatedly).
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5. DATA COLLECTION, ANALYSIS 
AND CONCLUSIONS

This chapter takes on the problems and methodology set out in 
Chapter 3, by systematically addressing two situations: uniformi-
ty in fill density, to make sure that one deals with homogeneous 
experimental units; and testing the validity of the ESH, also for-
mulated in Chapter 3. It all is carried out within the scope of data 
scattering and statistical analysis, as proposed in the methodology.

A set of concluding remarks closes this chapter, focusing on the 
contributions made to the subject of powder compaction. Two spe-
cific propositions for future work are laid out in Chapter 6.

5.1 UNIFORMITY IN FILL DENSITY

The purpose here is to determine a pair of specimen mass values 
so that their fill-densities do not show a statistically significant di-
fference amongst them. This way uniformity of initial conditions 
for the specimens is ensured, which is a necessary starting point to 
test forthcoming statements (as presented in Section 5.2).

Dimensions of the compaction rig indicate that the powder 
compact, when compacted to theoretical density, must be at least 
5mm high; then again, loose powder into the die must rise no 
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further than scrape level (50mm above the bottom punch). Use 
of theoretical density of calcium carbonate (2.71 g/cm3) led to a 
minimum specimen mass of 1.66g, whereas loose powder filling up 
to 5mm below scrap level (to allow the upper punch fit into the 
die in a stable manner) weighed out 4.10 g. This is the maximum 
specimen mass.

For this range it was made a selection of 5 values of specimen 
mass: 2.00g, 2.50g, 3.00g, 3.50g and 4.00g. From a statistical 
design of experiments point of view, one speaks of one factor (spe-
cimen mass) and five levels.

Literature as to statistical tests of situations like the one under 
study is rather sparse and quite particular to experimental condi-
tions. In the light of this, the aim is to start up a literature stock of 
original information, by considering samples of size n=5. Overall, 
this makes up 25 treatments (5 levels times 5 observations per 
level times one factor).

This number is not overwhelmingly high, so that a fully rando-
mised experiment design was selected.

5.1.1 Procedure details

For tests aimed at statistical analysis an inexpensive, uniform 
material for compaction is highly recommendable. In this study 
calcium carbonate, mesh 325 is used. It was poured with a stain-
less steel spatula into a glass beaker and weighed out using an 
OHAUS Adventurer digital balance. The manufacturer claims an 
accuracy of 0.05g. Then the weighed mass of powder is tipped 
into a plastic funnel, whose dimensions are set out in Figure 41.
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Figure 41. Plastic funnel to direct the powder into the die. Author’s 
own work.

A gentle shake to the funnel was enough to remove any amou-
nt of powder left over. As it has been described, it is now apparent 
the random nature of the die-fill density. Otherwise one would 
have had to turn to some subscale theory, such as micromechanics.

Once the powder was in the die, the upper punch was slid into, 
and a 1kg preload was applied by means of a calibrated dead 
weight, Figure 42.
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Figure 42. Preloading of powder specimen before taking to the press. 
Author’s own work.

A dwell time of 1 minute is let past, whereupon the dead weight 
is removed. The resulting condition is regarded as fill-density, after 
the measure of the specimen height is obtained using a digital ca-
lliper MITUTOYO CD-6’’, Figure 43.

Figure 43. Measure of specimen height upon preloading. Author’s own work.
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The calliper manufacturer states an accuracy of 0.02mm. In 
computing the fill-density the overall accuracy, regarding measu-
ring instruments alone, is as shown below, Figure 44.

Figure 44. Accuracy for the die-fill density, considering measurement 
instruments only (claimed accuracies: δm = 0.05 g; δH0 = 0.002mm). 
Author’s own work.

This overall accuracy will serve the purpose of setting the cri-
tical region at the time of the statistical test of hypothesis. The 
power of the test will also be ascertained thereof.

5.1.2 Collected data

The results obtained are laid out in Table 8. Following the ac-
curacy for the primary measurements, as given by the measuring 
devices (digital calliper and digital balance), the computed fill 
density is displayed with three significant digits.
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Table 8.
Collected data, die-fill density (g/cm3).

Levels (g)

2.00 2.50 3.00 3.50 4.00
Observation 

set #
Fdens. Fdens. Fdens. Fdens. Fdens.

1 1.00 0.974 0.773 0.682 0.599
2 1.21 0.977 0.791 0.687 0.598
3 1.08 0.980 0.799 0.678 0.599
4 1.10 0.951 0.801 0.688 0.606
5 1.22 0.993 0.819 0.681 0.600

Author’s own work.

As a side remark, the time taken to collect a set of observations 
was about 40 min. This may give an idea of how appropriate 
a fully randomized design could be if an extended experimental 
programme were proposed.

5.1.3 Data analysis

It is necessary to ensure that the specimens used to draw conclu-
sions from are homogeneous in that their initial, fill density are the 
same, in a statistical sense (homogeneity of the experimental unit). 
As the specimens must be different in size (i.e. amount of powder 
into the die) to cast the observations mentioned in Chapter 3, the 
statistics problem here is to find a pair of samples (specimen sizes) 
whose population (die fill density)  prove the null hypothesis right 
(H0: µA = µB), with the maximum power 1 and a given level of 
significance α.
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Certainly the hypothesis involves comparison of two means, 
but before deciding on the particular method to employ, and infe-
rence must be made as to the ratio of their variances, for they are 
an unknown, and there is not a sound reason to assume they are 
equal to each other. Further details of statistic formulae involved 
in the analysis may be found in Walpole et al. (1978).

5.1.4 Ratio between variances

It is used the following statistic:

22
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S
SF =        (5.1)

This one is got an F-distribution, with νA = nA - 1 = 4 and νB = 
nB - 1 = 4 degrees of freedom. For computation purposes it is assu-
med a certainty of 98% (i.e. α = 0.02). This yields the limit values:
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Now, for five independent samples (corresponding to the five 
levels tested) there are 10 pairs to be screened using this interval:
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Table 9.
Pair of samples to test fills density uniformity.

Index
Pair of samples (levels)

1 2 3 4 5 6 7 8 9 10
A 1 1 1 1 2 2 2 3 3 4
B 2 3 4 5 3 4 5 4 5 5

Author’s own work.

After defining the variables:
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The interval reads as:
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        (5.6)

And the computation of (θL, θU). May now be carried out for 
each one of the 10 pairs of samples listed above:
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Table 10.
Confidence limits for the ratio between variances of fill density.

Pair of samples (levels)

1 2 3 4 5 6 7 8 9 10

θL 1.51 1.37 5.55 7.28 0.23 0.92 1.20 1.01 1.33 0.33

θU 24.21 21.93 88.62 116.40 3.62 14.64 19.22 16.15 21.22 5.25

Author’s own work.

From these results it may be said that the pairs # 1, 2, 3, 4, 7, 8 
and 9 do not admit the ratio of standard deviations to be 1, so their 
variances can be assumed different, i.e., 

2

2

B

A ≠ 2

2

B

A

.

Conversely, the rest of the pairs should better be analysed by 
considering their variances equal to each other. 

5.1.5 Confidence intervals for the difference between means

The statements above determine what the statistics are that 
have to be used in order to estimate confidence intervals for the 
means among any pair of populations. This points to the problem 
of establishing how uniform two specimens of different mass are, 
so that in the end it is selected that pair with which the observed 
difference in compaction curves (stemming from specimen size) is 
put to test. In addition, it will also be used to see whether the ESH 
is a valid physical interpretation of the compaction test.

The confidence interval for the difference of means lays down 
the basis upon which the test of hypothesis proper is conducted. 
The confidence interval now takes the form:



116

Elver Mauricio Barrera

UBAL μμ <<       (5.7)

For sample pairs #5, 6 and 10 their population variances may 
be considered equal. Hence, θL and θU read as: 
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These are t-distributed random variables with ν = nA + nB - 2 
degrees of freedom. Sp is given by:
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For the rest of sample pairs, to which population variances are 
deemed different, θL and θU are given by:

( )

( )
B

B

A

A
pBAU

B

B

A

A
pBAL

n
s

n
sStxx

n
s

n
sStxx

22

2

22

2

++

+=

        (5.10)

And are t-distributed variables as well, with a number of de-
grees of freedom given by the nearest integer to the result of:
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Doing this with the 10 sample pairs led to the results set out 
below. At this point a significance level of 95 % is used:

Table 11.
Confidence limits for the difference between means of fill density.

Pair of samples (levels)

1 2 3 4 5 6 7 8 9 10

θL
-0.08 0.10 0.21 0.30 0.132 0.260 0.34 0.26 0.15 0.071

θU
0.37 0.55 0.66 0.75 0.224 0.324 0.41 0.33 0.24 0.093

Author’s own work.

At face value it can be seen that there is only one pair for 
which it may not be clearly established whether of the samples 
corresponds to a population with a higher fill density: this is pair 
# 1. For the rest of the pairs, as the interval involves only positive 
numbers, it can be said that, within a 95 % confidence, the sample 
labelled “B” corresponds to a higher fill density than “A”.

The narrowest intervals for the population means correspond 
to those pairs considered equal in their population variances; no-
netheless, the intervals for this one assumption are not necessarily 
the narrowest in turn.
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An extension of the confidence intervals just conducted for the 
difference of means leads to a more definitive answer as to the 
pair of choice that ensures maximum uniformity in fill density. 
This is the test of hypothesis.

5.1.6 Test of hypothesis for the difference of population means

For each one of the 10 pair of samples, the procedure goes 
as follows:

a. Statement of H0: µA - µB = d´0 → d´0 = 0: this means hy-
pothesising that the pair of samples A and B correspond to 
populations having the same fill density (they are uniform).

b. Establishment of critical values: Critical values enclose the 
non-rejection region for the null hypothesis:

Figure 45. Critical region. Author’s own work.

Where Ccrit = max {Acrit , Bcrit}, and:

Acrit = (Max.Computed.Fill.Density)(Min.Accuracy.Full.Density)
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Using the sample labelled “A”, and accordingly:

Bcrit = (Max.Computed.Fill.Density)(Min.Accuracy.Full.Density

For data corresponding to sample “B”. The critical region so de-
fined seeks ensuring that, if not rejected, the null hypothesis would 
tell that the population mean (fill density) is the same for “A” and 
“B” within an uncertainty given by the measurement instruments 
accuracy (Figure 45).

c. Definition of test statistic and test of H0: this depends on 
whether equal or different variances are assumed for the 
pair of samples “A” and “B”. Whichever the case, the statistic 
is a t-distributed one, and the null hypothesis is tested by 
using the interval customarily expressed as:

,2,2
ttt <<      (5.12)

The upper and lower bounds, respectively, are computed using 
the critical value as:

( )
( ) critBA

critBA

Cdxx
Cdxx

=

+=

0

0

        (5.13)

Whereas the “t” in the middle of them is calculated using the 
actual difference (xA-xB) from the samples in question. The particu-
lar expressions for the statistic “t” stem directly from Eq. (5.8) and 
Eq. (5.10). In particular:
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For samples whose population variance is deemed equal, and w.
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d. Type II error and power of the test: for this the alternative 
hypothesis H1: µA ≠ µB is proposed in a two-sided manner:
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That is, two materials are considered different if their fill densi-
ties differ further than 0.1 g /cm3.

Type II error is designated by β, and is given by the probability 
for the same interval as Eq. (5.12):

<<=
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        (5.17)

The upper and lower bounds are now computed using d0 = 0.1. 
It is worth noting that having established the critical region a priori 
the significance level α is fixed in passing.

5.1.7 Results

Results for steps b, c and d are presented in what follows, whe-
reupon some concluding remarks ensue. Critical values, given by 
Ccrit(g /cm3), are:
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Table 12.
Width of critical region, test of uniformity in fill density.

Index
Pair of samples (levels)

1 2 3 4 5 6 7 8 9 10

Ccrit 0.04 0.04 0.04 0.04 0.02 0.02 0.02 0.02 0.02 0.01

Author’s own work.

Test statistics and intervals to test null hypothesis: for those pairs 
under the assumptions of equal population variances (5, 6 and 10) 
Eq. (5.14) and Eq. (5.9) are applied. The rest of the sample pairs 
are processed using Eq. (5.11) and Eq. (5.15). Altogether:
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A problem has emerged now: neither of the t-values from 
sample data falls within the interval limits, thus rejecting the 
null hypothesis in any case. An explanation could be given 
as follows: the difference in fill densities is noticeable, and this 
along with the small sample variance makes it difficult to consi-
der any two samples corresponding to any pair as coming from 
the same population.

The solution to this problem may be found when looking at the 
formulae employed to compute the test statistic “t”, both from sam-
ple data and for interval limits. This is done with Eq. (5.14) and Eq. 
(5.15), whereby “t” from sample data uses the sample means diffe-
rence (xA-xB) as it appears in the numerator in both expressions; and 
“t” for upper and lower limits comes from using the aforementioned 
values of Ccrit instead of the whole term (xA-xB )-d0 This is because Ccrit  

represents a distance around the alleged magnitude of the difference 
between means.

In the light of this, allowing the value of d0 being different 
from zero and/or increasing the value of Ccrit  would bring the t-
from sample data closer to within the interval and/or enlarge the 
interval width, respectively.

In context, the first alternative means relaxing the condition of 
considering two specimens to have uniform fill densities amongst 
them if their difference is just zero; in this sense a suitable value 
would be d0 = 0.05 g/cm3, this is, it is now considered that two 
samples come from the same population if their difference in fill 
densities is no larger than 0.05 g/cm3 (yet maybe less than this). 
This choice is made bearing in mind the statement of the alterna-
tive hypothesis already proposed (see Eq. (5.16)). 

The second alternative, increasing Ccrit , means accepting an 
enlarged inaccuracy solely due to measurement instruments. The 
accuracy of fill density diminishes as its own magnitude does, so 
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that Ccrit ended up being smaller for the specimens with the lowest 
fill density.

Here Ccrit  corresponding to the highest fill density is taken as 
valid throughout the range. The implication of this is that one 
relinquishes having a non-rejected null hypothesis that falls com-
pletely within the accuracy limits, as given by the measurement 
instruments. Enforcing these changes yields Table 14.
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From this, there is only one pair of samples lying within the in-
terval: pair number 10, corresponding to samples # 4 and 5 (3.50g 
and 4.00g specimens). So, this is the only pair for which the null 
hypothesis may not be rejected, and thus one can accept them as 
uniform in their fill densities.

A measure of the precision of the hypothesis test just conducted 
is given by the Type I error and Type II error values designated 
by (α, β). The former is also called level of significance.

Type I error: Having already selected the sample pair # 10, it 
is given by:

( )89.102 <= tP      (5.18)

For the t-distribution is a symmetric one. This gives α ≈ 1.0. This 
indicates that the possibility of performing an experiment and fin-
ding a specimen fill density out from the established interval is vir-
tually zero. It is then a fact that the hypothesis testing procedure 
may well be subject to optimisation, particularly in regards of the 
modifications made to the values d0 and Ccrit. Figure 46 provides a 
graphical interpretation of this type of error.

Figure 46. Type I error. Author’s own work.
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Here it is considered the possibility of accepting the null hy-
pothesis when there is a sample indeed belonging to another popu-
lation; in that case this other population is one bearing a fill densi-
ty different in 0.1 g /cm3 or more, which one consider representing 
an entirely different material. For type II error, resorting to Figure 
5.6 above, its value is β ≈ 0.50 (there is no change in degrees of 
freedom, so that both curves have the same shape). This is higher 
than desirable, and also underscores the possibility of an optimisa-
tion on the selection of suitable values of d0 and Ccrit, as previously 
mentioned. From the point of view of the experiment alone, impro-
vements would go in regards of taking specimens of more similar 
mass, and increasing the sample size. Yet, it would go against the 
main issue addressed by the problem definition in Chapter 3: non 
uniqueness of the compaction curve due to wall-specimen friction 
when it comes from compacting specimens different in size.

It is the author’s opinion that such a trade-off situation is charac-
teristic of a problem upon which little is reported in the literature 

5.2 VALIDITY OF ESH AS A REPRESENTATION 
OF THE COMPACTION TEST

The problem is brought from the discussion in Chapter 3, and it 
is worked out in three steps:

• Specimen size effects from compaction data scattering: using 
the MDS it will be shown that, by contrast to a position held 
so far, specimen size does not determine whether a larger one 
demands a larger punching pressure in turn and vice versa.

• Data scattering using ESH: this shows that scattering is not 
much different for ESH-treated data, so in cannot be said that 
this interpretation of the test is more/less accurate than MDS. 
But, by replacing bottom punch pressure for values progressi-
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vely closer to those of the top punch (somewhat simulating a 
reduction in friction force) reveals that the magnitude of the 
scattering tends to exactly the same figures for both MDS and 
ESH. This is read as proving the ESH physically valid at inter-
preting the compaction test, as was initially intended.

• Discussion of a unique compaction curve: in terms of data 
scattering and resorting to the Central Limit Theorem.

5.2.1 Procedure details

Two specimen sizes, namely 3.50g and 4.00g, of calcium car-
bonate were considered in the study. These were compacted and 
punching pressures were recorded at seven values of volumetric 
strain: -0.1 through -0.7. Figure 47 shows an image of the process.

Figure 47. Measurement of punch displacement. Author’s own work.
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Pouring the powder into the die (which is previously cleaned 
and lubricated with mineral oil) and tapping it comes first, whe-
reupon the length a is measured according to Figure 47.

The quantity H0 is then computed, and used in the following 
expression, where δ stands for upper punch displacement, solved 
for each of the seven values of volumetric strain previously stated:

( )voleH
H

H
V
V

initial

final
volumetric === 1lnln 0

0

0

        (5.19)

Each experiment was run five times for each specimen size. 
Results are displayed on Table 15.
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The lower punch microstrains are readily converted into punch 
pressure, for it is a 12.5mm diameter AISI D2 steel cylinder.

Statistically, it will be made a comparison of the samples at 
each of the volumetric strain levels, with average punching stress 
(from MDS first and then using the ESH) as output variable.

The lower punch, as well as the rest of the experimental rig, 
is made of AISI D2, with an elasticity modulus of 200GPa. It can 
be shown from data in Table 15 that lower punch pressure at 
lower values of volumetric strain is larger than the upper, which 
makes no sense. But this happens with an applied punch pressure 
(with the upper one attached to the press header) of less than 
10MPa, so from compaction pressures reported in literature for the 
compaction of calcium carbonate (and many other powders cus-
tomary in compaction practice, “the first two values of volumetric 
strain, namely -0.1 and -0.2 may be discarded in what follows” 
(p.). As a possible cause for this it can be mentioned that the 
strain gage is at the lowest zone of its measuring range when 
registering the lower punch deformation, so that other problems,  
for instance, regarding the strain gage setup itself may play a role 
(the possibility of the lower punch barrelling under load was dis-
cussed in Section 4.3). The relative magnitude of these factors fades 
away as higher compaction pressures are applied.

5.2.2 Data analysis, punching pressure from MDS

By and large the data analysis will follow the pattern laid 
down in section 5.1.3. Randomisation was made within each repe-
tition of the compaction process, that is, if we call “H” and “T” the 
3.50g and 4.00g specimen sizes, respectively, then the five com-
pactions went on as: HT, TH, TH, HT and TH. (A coin is tossed 
five times and the outcome tells which specimen comes first for 
compaction). Each compaction runs through all the levels of volu-
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metric strain so that, statistically, this would constitute a “repeated 
observation” case. Nonetheless, this is not necessarily the approach 
of choice, and indeed, it was not followed here.

5.2.3 Ratio between variances

Eq. (5.1) states the statistic of use, and as for there are five ob-
servations again, degrees of freedom are also νA = nA - 1 = 4 and 
νB = nB - 1 = 4. Using a confidence value of 0.02 leads to just the 
same values of the F-distributed variables, as shown in Eq. (5.2) 
and repeated below:

( ) ( ) ( )1201.021 ,98.154,4,
22

fff ===   (5.20)

The confidence interval for the ratio of variances is given by 
Eq. (5.4), repeated next:

( ) ( )12
2

2

2

2

2

21
2

2

2

,
1

,
1

fs
s

fs
s

B

A

B

A

B

A <<

        (5.21)

“A” and “B” stand for the samples under comparison. As there 
are 5 values of volumetric strains, then there are 5 pairs of sam-
ples. Their sample mean, standard deviation (SSTD) and variance 
are displayed in Table 16.
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It can be seen the large magnitude of the dispersion for each 
sample, which can be considered as manifestation of the role of 
die wall friction on the compaction phenomenon overall: it is ren-
dered stochastic to a great extent. Within the frame of considering 
the specimen body as a continuum, a statistical approach to the 
subject is thus a necessity. Otherwise sub-scale analyses should be 
resorted to (e.g. micromechanics).

In the following, it is found out whether or not the population 
variances can be considered the same, for the pair of samples co-
rresponding to each volumetric strain. Defining again the varia-
bles (θL, θU) as in Eq. (5.5) and the confidence interval as Eq.(5.6), 
the results are:

Table 17.
Confidence interval limits for the ratio between variances of compaction 
pressures using the MDS.

Volumetric Strain

-0.3 -0.4 -0.5 -0.6 -0.7

θL 0.36 0.41 0.33 0.23 0.40

θU 5.73 6.60 5.33 3.63 6.46

Author’s own work.

As neither of these intervals precludes the number 1, it is said that 
the sample variances for both specimen sizes are considered equal.
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5.2.4 Confidence intervals for the difference between means

As previously mentioned, a significance level is stated in ad-
vance, as a consequence of which the confidence interval is com-
puted. Here the interval is computed for α = 0.05 and α = 0.1  
(i.e. 95 % and 90 % confidence respectively). As with samples # 
5, 6 and 10 from Section 5.1, the statistic test is t-distributed, and 
the confidence interval is defined and actually calculated through 
Eq.(5.7) and Eq.(5.8), respectively. Corresponding values of tα/2 are 
2.306 (α = 0.05) and 1.860 (α = 0.1) are used. Results for (θL, θU)  
are set out below (already converted to MPa):

Table 18.
Confidence interval limits for the difference between means of compac-
tion pressure, using the MDS

Confidence 
coefficient

Interval
limits

Volumetric strain

-0.3 -0.4 -0.5 -0.6 -0.7

α = 0.05
θL -13.20 -25.87 -72.16 -176.94 -180.22

θU 9.05 20.59 41.78 68.39 120.44

α = 0.1
θL -11.05 -21.38 -61.14 -153.22 -151.15

θU 6.90 16.09 30.77 44.66 150.33

Author’s own work.

The data in the table above lend itself to the following remarks:

• Intervals run from negative to positive numbers: thus it 
may not be stated that a higher/smaller specimen yields 
a higher/lower average punching pressure in turn, for the 
difference in this value could be either positive or negative.
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• These intervals represent uncertainty limits to the differen-
ce between average punching pressures, due to specimen 
size. This uncertainty grows larger as compaction pressure 
does. Nevertheless the relative magnitude of this uncertain-
ty (i.e. when compared to the mean value of average pun-
ching stress) goes down from about 100 % to 50 % and top 
punching pressures.

• The magnitude of data scattering far outweighs the effect 
specimen size might have had. This way the test of hy-
pothesis approach is precluded on behalf of examining the 
physical validity of the ESH statement.

5.2.5 Data analysis, punching pressure from ESH and comparison

Again analysis goes as follows: deciding upon the population 
variances being whether equal or different, and then going on 
with the confidence interval for the difference in compacting pres-
sure between specimens of different size. The confidence intervals 
for the ratio of variances are as set out below:

Table 19.
Confidence interval limits for the ratio of variances between compaction 
pressures, using the ESH

Volumetric Strain

-0.3 -0.4 -0.5 -0.6 -0.7

θL 0.27 0.24 0.21 0.17 0.31

θU 4.30 3.89 3.29 2.67 5.01

Author’s own work.
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A confidence value 0.02 was again employed. From the values 
above it is seen that all of the intervals admit the number 1, that 
is to say, the population variances may be considered equal for all 
the values of volumetric strain. This statement sets up the statisti-
cal details of computing the confidence interval for the difference 
of population means. In the Table 5.13 below the results from the 
MDS are repeated for comparison purposes, against those obtained 
with the ESH, for the difference between compaction pressures at 
several volumetric strains:

Table 20.
Comparison of confidence intervals for the difference between compac-
tion pressures mean values: MDS and ESH computations.

MDS (repeated from Tablet 5.11)

Confidence 
coefficient

Interval 
limits

Volumetric strain

-0.3 -0.4 -0.5 -0.6 -0.7

α = 0.05
θL -13.20 -25.87 -72.16 -176.94 -180.22

θU 9.05 20.59 41.78 68.39 120.44

α = 0.1
θL -11.05 -21.38 -61.14 -153.22 -151.15

θU 6.90 16.09 30.77 44.66 150.33

ESH

Confidence 
coefficient

Interval 
limits

Volumetric strain

-0.3 -0.4 -0.5 -0.6 -0.7

α = 0.05
θL -16.55 -42.29 -116.10 -248.81 -238.23

θU 5.35 14.79 35.68 66.32 107.02

α = 0.1
θL -14.43 -36.77 -101.42 -218.33 -204.85

θU 3.23 9.27 21.00 35.84 172.62

Author’s own work.
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It is clear that the ESH shows little change as to the width of the 
confidence interval. At first sight it could be said that if die wall 
friction were minimised the problem should subside. In this regards 
the process of calculation allowed for exploring such a situation. 
In particular, experimental lower punch stress was replaced by 
increasing fractions of the upper punch stress, ranging from 0.5 
(roughly corresponding to actual data) to 0.99. Results are displa-
yed next, using a confidence factor α = 0.05:

Table 21.
Confidence intervals for the difference between compaction pressure 
mean values, as bottom punch pressure nears that at the top (MDS).

MDS, Lower punch stress/Upper punch stress = 0.5
Interval 
limits

Volumetric strain
-0.3 -0.4 -0.5 -0.6 -0.7

θL -13.22 -36.41 -100.84 -211.58 -200.99

θU 3.26 11.00 29.68 57.83 93.85

MDS, Lower punch stress/Upper punch stress = 0.8
Interval 
limits

Volumetric strain
-0.3 -0.4 -0.5 -0.6 -0.7

θL -16.43 -45.24 -125.30 -262.89 -249.73

θU 4.05 13.67 36.88 71.86 116.61

MDS, Lower punch stress/Upper punch stress = 0.99
Interval 
limits

Volumetric strain
-0.3 -0.4 -0.5 -0.6 -0.7

θL -18.24 -50.22 -139.10 -291.84 -277.23

θU 4.50 15.18 40.94 79.77 129.45

Author’s own work.
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It can be seen that rather than narrowing the interval, re-
ducing the difference between upper and lower punching stres-
ses, that is reducing die wall friction, the scatter of data grows 
 marginally higher; nonetheless this exploration implies that the 
scatter of the upper punch data stays like the same in spite of im-
proving lubrication. This may not be the case, and could well be 
the matter of further studies. The situation is repeated to a similar 
extent when considering the ESH:

Table 22.
Confidence intervals for the difference between compaction pressure mean 
values, as bottom punch pressure nears that at the top (ESH).

ESH, Lower punch stress/Upper punch stress = 0.5
Interval 
limits

Volumetric strain
-0.3 -0.4 -0.5 -0.6 -0.7

θL -16.82 -45.99 -126.16 -262.39 -249.35

θU 3.79 12.64 33.47 63.20 96.17

ESH, Lower punch stress/Upper punch stress = 0.8
Interval 
limits

Volumetric strain
-0.3 -0.4 -0.5 -0.6 -0.7

θL -17.73 -48.68 -134.34 -280.94 -266.91

θU 4.23 14.21 38.07 73.38 116.52

ESH, Lower punch stress/Upper punch stress = 0.99
Interval 
limits

Volumetric strain
-0.3 -0.4 -0.5 -0.6 -0.7

θL -18.30 -50.38 -139.52 -292.70 -278.04

θU 4.50 15.20 41.00 79.84 129.42

Author’s own work.
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Now that all data processing has been displayed, it is wor-
th noting that all of the confidence intervals for the difference 
between populations means involve both positive and nega-
tive quantities. This means that, opposite to what was stated 
as a premise in Chapter 3, different sizes of specimen are not 
tied with a higher/lower compaction pressure. Also, for both of 
 the methods presented here, MDS and ESH, data scatter effects 
are not diminished, so that on the basis of the experiments carried 
out by the author, no claim can be made as to the ESH being a 
more accurate method than MDS to construct a compaction curve. 
Finally, the last set of tables show that as the difference between 
punching pressures (top and bottom) goes down –as a consequen-
ce of reduction in die wall friction-, the width of the interval tends 
to the same value, regardless of specimen size and its extent of 
material deformation. This allows telling that the ESH approach is 
a physically valid interpretation of the compaction test.

5.2.6 Compaction test and ESH versus MDS: a final remark

The definitive form of the ESH, as shown in Section 3.2.5, is 
used to compute the compaction pressure after equating the inte-
grands and solving for σMAT , the punching stress solely involved 
in deforming the material. For comparison purposes this expression, 
now designated by σESH , and that of the average punching stress 
from the MDS, designated by σMDS 

, are now cast in terms of di-
rectly measured quantities, Figure 48:
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Figure 48. Formula to compute punching pressure for MDS and ESH in 
terms of experimental data. Author’s own work.

In the light of these expressions, which were used to compute 
the data shown in the tables throughout this chapter, the following 
closing remarks emerge:

• The closed die compaction test inevitably involves an energy 
loss, this is, energy crossing out the boundary between the sys-
tem of interest (the specimen) and the immediate surroundings 
(the die wall). This is not the situation in conventional tests like 
the tensile test for wrought materials. A consequence of this is 
that an energy statement is path dependent in the case of the 
closed die test, and thus, the force involved in doing work (that 
of the upper punch) shall depend on the trajectory the loa-
ding device traverses. This carries over into the expression for 
σESH depending on the current extent of material deformation 
(specifically, volumetric strain εvol). By way of proof, it can be 
shown that an energy balance and a mechanical equilibrium 
statement for a tensile test specimen lead to the same formula 
for the stress acting upon a cross section of the material.

• The expression for σESH involves the quantity H0, which 
from Section 5.1, is itself a random variable, therefore sub-
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ject to scattering. This explains that the data scatter for pun-
ching pressure computed using the ESH was larger than for 
MDS. At the same time, this feature makes the expression 
for σESH substantiated to a greater extent than MDS.

• As σB tends to σT both expressions for punching pressure 
tend to σT . This way, their scatters are similar, and even-
tually equal, if wall-specimen friction were actually redu-
ced to zero.

5.2.7 A true compaction curve

The question remains as to how one could assure to an accepta-
ble degree that a compaction curve is fittingly unique, or “true”, at 
least to the aims and purposes of a particular individual. The sta-
tistics-based analysis of data provides an answer directly tied with 
laboratory procedures. Just as the data analysis started off with a 
confidence interval for the ratio between population variances, an 
interval may also be established for the population variance itself. 
One could then be pessimistic and pick the largest variance so that 
the Central Limit Theorem may be used to advantage.

Letting σ2 be this maximum value for the population variance, 
then the question is posed as: “how many observations n are necessary 
so that one can assure with a given confidence (say, 95 %) that the 
population mean (i.e. the compacting pressure at a given volumetric 
strain) lies within a given interval around the sample mean?”

Now the case is made for the 5 samples (i.e. volumetric strains) 
corresponding to the 3.50g specimen. It will be taken the lower 
punch pressure close to the upper one, so that the difference in data 
scattering due to the method of constructing the compaction curve 
(whether MDS or ESH) may be neglected.
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At this point the interval for population variance σ2 is obtained 
through the random variable:

( )
2

2
2 1 sn
=        (5.22)

This variable is chi-square-distributed with n - 1 degrees of free-
dom, and S2 stands for sample variance. The confidence interval is 
defined upon the probability:

( )=<< 12
2

22
21P     (5.23)

Again α is the significance level. Replacing Eq. (5.22) into the 
middle term Eq. (5.23) (an inequality) and solving for σ2 leaves 
the interval in the known form θL < σ2 < θU . In particular:
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        (5.24)

Considering a confidence of 95 % (α = 0.05):

143.11
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=

        (5.25)

The confidence intervals for the population variances are as 
follows, for the 3.50g specimen:



145

Construction of a True Compaction Curve:
Critical review of the closed die compaction test for powdered materials

Table 23.
Confidence intervals for the population variances of the compaction pressure

Volumetric strain θL θU

-0.3 5.30 25.43

-04 11.54 55.38

-05 26.47 127.02

-06 47.88 229.75

-07 74.26 356.33

Author’s own work.

Assuming that the data from the studied phenomenon is nor-
mally distributed, allows stating the following interval for the 
sample mean (compaction pressure):

zx ±        (5.26)

In Eq. (5.26) z is a normalised, Gaussian random variable; x  is 
the sample mean. Considering a 95% confidence 96.1=z = 1.96, and by 
the Central Limit Theorem z may be written as:

n
z =
        (5.27)

In Eq. (5.27) ∆ represents the tolerance –around the sample 
mean- within which one expects the population mean will be, 
with 95 % probability. The number of samples required for this 
may be solved from this expression, as the nearest integer above:

=
zn        (5.28)
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For practical purposes the tolerance ∆ may be defined as a frac-
tion of the current measure of compacting pressure (whichever the 
method for obtaining it is). As an instance, the data from the table 
above is further elaborated to yield the required number of obser-
vations for a tolerance equal to 1 % of current compaction pressure:

Table 24.
Minimum sample sizes to ensure that the mean of the population falls 
within a predetermined tolerance around the sample mean. 

Volumetric strain Number of observations
-0.3 16
-0.4 14
-0.5 14
-0.6 12
-0.7 11

Author’s own work.

The higher volumetric strains show a larger degree of scatter; 
nevertheless 1% of corresponding pressures is an accordingly lar-
ger number, so that overall, and through Eq. (5.28) it makes for 
a smaller number of required specimens. Yet, as the compaction 
curve is thought to be used all the way along the material defor-
mation, the highest figure from above (i.e. 16) should be used.

It is necessary to recall that, in an actual case, the author’s proposal 
is to construct the compaction curve using the ESH formulae. Expe-
riment repetition should provide data so that a minimum required 
number of compactions to achieve some desired accuracy is obtained.

With the discussion above a way of constructing a true compac-
tion curve has been proposed; although the ESH did not provide 
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a reduction in data scatter, it has proven an alternative, valid ap-
proach that in the limit coincides with the static-equilibrium based 
MDS. As such minimisation procedures could now be devised for 
the analysis of the Closed Die Compaction Test. As an example of 
such an insight provided by the idea underlying the ESH, in what 
follows a Least-Squares-based approach to computing a friction co-
efficient between the die wall and the powder specimen is laid out.

5.3 GENERAL CONCLUSIONS

The investigation process had yielded many results, among 
which following aspects are highlighted:

• Hit is proposed a new interpretation of the punching stress 
for the Closed Die Compaction Test. It is based on an ener-
gy balance statement called the Energy Split Hypothesis 
(ESH). This was proven physically valid in that experimen-
tal data scatter tends to the same values when compared to 
the widely accepted Method of Differential Slices.

• Although research on the problem of lubrication for powder 
compaction is highly active, it was made clear that control 
of the die wall-specimen friction is much less systematic than 
punch loads and displacements. This forces a comprehensive 
analysis of the situation to consider data scattering and a statis-
tical analysis before having an attempt at general conclusions.

• The problem of data scattering from die wall-specimen fric-
tion effects could be reduced by either improving lubrica-
tion procedures or, more importantly, striving for more accu-
rate models for the punch stress acting along the specimen. 
The ESH resorts to experimental data, combining them in 
a manner such that scattering is not significantly reduced 
when compared to MDS.
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• The elaborated models for punching pressure should show 
reduce data scattering, notwithstanding the magnitude of 
the wall-specimen friction force. An extension to the model 
of Walker (1966), by “considering an active upper punch 
pressure rather than the force of gravity, seems promising in 
this regards” (p.975-997).
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Two work proposals spin off from this research. These are pre-
sented as applicable engineering analyses awaiting systematic, 
experimental validation; and possibly, theoretical refinements:

• A model for compaction pressure based on an empirically 
determined variation of the Janssen parameter, on the basis 
of the MDS (Section 6.1).

• A method for determining the die wall-specimen friction 
coefficient, based on an optimization problem over the ESH 
interpretation of the compaction test (Section 6.2).

6.1 EMPIRICALLY DETERMINED JANSSEN 
PARAMETER AND MDS REFORMULATION

From the problem considered in Chapter 3 (increased radial 
stress at the lower sections of the compact) could be explained on 
the grounds of the relationship between sliding die wall friction 
(which makes reference to a kinematic friction coefficient, unlike 
the static one upon which static compaction models are based) and 
the rigidity the powder body might have at any stage throughout 
compaction. It is necessary to recall that the radial stress is caused 
by elastic behaviour of the material under confined compaction in 
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response to an applied axial load (the punching stress). In connec-
tion with this, when the material density is higher, the value of 
elastic parameters also increase, and hence, the amount of radial 
stress corresponding to a given punching load shall be higher. A 
model of the powder undergoing compaction is given in Figure 49.

Figure 49. Model of powder compaction establishing a comparison be-
tween powder body stiffness and die wall-powder friction forces (char-
acterized by K and µ, respectively). Author’s own work.

The discs can be interpreted as rigid membranes acting out as 
tracers of the powder body deformation. Its rigidity is given by K. 
Friction of the powder body and the die wall is characterized by 
coefficient µ. Now, assuming that upon pouring the powder into the 
die this is homogeneous, two scenarios may be envisaged, Figure 49:
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• Fƒ(µ)>F(K)(case A): in this case the force P is used up in 
overcoming the sliding friction of the first layers of material 
(from right to left), so that the rightmost sections become 
more compressed than those closer to what would be the 
bottom punch surface. This situation would represent the 
higher radial stress near the top punch surface.

• Fƒ(µ)<F(K) (case B): because of the rigidity of the powder 
body, load P is carried over onto the leftmost layers of mate-
rial. In the end, they come across the constraint of the bottom 
punch surface, so that material layers are compelled to get 
closer to each other. This means a higher degree of compac-
tion closer to the bottom punch.

Figure 50. Two possible non-homogeneities during powder compaction, 
in the light of the model from Figure 49. Author’s own work.
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It is clear that this model would explain a higher density closer 
to the bottom punch, and that, in a like manner, any axial stress 
at these layers of material will lead to a higher radial stress. Yet, 
friction force does not disappear on accounts of this; rather, it is 
the cause for the top stress to reduce to measured, bottom punch 
stress, regardless of whether of the situations considered in Figure 
50 is the actual one. So, the hypothesis is set forth that the in-
crement in density on those material layers closer to the bottom 
punch is as high so as to make its conjunction with the axial 
punch stress at those layers large enough to yield a higher radial 
stress. The image in Figure 51 could confirm the model portrayed 
in Figure 49 and Figure 50.

Figure 51. Compact with just enough cohesion to hold together. Closer 
failure lines at the bottom may indicate higher density gradients, thus 
representing case B in Figure 50. Author’s own work.

Crack lines closer to each other near the bottom of the sample 
may be interpreted as a higher density gradient, consistent with 
Figure 50, case B. Nevertheless, it must be born in mind that other 
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factors could well have led to this situation, in particular elastic 
recovery and stresses thereof during compact ejection.

It may be added that as compaction progresses, the observed 
density gradient tends to fade down. The compaction process lea-
ding to this observation was conducted twice, with the same re-
sults (70%Fe30% Al powder mixture, as compacting material).

6.2 POWDER COMPACTION 
STATICS REFORMULATION

One of the assumptions of the MDS that has to be dropped is 
Janssen parameter changelessness. In particular, it could be made 
a function of axial coordinate, so that 

( ) ( )
( )z

zzKK
z

radial)=
        (6.1)

To make calculations valid to the compaction of any pow-
der material, numerator in Eq. (6.1) is considered an experi-
mental information. In other words, K is no longer assumed 
 constant, but dependent on an empirical set of parameters cha-
racterising the radial stress variation σradial(z) by itself, functiona-
lly independent of σz(z).

It is worth to recall that σradial(z) would be particular to each 
instant of the compaction process, and that one of the advantages 
of considering a constant Janssen parameter is that a function for 
the variation of axial stress, without direct regard to either this 
parameter or the die wall friction coefficient, permitted the com-
putation of an average punching stress used to characterise the 
whole compaction test.
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Considering any instant of the powder compaction process, a 
plot of the radial stress versus hoop strain gage locations would 
look as set out in Figure 52.

Figure 52. Experimental variation of radial stress with hoop strain gage 
position. Author’s own work.

It is seen that just beneath the top punch surface (z = 0) radial 
stress was assumed zero. Also, the curve traced seems to represent 
an interpolation, yet at this point of the discussion whether it is 
indeed an interpolation function or a least squares approximation 
is of no concern. Supposing the representation of radial stress va-
riation given by:

( ) 2
21 zazazradial +=      (6.2)

Then the equilibrium equation to a differential slice reads as:
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( ) DdzzdD
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Integration gives:
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At the bottom punch surface (z = H):
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        (6.5)

Equating Eq. (6.4) to Eq. (6.5) shows that it is not possible to 
get an expression for σz without including empirical parameters 
(a1, a2). The same situation is arrived to when trying an exponen-
tial approximation to experimental radial stresses:

( ) za
radial eaz 2

1=       (6.6)

Which yields:
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        (6.7)

Mathematically, an approximation function whose integration 
gives only one term (save for the constant) would meet the requi-
rement. An incomplete polynomial would be a case in point. The 
simplest one is to take:

( ) zazradial 1=       (6.8)
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After carrying out exactly the same operations, the following 
expression is gained:

( )BTTz H
z

=
2

        (6.9)

Calculation of the average punching stress is carried out as was 
the case leading to Eq. (2.13), thus giving:

( )
3

BT
Tzavg =        (6.10)

There is an issue with this expression, though: Figure 6.4 holds 
only for a given instant of the compaction process. Therefore, Eq. 
(6.10) would provide an average punching stress only representa-
tive to one compaction state. Nevertheless, it is possible to express 
Eq. (6.8) in the following manner:

( ) ( )fullb
radial zaz 1=      (6.11)

In this case, the exponent b is made dependent on the compac-
tion state through relative density of the sample. This dependency 
could quite well be gained from a record of radial stresses at, at 
least, two hoop strain gage locations. So b would be a known 
number at the time of using Eq.(6.11), for relative density can be 
computed at any moment from current value of punch displace-
ment. The idea is depicted in Figure 53.
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Figure 53. Rationale underlying the modification of Eq. (6.8) into Eq. 
(6.11). Author’s own work.

Computations leading to Eq. (6.11) would be conducted in just 
the same manner and no additional terms would be added either. 
In particular, Eq. (6.12) holds for the general case:

( )
2+

=
b

BT
Tzavg        (6.12)
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6.3 DIE WALL-SPECIMEN FRICTION COEFFICIENT FROM 
AN OPTIMISATION PROBLEM

An interesting possibility of the energy-based interpretation of 
the compaction test is the computation of the friction coefficient 
between the die wall and the powder specimen as well. This is of 
paramount importance in that it is an essential input to simula-
tion codes for powder compaction processes. The compaction test 
is, thus, aimed to provide a figure for this coefficient along with 
its variation with compact density.

As is the case with average punching stress, friction coefficient 
may also be affected by specimen size, in the form of data scat-
tering. Notwithstanding this, the fact of having obtained a pun-
ching stress based upon an energy balance opens up the possibili-
ty of producing a friction coefficient from optimisation principles. 
The proposal is as follows:

At each i-th stage during compaction, i.e., for each value of 
compression strain, there is a value of friction force. Then, at each 
i-th stage the Coulomb friction model is assumed to hold (just as is 
the case in the method of differential slices):

iRiRifi DHFF μμ ==      (6.13)

FRi Represents the radial force at the i-th stage of compaction; 
σRi may be directly measured from hoop strains at the outer sur-
face of the die, at several locations in the axial direction; Hi is the 
current height of the compact. 

For Eq. (6.13) to be used, a unique value of σRi must be pro-
duced, out from a set of available measures from the hoop strain 
gages, and see Figure 54.
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Figure 54. Radial stresses measured at any i-th stage during compaction. 
Author’s own work.

In Figure 54, the distribution of radial stress would be a function 
of the axial coordinate of the compact, this is, σR = σR (( )zRR �� = ) and must 
somehow consider the experimental points B and C. This function 
may be obtained by a least squares fit. Following the results from 
the method of differential slices, an exponential form could be 
proposed at first:

( ) ( )( )1exp= bzazR      (6.14)

A single value of radial stress σRi could be obtained from an ave-
raging of Eq. (6.14) following the mean value theorem of calculus:
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Then, friction coefficient µ can be computed upon replacing Eq. 
(6.15) back into Eq. (6.13):

Rii

Fi

DH
F

μ =
        (6.16)

As already discussed, energy is preserved at any value of com-
pression strain, regardless of specimen size. Yet, experimental data  
for two specimens of different size could yield different values of 
µ in Eq. (6.16), for FFi is different too.

Nevertheless, there are still some free empirical parameters: {a, b} 
from Eq. (6.14). At this moment it is possible to turn to a constrained 
least squares approach, whereby these parameters must fit expe-
rimental data, represented by points B, C in Figure 53 (which are 
particular to each specimen size). The constraint consists of requiring 
Eq. (6.16), from data for two different specimens, to be the same, at 
each and every i-th stage:
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        (6.17)

The subscripts just indicate that the data corresponds to spe-
cimens of different size. Again taking into account the way in 
which fitting parameters appear in Eq. (6.14) and Eq. (6.15), the 
problem is a nonlinear one. It may be addressed by the Gauss-
Newton method (Chapra & Canale, 2002). 
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An example of these ideas is this: the case was made for the com-
paction of a 4g and a 5g specimen of a 70%Fe30%Al powder mix-
ture (by mass). These are taken at a compression strain of -31.95%, 
which corresponds to punch displacements of 3mm and 3.72mm to 
these two specimens, respectively. The resulting lengths of the com-
pacts and the location of hoop strain gages are shown in Figure 55.

Figure 55. Hoop strain gages location. Author’s own work.

Measured hoop strains and corresponding radial stresses are 
the following:

Table 25.
Measured hoop strains and corresponding radial stresses registers

4g specimen 
(Hi = 7.97mm; FFi = 8.91KN)

5g specimen 
(Hi = 9.89mm; FFi = 15.82KN)

Strain 
gage

Hoop 
strain 
(µε)

Radial stress 
(KN/mm^2)

Strain 
gage

Hoop 
strain 
(µε)

Radial stress 
(KN/mm^2)

1 48 0.0241032 1 56 0.0281204

2 168 0.0843612 2 197 0.09892355

Author’s own work.
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The graph of these stresses and an exponential, unconstrained 
least squares fit is provided in Figure 56 below.

Figure 56. Radial stress at two hoop strain gage locations, 4g and 5g 
specimens of a 70 % Fe 30 % Al powder mixture (by mass). Author’s 
own work.

This information is now used to carry out the non-linear, cons-
trained least squares problem, with Eq. (6.14) as fitting functions 
and Eq. (6.17) as the constraint. Specifically:

( ) ( ) ( )
( ) ( ) ( )zdzcz

zbzaz

R

R

4193.0exp0055.0exp
4176.0exp0106.0exp

5

4

==

==

        (6.18)

The coefficients just shown are taken as initial guesses to an 
iterative Gauss-Newton procedure. Using a penalty parameter of 
10000 (Strang, 2007, gives an account of the penalty method for 
constrained least squares) the following coefficients were obtained:
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a = 0.0106 → 0.0120
b = 0.4176 → 0.3889
c = 0.0055 → 0.0049
d = 0.4193 → 0.4374     (6.19)

Replacing back into Eq. (6.15) and using Eq. (6.16) thereupon, 
the friction coefficient to the case considered is 0.052.

The procedure may be applied to each and every stage of 
a compaction test where data on hoop strains, top and bottom 
punch stresses and top punch displacement are known. Thus, fric-
tion coefficient would add to the material data for a powder com-
paction simulation code.
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