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Abstract: Today, the power system operation represents a challenge given the security and reliability
requirements. Mathematical models are used to represent and solve operational and planning issues
related with electric systems. Specifically, the AC optimal power flow (ACOPF) and the DC optimal
power flow (DCOPF) are tools used for operational and planning purposes. The DCOPF versions
correspond to lineal versions of the ACOPF. This is due to the fact that the power flow solution is
often hard to obtain with the ACOPF considering all constraints. However, the simplifications use
only active power without considering reactive power, voltage values and losses on transmission
lines, which are crucial factors for power system operation, potentially leading to inaccurate results.
This paper develops a detailed formulation for both DCOPF and ACOPF with multiple generation
sources to provide a 24-h dispatching in order to compare the differences between the solutions
with different scenarios under high penetration of wind power. The results indicate the DCOPF
inaccuracies with respect to the complete solution provided by the ACOPF.

Keywords: optimal power flow; ACOPF; DCOPF; renewable energy; wind power

1. Introduction

Reducing greenhouse gas emissions is imperative for climate change mitigation,
leading to increased investments in reducing conventional fossil fuel-based power genera-
tion [1–3]. Therefore, a massive effort has been made worldwide to integrate renewable
energy technologies [4–6]. The increasing inclusion of renewable energy resources is reveal-
ing a number of challenges in the power system operation [7–10]. Additional challenges
for power system operators, who must address their day-to-day responsibilities, such as
transmission requirements, maintaining network reliability and maximizing social and
economic welfare [11]. Managing electricity markets requires a day-to-day operational
planning [12,13].

A fundamental tool in the operational planning is the Optimal Power Flow (OPF),
an optimization problem commonly involved in market clearing and security assessment
processes [14,15]. Mainly, OPF aims to minimize operational cost while both units and
system constraints are satisfied [15]. Moreover, the OPF solution allows to obtain a complete
solution for all electrical variables, such as voltage, angles, active power, reactive power
among others [16].

Nonetheless, the power flow solution is often hard to obtain, especially for large
systems, due to problems related to both numerical methods and the power flow problem
itself [17,18]. Additionally, power system analysis requires appropriate models to carry
out steady state operation and stability studies [19–22]. Therefore, there are a variety of
approaches to find the solution for an OPF, among which the AC optimal power flow
(ACOPF) and the DC optimal power flow (DCOPF) stand out.
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Consequently, this paper proposes a detailed formulation of the DC and AC optimal
power flow with multiple generation sources to provide a 24-h dispatching to meet de-
mand requirements based on [23]. Particularly, this paper proposes a detailed analysis
of power system operation using both ACOPF and DCOPF under different conditions to
evaluate the changes in reactive power and its effect in the overall dispatching and costs.
This paper presents a comparative analysis finding circumstances where the differences
between the DCOPF and the ACOPF are notorious. This paper uses a classical formulation
wherein the objective function of both models is used to minimize the overall cost of the
system operation, taking into account power generation costs. The proposed formulation
determines the optimal results for all generators, for each case, all of them under different
operating conditions and scenarios in order to determine power systems conditions where
there are differences between the ACOPF and the DCOPF solution.

This paper is structured in these sections: Section 2 presents the problem description
and formulation. In Section 3, the power system case and their parameters are outlined.
Then, using the described systems, both formulation are tested. The results are analyzed
and discussed at the end of this section. Some concluding remarks on this topic are given
in Section 4.

2. AC Optimal Power Flow and the DC Optimal Power Flow Comparison

The optimal power flow for the economical dispatch of power systems containing dif-
ferent types of generators, such as gas or coal-fired thermal and renewable sources genera-
tors, has been extensively studied [24–27]. Different formulations are used to find a solution,
including AC optimal power flow (ACOPF) and DC optimal power flow (DCOPF).

The ACOPF problem has been studied extensively in the literature [28–34], and cor-
responds to a full characterization of the power flow equations considering active and
reactive power. Because of the non-convexity of the power flow equations, solving ACOPF
by global optimization is extremely complex [35]. This difficulty has been increased by
the variability generated by the inclusion of renewable energies, and has led to different
studies in this area [36–40].

On the other hand, the DCOPF uses some simplifications from the ACOPF in order
to obtain a linear system, and thus, it is easier to solve, giving the viability of obtaining
computer solutions [41,42]. Therefore, the DCOPF has been widely studied and used
in the recent years [43–46]. It has even been analyzed considering elements, such as
uncertainty in electricity demand and wind availability [47–49]. Nevertheless, the DCOPF
approach cannot provide information about reactive power, resistance and losses and
voltage. Furthermore, the restriction of the degrees of freedom available, makes the
solution less optimal and less precise [50,51].

3. Mathematical Formulation

This section includes the mathematical formulation for the DC-OPF dispatch model
and the AC-OPF dispatch model. Both models include thermal and wind power generation.
The two formulations are based on an optimization problem, designed to determine the
lowest overall system operating cost, and derived from the production of electricity to
meet demand over a 24-h period.

3.1. Formulation DC System

Equation (1) shows the total cost of electricity generation for a 24-h period as the sum
of the cost of producing energy with g thermal units during a t time interval, plus the costs
associated with non-utilization of the maximum wind generation source available.

EC = ∑
g,t

bg · Pg + ∑
i,t

(VWC · Pwc
i,t ) (1)

The dispatch model constraints are determined by the optimal power flow equations.
The DC optimal power flow equilibrium is defined by Equation (2). The amount of power
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flowing in each line is determined by Equation (3). The constraints on the maximum
amount of power that can flow through each line are given by the Equation (4).

∑
g

Pg,t + Pw
i,t − Li,t = ∑

j
Pij,t (2)

Pij,t =
1

Xij

(
θi,t − θj,t

)
(3)

−Pmax
ij,t ≤ Pij,t ≤ Pmax

ij,t (4)

On the other hand, the restrictions for thermal generation units are defined in
Equations (5)–(7), where Equation (5) corresponds to the operational range of thermal
generators. Equations (6) and (7) specify the maximum limits of the ramp-up and ramp-
down of thermal generators, i.e., the maximum value that can vary the power of a generator
in a one-hour interval.

Pmin
g,t ≤ Pg,t ≤ Pmax

g,t (5)

Pg,t − Pg,t−1 ≤ Rup
g (6)

Pg,t−1 − Pg,t ≤ Rdown
g (7)

The constraints for wind generation are defined in Equations (8) and (9), where
Equation (8) corresponds to to the amount of available wind power not utilized. Equation (9)
indicates the range of minimum and maximum power that a wind turbine can produce,
taking into account the capacity variables and wind availability.

Pwc
i,t = wt · Ai − Pw

i,t (8)

0 ≤ Pw
i,t ≤ wt · Ai (9)

3.2. Formulation AC System

Equation (10) and, for the DC case, Equation (1), indicate the total cost of electricity
generation for a 24-h period, plus the costs associated with non-utilization of the maximum
wind generation source available.

EC = ∑
g,t

bg · Pg + ∑
i,t

(VWC · Pwc
i,t ) (10)

The restrictions for the dispatching model are given by the power flow equations.
This section uses the AC approach to include power flow calculations. The active power
flow balance is given by Equation (11). The reactive power flow balance is described
by Equation (12). The active and reactive power flowing on each line is specified by
Equations (13) and (14), respectively. The power flow restrictions are represented by the
boundaries in Equation (15).

∑
g

Pg,t + Pw
i,t − Li,t = ∑

j
Pij,t (11)

∑
g

Qg,t − Lqi,t = ∑
j

Qij,t (12)

Pij,t =
V2

i,t

Zij
cos

(
θij

)
−

VijVji

Zij
cos

(
φi,t − φj,t + θij

)
(13)

Qij,t =
V2

i,t

Zij
sin

(
θij

)
−

VijVji

Zij
sin

(
φi,t − φj,t + θij

)
−

bijV2
i,t

2
(14)

−Smax
ij,t ≤ Sij,t ≤ Smax

ij,t (15)
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Furthermore, the restrictions for thermal generation units are defined in
Equations (16)–(19). Equation (19) indicates the operational range in reactive power of
thermal generators.

Pmin
g,t ≤ Pg,t ≤ Pmax

g,t (16)

Pg,t − Pg,t−1 ≤ Rup
g (17)

Pg,t−1 − Pg,t ≤ Rdown
g (18)

Qmin
g,t ≤ Qg,t ≤ Qmax

g,t (19)

Additionally, the restrictions for wind generation are defined in Equations (20) and (21),
as for the DC case.

Pwc
i,t = wt · Ai − Pw

i,t (20)

0 ≤ Pw
i,t ≤ wt · Ai (21)

4. Results and Discussion

In order to analyze the sensitivity of power flows to reactive power, a power system
case is used to simulate operational conditions. In this section, different scenarios are
evaluated, with a 24 h period to consider the dispatching of generators. All simulations
were completed with a personal computer (PC) running Windows® with an Intel® Core
I7+ 8300H processor @2.3 GHz with 12.00 GB RAM, using Ipopt® Solver (3.12.10) under
the JuMP 0.19.2 Julia platform [52].

4.1. Case Description: IEEE 24-Bus

This section presents the results and simulations using the IEEE-24 bus system shown
in Figure 1, considering different reactive power demand cases.

The IEEE 24-bus power system from [23] was slightly modified. The data for thermal
units are shown in Table 1. This power system has three wind power plants, and the
different sizes of these wind power plants are 250 MW, 150 MW and 100 MW connected to
buses 8, 19 and 21, respectively. The system’s daily wind-demand variation patterns for
all systems are plotted in Figure 2. In Table 2, the network grid information, such as the
reactance, power line constraints and interconnections are shown, modified from [23].

Table 1. Thermal generation data for the 24-bus test system.

Gen Bus Pmax
g (MW) Pmin

g (MW) Bg ($/MW) Qmax
g (MW) Qmin

g (MW) Rg (MW/h)

1 1 152 30.4 13.32 192 −50 21
2 2 152 30.4 13.31 192 −50 21
3 7 350 75 20.7 300 0 43
4 13 591 206.85 20.93 591 0 31
5 15 215 66.25 21 215 −100 31
6 16 155 54.25 10.52 155 −50 31
7 18 400 100 5.46 400 −50 70
8 21 400 100 5.47 400 −50 70
9 22 300 0 0 300 −60 53

10 23 360 248.5 10.52 310 −125 31
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Figure 1. IEEE 24-Bus.

Figure 2. Wind-demand variation patterns vs. time.



Energies 2021, 14, 4540 6 of 15

Table 2. Branch data for the 24-bus test system.

From To rij (p.u) Xij (p.u) bij (p.u) Rating (MVA)

1 2 0.0026 0.0139 0.4611 175
1 3 0.0546 0.2112 0.0572 175
1 5 0.0026 0.0139 0.4611 175
2 4 0.0328 0.1267 0.0343 175
2 6 0.0497 0.192 0.052 175
3 9 0.0308 0.119 0.0322 175
3 24 0.0023 0.0839 0 250
4 9 0.0268 0.1037 0.0281 175
5 10 0.0228 0.0883 0.0239 175
6 10 0.0139 0.0605 2.459 250
7 8 0.0159 0.0614 0.0166 175
8 9 0.0427 0.1651 0.0447 175
8 10 0.0427 0.1651 0.0447 175
9 11 0.0023 0.0839 0 400
9 12 0.0023 0.0839 0 400

10 11 0.0023 0.0839 0 400
10 12 0.0023 0.0839 0 400
11 13 0.0061 0.0476 0.0999 500
11 14 0.0054 0.0418 0.0879 500
12 13 0.0061 0.0476 0.0999 500
12 23 0.0124 0.0966 0.203 500
13 23 0.0111 0.0865 0.1818 500
14 16 0.005 0.0389 0.0818 500
15 16 0.0022 0.0173 0.0364 500
15 21 0.0032 0.0245 0.206 1000
15 24 0.0067 0.0519 0.1091 500
16 17 0.0033 0.0259 0.0545 500
16 19 0.003 0.0231 0.0485 500
17 18 0.0018 0.0144 0.0303 500
17 22 0.0135 0.1053 0.2212 500
18 21 0.0017 0.013 0.109 1000
19 20 0.0026 0.0198 0.1666 1000
20 23 0.0014 0.0108 0.091 1000
21 22 0.0087 0.0678 0.1424 500

4.2. Results

The results for this case are looking for differences in the dispatching using both
ACOPF and DCOPF. Some scenarios are used to evaluate results of dispatching of active
power, reactive power, costs, and voltage at different operating points. Additionally, some
wind power values are used to determine the dispatching at different hours in order to
identify critical points to be evaluated in detail. The simulations use the IEEE 24-Bus
with the parameters indicated previously, to explore and evaluate the differences between
the DCOPF and ACOPF model solutions, resulting from transmission line losses, voltage
constraints and reactive power requirements.

Initially, the optimal power flow is realized using the DC case formulation, which
is considered as the reference case. As a result, the optimal active power generation of
thermal and wind power units over a 24-h period is obtained, and can be seen in Figure 3.
According with the availability of wind power there are changes in the dispatching of some
conventional generators, for instance, g18 and g21 at hours 4, 5, and 16. In addition, this
optimal dispatch has a overall cost of $434,823.4.
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Figure 3. Active power generation of thermal units in Multi Period-DC OPF.

Subsequently, an optimum power flow is determined using the AC case formulation,
taking into account that the voltage of each bus had to remain at ±10% of its nominal
magnitude (i.e., between 0.90 p.u. and 1.10 p.u.), and the angle between −π/2 and π/2.
As a result, the optimal active power generation of thermal and wind power units over a
24-h period is obtained, and can be seen in Figure 4. This optimal dispatch has an overall
cost of $447,921, which is 2.41% higher than the value of the DC case. This change is not
only noticeable in the total cost, but also in the way thermal generators and wind turbine
generators are dispatched in the 24-h period.

These variations depend on different factors, such as voltage restrictions, reactive
power, and transmission line losses. For line losses, the factor in the case of DC, no line
losses are considered; therefore, all the power generated by the thermal and wind units is
for load supply only. In contrast, in the AC case, when considering the resistance, reactance
and susceptance of the transmission lines, this leads to losses in the power flow among
nodes. These losses depend on the power flow in the lines, and therefore, they vary every
hour, as shown in Figure 5. For this case study, the 24-h losses were 901.2 MW, i.e., for the
AC case, 901.2 MW more power had to be generated than in the DC case, which had to be
supplied by the thermal units with high generation costs, resulting in an increase in the
overall cost mentioned above.
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Figure 4. Active power generation of thermal units in Multi Period-AC OPF.

Figure 5. Active power losses in Multi-Period AC OPF.

Another factor to consider is voltage restrictions. This is due to the fact that in the
case of DC, the magnitude of all bus voltages are 1.0 p.u, regardless of the optimal power
flow dispatching solution. On the other hand, in the AC case, the voltage of the buses
depends on the power flowing through them. Thus, the voltage in the buses varies over
time; however, to obtain an optimal power flow, the magnitudes of the bus voltages should
be maintained within a range close to 1.0 p.u. In order to analyze the effect of voltage
restrictions, two cases were carried out, one where the voltage of each bus had to remain
at ±10% of its nominal magnitude (i.e., between 0.90 p.u. and 1.10 p.u.), as shown in
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Figure 6a, and the second where the voltage of each bus had to remain at ±5% of its
nominal magnitude (i.e., between 0.95 p.u. and 1.05 p.u.), as shown in Figure 6b.

Figure 6. Voltage power generation of thermal units in Multi Period-AC OPF.

For the case of voltage restriction at ±10%, it is found that the total cost of the system
in the 24-h period was $447,921. On the other hand, for the voltage restriction case of 5,
the overall system cost for the same period of time was $450,023, representing an increase
of 0.47% compared to the previous case.

The increase in the overall cost is due to the fact that, as the voltage is restricted
to values closer and closer to 1 p.u., the degrees of freedom of the model are reduced.
Consequently, the solutions with a lower cost do not fulfill the constraints in certain hours,
which results in variations in the optimal dispatch in accordance with the constraint.
For example, it can be seen in Figure 6a that, for hour 17, the voltage at different nodes had
an abrupt drop, but remained within the established parameters. However, for the case of
Figure 6b, this drop cannot be so abrupt, which leads to a change in the dispatch of the
thermal and wind generators compared to the previous case and thus is more costly.

Finally, the effect of reactive power on the optimal power flow solution was analyzed,
using the ACOPF formulation. This case was performed, taking into account that the
voltage of each bus had to remain at ±5% of its nominal magnitude (i.e., between 0.95 p.u.
and 1.05 p.u.), and the angle between −π/2 and π/2.

The AC formulation performance was evaluated on the basis of an increase in reactive
load, starting with the base case; thereafter, cases with a 10% increase of all the reactive
load until reaching a 30% increase were considered. The analysis highlights the changes in
power generation during a 24-h period of each generator, and therefore, the total cost of
power generation for the same period of time.

Reactive power generation is performed by thermal generators, which must comply
with the maximum and minimum reactor power generation restrictions shown in Table 2.
In addition, the dispatch of reactives by the generators must comply with other restrictions,
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such as the magnitude and angle of voltage at the nodes, and the maximum apparent
power that can flow through the lines. This means that as the reactive load increases,
the dispatch changes in the 24-h period, as can be seen in Figure 7.

Figure 7. Reactive power generation of thermal units in Multi Period-AC OPF.

The base case of the ACOPF not only has a total cost different to the case of the
DCOPF, but also the thermal units have the same active energy generation, as can be seen
in Figure 7a. As of the 10% increase in the reactive load, changes in the OPF are beginning
to be noticed, since for this case the total cost of energy generation was $437,407.2, which is
0.59% higher than the value of the DC case. This change is not only noticeable in the total
cost, but also in the way thermal generators are dispatched in the 24-h period, as shown in
Figure 7b.

For the 30% increase in the reactive load, the changes are evident, because the total
cost of power generation in this case was $461,026.3, which is 6.03% higher than the value of
the DC case, meaning that for two versions of power systems with the same configuration
and active load, the reactive load can increase the cost considerably. This change among
cases is even more evident in the way thermal generators are dispatched in the 24-h period,
and can be observed comparing the optimal active power generation of thermal units
in DCOPF and ACOPF, shown in Figure 7c,d, respectively. For instance, the generator
number 4, which is located on bus 13. For the DC case, at hour 18, it was dispatching
a power of 300 MW, while in the same hour, for the AC case, it dispatched a power of
500 MW, corresponding to a variation of 66.6%. Meanwhile, Figure 8 shows the active
power generation for each generator considering different levels of reactive power. As it
can be seen, there are changes in active power at higher levels of reactive power, it means
that in some circumstances the dispatch of active power changes, but the DCOPF model
does not consider this changes because reactive power is neglected.
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Figure 8. Active power generation of thermal units in Multi Period-AC OPF.

These results depend directly on the bus voltages. Considering that the voltage in a
bus depends on the power flow and the load power factor, when the reactive load increases,
some voltage magnitudes tend to decrease. Therefore, it is necessary that the power flow
in these buses varies to comply with the voltage restriction. It is not recommended, in
several occasions, to use the maximum capacity of wind power and use the most affordable
generators at maximum capacity; instead, to use generators such that all restrictions are
met, leading to an increase in total costs. Moreover, there are cases where an oversized
increment in the reactive load causes that the optimal power flow model cannot comply
with the voltage restriction; therefore, a solution is not found and the dispatch of the
generators is not possible. As an illustration, there are cases of an increase of 40% or
more of the base reactive load, which do not converge because they do not meet all the
restrictions. Furthermore, cost increases as reactive load grows may not be proportional,
as shown in the results and illustrated in Figure 9.
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Figure 9. Active power generation of thermal units in Multi Period-DC OPF.

5. Conclusions

In this document, two detailed models of economic dispatch for a 24-bus electric
system that involves wind energy were presented under several operational settings for a
24-h time frame. It was demonstrated that the mathematical approach of both the ACOPF
and DCOPF models presented corresponds to a valid approach to these elements for a
planning process.

Power system operators are going to face increasing challenges in obtaining optimal
power flows from a given system. For this reason, simplified models, such as the DCOPF,
ought to be used, to facilitate obtaining an optimal solution, especially for cases with
a high number of buses and generators. However, the simplified models are only an
approximation and, in different cases, they must be verified.

Disregarding the reactive power in the optimal power flow can generate inaccurate
results. This is because neither the generation and load nor the transmission of reactive
power is considered. Besides, the magnitude of node voltages depends largely on the
reactive power, and since these magnitudes must remain close to 1 p.u., the reactive flow
becomes crucial.

In the evaluated scenarios, it could be observed that for cases of low reactive load,
the differences between the economic dispatch solutions of the simplified DCOPF model
and the ACOPF model were minimal. However, as the reactive load increased and the
active load remained constant, the difference between the solutions of the two models
became more significant.
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Abbreviations
The following abbreviations are used in this manuscript:

Indices
g Index of thermal units of generation
i, j Index of network buses connected by transmission branches
t Index of time periods (hour)
Parameters
wi,t Availability of wind turbine connected to bus i at time t (MW)
Ai Capacity of wind turbine connected to bus i (MW)
Li,t Electric power load in bus i at time t
Bg Fuel cost coefficient of thermal units
Pmax

g Maximum limits of active power generation of thermal units
Pmin

g Minimum limits of active power generation of thermal units
Qmax

g Maximum limits of reactive power generation of thermal units
Qmin

g Minimum limits of reactive power generation of thermal units
Smax

ij Maximum power flow limits of branch connecting bus i to j
xij Reactance of branch connecting bus i to j
rij Resistance of branch connecting bus i to j
bij susceptance of branch connecting bus i to j
θi,t Angle of branch connecting bus i to j at time t (rad)
η Efficiency of thermal units
Rup

g Ramp-up limits of thermal generation unit g (MW/h)
Rdown

g Ramp-down limits of thermal generation unit g (MW/h)
Variables
Pij,t Active power flow of branch connecting bus i to j at time t (MW)
Pg,t Active power generated by thermal unit g at time t (MW)
Pw

i,t Active power generated by wind turbine connected to bus i at time t (MW)
Qij,t Reactive power flow of branch connecting bus i to j at time t (MW)
Qg,t Reactive power generated by thermal unit g at time t (MW)
λi,t Dual variable that indicate locational marginal price in bus i at time t ($/MWh)
Vi,t Voltage of bus i at time t (p.u)
φi,t Voltage angle of bus i at time t (rad)
OF 24-h Total operating costs ($)
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