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2.1 Overview of Numerical Approaches
Eric Loth

2.1.1 Classification by Particle Reference Frame
While continuous-flow computational fluid dynamics (CFD) formulations are generally considered in
an Eulerian reference, the dispersed-phase characteristics (velocity, concentration, diameter, etc.) can be
treated with either Lagrangian or Eulerian representations. This difference of the reference frame for dispersed phase is the key division between the different multiphase numerical methods. The Lagrangian representation for particles is a natural approach since the particle positions are declared and updated along
the particle paths. These paths are defined by the center of mass of the particle (or center of mass for a
cloud of particles) as shown in Figure 2.1a. This approach can include wall collisions and other trajectory
information in a straightforward manner. In contrast, the Eulerian approach for the particles considers cellaveraged particle characteristics based on the continuous-phase grid nodes (Figure 2.1b). This approach is
efficient in terms of predicting particle concentration.
The two different approaches (Lagrangian and Eulerian) lead to significantly different formulations and
numerical constraints. The Lagrangian approach leads to ordinary differential equations (ODEs) along the particle path but requires interpolation of the continuous-phase properties to the particle centroids. In contrast, the
Eulerian approach leads to partial differential equations (PDEs) for the particle characteristics on an Eulerian
grid but requires a continuum assumption for the particle characteristics. These two approaches are, respectively, discussed in the following two sections.
2.1.1.1 Lagrangian Approach for the Dispersed Phase

2.1.1.1.1 Lagrangian Particle Equation of Motion Since the dispersed phase is treated in terms of individual
particle paths (or a group of particles), the Lagrangian method is also sometimes referred to as the “discrete”
approach. When coupled with an Eulerian representation of the continuous phase, this combined treatment is
termed the “Eulerian–Lagrangian” approach.
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(a)

Fluid/
particle
node

VΔ

(b)
Figure 2.1
Particle velocity vectors in different reference frames in the context of an Eulerian continuous-phase grid:
(a) Lagrangian vectors based on particle positions and (b) Eulerian particle velocity vectors based on average
over a control volume centered at a discrete grid node used to store fluid properties and particle properties.

In the Lagrangian methodology, ODEs for the particle properties are based on particle path derivatives.
The differential equations for particle position (xp), velocity (v), mass (mp), and internal energy (ep) are summarized as follows:
d xp
ºv
dt
mp

dv
=+
Fbody Fsur + Fcoll
dt
dm p
p
ºm
dt

mp

d ep 
 p hphase
=+
Qp m
dt

(2.1)
(2.2)
(2.3)
(2.4)

The RHS of Equation 2.2 contains the body force (Fbody), the fluid dynamic surface force (Fsur), and the
collision force with other particles or walls (Fcoll). The RHS of Equation 2.3 contains the mass transfer
 p , which is positive when the particle mass is increasing). The RHS of Equation 2.4
rate to the particle (m
contains the heat transfer to the particle (Q p , which is positive when the particle temperature is increasing) and enthalpy for phase change (hphase). The particle specific energy is equal to the product of the
particle specific heat at constant pressure and particle temperature (ep = c p,pTp). If there is negligible mass
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or heat transfer (e.g., if temperature variations are small), the last two ODEs are not needed. The models
for these RHS terms are listed as follows.
For a steady uniform continuum surrounding fluid moving past a single solid spherical particle at finite
Reynolds numbers, the momentum RHS term (of Equation 2.2) neglecting collision effects can be modeled as
éæ r
ö
3 D u @p 1 d vù
Fbody + Fsur =
-3pdmf fw + rf "p êç p -1 ÷g +
ú
2 Dt
2 d tû
ëè rf ø

(2.5)

w ( t ) º v ( t ) - u@ p ( t )

(2.6)

Re p /4
Re
+ p
60
1 + Re p

(2.7)

rf wd
mf

(2.8)

f =+
1
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Re p =

In these expressions,
d is the particle diameter
μf is the fluid viscosity
w is the particle relative velocity
ρf is the fluid density
∀p is the particle volume
ρp is the particle density
g is the gravitational acceleration
u@p is the undisturbed fluid velocity (seen by the particle and interpolated to the particle centroid)
Rep is the particle Reynolds number
The RHS terms for mass and energy transfer (of Equations 2.3 and 2.4) can be modeled as
 p = -pdrf SpQ p @ f Sh
m

(

Sh =+
2 0.6 ×Re1/2
Sc1/3
p ×
f

)

ln (1 + Sp )
Sp

Q p = pdk f ( Tf@p - Tp ) Nu

(

Nu =+
2 0.6 ×Re1/2
Prf1/3
p ×

)

ln (1 + Sp )
Sp

(2.9)
(2.10)
(2.11)
(2.12)

In these expressions,
Sp is the Spalding number
Θp@f is the mass diffusivity of the particle matter into the surrounding fluid
Sh is the Sherwood number
Scf is the Schmidt number
k f is the fluid thermal diffusivity
Tf@p is the fluid temperature extrapolated to the particle centroid
Nu is the Nusselt number
These RHS terms neglect effects of lift, history force, collisions, internal recirculation, turbulence, and threeway coupling. Additions and corrections for these effects are described by Crowe et al. (1998, 2012), Loth
(2000), and Michaelidis (2006, 2014).
2.1 Overview of Numerical Approaches
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2.1.1.1.2 Numerical Interpolation from Eulerian Grid To numerically integrate the particle ODEs, one
must obtain the fluid properties interpolated to the particle centroid, for example, u@p and Tf@p. These properties can be interpolated numerically from the Eulerian nodes of the continuous phase. For example, if the
continuous-phase discretization is based on grid shape functions Φ, then the “unhindered” fluid velocity
extrapolated to the particle centroid is given by
NF

u @ p ( x p , t) =

åu (t)F (x )
j

j

(2.13)

p

j =1
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In this equation, NΦ is all the number of computational cells associated with a particle location. The use of
the shape function allows the velocity of all surrounding nodes to be included in the evaluation of u@p. This
is shown schematically in Figure 2.2a for a 2D grid.
To predict particle concentration with a Lagrangian particle approach, the distribution of discrete particle positions must be translated into discrete volume averages. This can be accomplished by averaging all
the respective particle volumes (Vp,j) whose centroids are within a discrete cell volume (VΔ). Denoting this
sum of particles in a cell as NpΔ, the particle number density (np) and particle volumetric fraction (ϕd) can
be given as
np =

fd =

1
VD

N pD
VD

NpD

å"

p,j

=

j =1

(2.14)

N pD Vp

(2.15)

VD

The RHS of Equation 2.15 uses angled brackets, that is, <..>, to indicate a cell-based ensemble average. This
cell-based ensemble averaging is illustrated in Figure 2.2b, and similar equations can convert Lagrangian
particle velocities and temperatures to cell-averaged Eulerian particle velocities and temperatures. To ensure
that ϕd can vary spatially as a continuum, the mixed-fluid volume should encompass many particles so that
the concentration is continuously differentiable in space, that is,
N p,D  1 for a well-posed continuum particle concentration

xi

xp

(a)

Interpolate u@p at particle location

(2.16)

(b)

Collect φd for cell volume
associated with a node

Figure 2.2
Schematic of Lagrangian point-force particles in a 2D Eulerian continuous-phase grid showing (a) interpolation of fluid velocity of the surrounding nodes to the particle position at xp and (b) summation of particle
volumes in a computational volume to compute volume fraction associated with a node x i.
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If a continuum of particle concentration is not required, a more relaxed discrete concentration requirement can be imposed specifying that ϕd < 1. Using the particle diameter (d) and assuming an isotropic grid
(Δx = Δy = Δz), this inequality can be roughly expressed as
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d < Dx for a well-posed discrete particle concentration

(2.17)

If the grid is anisotropic, the RHS of this inequality can be replaced with grid length scale, for example,
(ΔxΔyΔz)1/3 or the minimum of the three grid scales. This criterion ensures that the interpolation used in
Equation 2.13 is reasonable assuming that the flow gradients within a given computational cell are small.
Thus, the particle size is limited for a given discretization of the continuous phase. Approaches not bound
by this constraint will be discussed in Section 2.1.3.
If the number of physical particles is very high (e.g., hundreds of particles per computation cell), it may
be impossible or inconvenient to track all of the particles with individual Lagrangian ODEs. An alternative approach is to use representative Lagrangian particles called “parcels.” These representative particle
groups are essentially a small cloud of particles that are all modeled with the same Lagrangian trajectory
and are also sometimes called “computational particles” or “superparticles.” If we denote NpP as the number
of physical particles in a parcel and NPΔ as the number of parcels in a cell, the particle concentration can be
evaluated as
N PD

å

N PD N pP Vp
1
N pP,j Vp,j
fd ==
VD j =1
VD

(2.18)

Further denoting vP as the velocity of the parcel, the corresponding ODEs for the trajectory and momentum
are given as
æ dx ö
N pP ç P ÷ = N pP v P
è dt ø

(2.19)

ædv ö
N pPm p ç P ÷ =+
N pP ( Fbody Fsur + Fcoll )
è dt ø

(2.20)

N pP d m p
p
= N pPm
dt

(2.21)

In this expression, all the particles in a parcel are assumed to have the same properties (i.e., diameter, temperature, and mass). If there is no mass transfer, breakup, or coalescence, the number of particles per parcel
will be constant along its trajectory. In this case, the aforementioned trajectory and momentum equations
for a single parcel are the same as those for a single particle (i.e., Equations 2.19 through 2.21 normalized
by NpP is the same as Equations 2.1 through 2.4). Thus, the parcel approach is much more computationally
efficient as the number of equations reduces as the number of particles per parcel increases, for example,
NpP = 100 allows the number of computed trajectories to be reduced 100-fold. This is the key benefit of the
parcel approach. However, there is an upper limit to how many particles per parcel can be used. In particular, if the parcel cloud is too large, there can be a substantial variation of continuous-phase flow variables
across its length so that Equations 2.13 and 2.18 are not reasonable.
The parcel cloud volume (VP) is the mixed-fluid volume occupied by the particles and the surrounding
fluid. If the particle and surrounding fluid are both incompressible and there is no loss of particles (NpP
remains constant), the parcel “cloud” volume will stay fixed along its trajectory and be initialized based on
the initial particle concentration prescription (ϕd,inj)
VP º volume occupied by particlesand fluid for a parcel =
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VpN pP
fd,inj

(2.22)
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To ensure that particles associated with a parcel will, on average, be physically within the computational cell
(to be consistent with Equation 2.18), the parcel cloud volume should be smaller than the host computational
cell volume, that is,
VP < VD for a well-posed continuum particle concentration

(2.23)

If particle concentration is needed, this criterion (combined Equation 2.22) places an upper bound on the
number of particles per parcel (NpP) at the point of injection as well as anywhere the parcel will travel.
2.1.1.2 Eulerian Approach for the Dispersed Phase
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2.1.1.2.1 Eulerian Dispersed-Phase Equations of Motion In the Eulerian approach, the particle concentration and momentum are solved with transport equations in a manner similar to the density and
momentum for the continuous phase. To allow this, we assume that the particle concentration (np or ϕd)
can be described as a continuum (the requirements for this will be discussed later). Based on this assumption, the conservation equations for the Eulerian dispersed-phase mass, momentum, and energy can be
derived. For continuity, the rate of mass change in a control volume is equal to the mass flux through
its boundaries and any mass source term within the control volume. Written in PDE form and ignoring
particle collisions, the governing equations for particle mass, momentum, and energy (per unit volume of
the mixed-volume fluid) can be obtained in conservative form (Crowe et al., 1998) as
¶ ( m pn p )

p
+ Ñ ( m pn p v ) = n pm

(2.24)

 pv )
+ Ñ ×( m pn p vv ) =+
n p ( Fbody Fsur + m

(2.25)

 p hphase +m
 pe p ùû
+ Ñ ( m pn pe p v ) =+
n p éë Q p m

(2.26)

¶t
¶ ( m pn p v )
¶t
¶ ( m pn pe p )
¶t

Note the conservative form results in a RHS mass transfer term for the momentum and energy equations.
These Eulerian equations can be rewritten in terms of particle volume fraction as
¶ ( fdrp )
¶t
¶ ( fdrp v )
¶t
¶ ( fdrpe p )
¶t

+ Ñ ( fdrp v ) =

fd
p
m
Vp

(2.27)

fd
+ Ñ ×( fdrp vv ) =+
( Fbody Fsur + m p v )
Vp

(2.28)

fd 
 p ( hphase + e p ) ùû
éQ p m
+ Ñ ( fdrpe p v ) =+
Vp ë

(2.29)

The RHS values for these equations are given by Equations 2.5 through 2.8.
Once the Eulerian conservation equations are discretized, each (cell-averaged) node in the computational domain will include cell-averaged particle-phase variables. When coupled with an Eulerian representation of the continuous phase, this overall multiphase treatment is termed the “Eulerian–Eulerian”
or “two-fluid” approach. Importantly, this approach allows the dispersed-phase PDEs to be treated with
the same discretization techniques as used for the continuous-phase PDEs. It also conveniently allows the
same grid for both phases so that the grid resolution is equivalent (Δx f = Δxp). Because of this, the average interphase coupling terms are treated in the same manner for both phases so that Eulerian–Eulerian
approaches are especially efficient and accurate when two-way coupling effects are present (to be discussed
in Section 2.1.1.2.2).
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2.1.1.2.2 Dispersed-Phase Continuum Approximation A formal derivation of the Eulerian dispersedphase equations requires careful consideration of the spatial and temporal averaging limits and the
assumption of small but finite particle size. As such, the reader is particularly referred to details given by
Drew (1983), Zhang and Prosperetti (1994), Crowe et al. (1998), and Prosperetti (2007). There are subtle
differences among these derivations in these sources that are particular to different assumptions. However,
a key tenant for the Eulerian description of the dispersed phase is that the particle properties (such as
concentration, velocity, or temperature) can be approximated as a continuum at the grid scale. This is generally known as the “particle-phase continuum” assumption (Drew and Passman, 1999) and requires that
changes in grid cell position or further refinements in grid cell do not fundamentally alter the predicted
particle concentration distribution.
The particle-phase continuum assumption is related to the number of physical particles per computational cell (NpΔ). To demonstrate this, consider two neighboring control volumes with a particle concentration defined as np,i and np,i+1 as shown in Figure 2.3a. In this case, one may apply a Taylor series
expansion to express the number concentration at node i + 1 in terms of the value and gradients at node
i + 1/2 using a forward shift (Δx/2) as
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n p,i +1 =+
n p,i +1/2

2
Dx æ ¶n p ö
1 æ Dx ö æ ¶ 2n p ö
3
+
ç
÷ ç 2 ÷ + O ( Dx ) ...
2 çè ¶x ÷
øi +1/2 2! è 2 ø è ¶x øi +1/2

(2.30)

np,i+1

np,i

Δx

Δx

p–p

np,i+1/2

(a)

Δx

Δx
p–p

(b)

np,i+1/2

Figure 2.3
Two-dimensional Eulerian grid that contains discrete particles in adjoining computational control volumes:
(a) Np,Δ ≫ 1 allowing a continuum approximation and (b) Np,Δ ∼ 1 so that a continuum approximation is not
appropriate.
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The last term on the RHS term corresponds to all terms of Δx2 or higher. Comparing this result to a similar
expansion for np,i but with a backward shift (–Δx/2) yields
n p,i +1 - n p,i
2
æ ¶n p ö
O ( Dx )
=+
ç ¶x ÷
x
D
è
øi +1/2

(2.31)
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By dropping the second RHS term (which corresponds to terms of order Δx2 or higher), we obtain a
second-order finite difference expression. Such expressions can be used to discretize the spatial gradients
for the Eulerian approach, for example, Equations 2.24 through 2.26. If the computational cell volume contains many particles as shown in Figure 2.3a, the number density will vary smoothly between cells and will
not depend significantly on the exact volume position, that is, it will be continuously differentiable. A much
different result arises if NpΔ is no longer large. In this case, the grid resolution is on the order of the local
interparticle spacing (Δx ~ lp−p), which leads to discontinuities in particle concentration depending on where
the grid cell is taken. For example, npi+1 = 1 while np,i = 0 as in Figure 2.3b. This leads to uncertainty with
respect to the spatial gradient of particle concentration. This uncertainty can be quantified for uniformly or
randomly space particle positions. If the particles are uniformly spaced, the error of number density (Unp) is
proportional to the number of particles
Un p
1
~
np
N pD

(2.32)

Thus, 10 particles are needed to achieve 10% accuracy. For a random Gaussian distribution of particle positions,
the error is proportional to the square root of the sample size
Un p
1
~
np
N pD

(2.33)

Thus, 100 particles per cell are needed for an uncertainty of 10%. In either case, if NpΔ is order unity, the
error in np will be on the order of 100% as shown in Figure 2.3b.
Therefore, a large number of particles per cell are needed for an accurate instantaneous Eulerian representation of np or ϕd, that is,
N pD  1 for approximate Eulerian particle concentration “continuum”

(2.34)

Thus, 10 or more particles in a cell are a practical lower bound for this approximation. Concentration continuum can be more rigorously specified by stating that the grid spacing should be much larger than the
particle–particle spacing, that is,
Dx  l p-p for an Eulerian particle concentration “continuum”

(2.35)

This requirement reflects a lower bound for the computational grid size for which the concentration and its
gradients are well defined.
In a sense, the requirement of Equation 2.35 is similar to the continuum assumption for a single-phase
flow that requires a large number of molecules within a fluid control volume, that is,
Dx  l f -f for a fluid “continuum” on an Eulerian grid

(2.36)

Since the mean free path for most fluids is extremely small (e.g., on the order of nanometers), the requirement of Equation 2.36 is readily met for most CFD grids while that of Equation 2.35 is more conservative
and more likely to be constraining.
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It should be noted that the continuum approximation constraint for instantaneous concentration
(Equation 2.35) may be relaxed if just the mean or properties are of interest. For example, consider the timeaveraged number density obtained from an unsteady simulation over a number of time steps (NΔt) as
N pD
1
n p ==
VD
VD N Dt

N Dt

åN

pD

(t o + kDt)

(2.37)

k =0
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If the total number of particles considered all times (the summation on the RHS) is large, then n p can be
considered as a continuum in the mean sense, even if NpΔ at a given instant is small or even zero. For example, a mean can be based on 0.1 particles in a cell (equivalent to a 10% probability that one particle is in the
cell at any given time). Similar reasoning can be used if a time-averaged Reynolds-averaged Navier–Stokes
approach is employed. As such, the uncertainty of Equation 2.33 only arises if one wishes to convert this
probability into an instantaneous realization. Using a time average such as this allows the constraints of
Equations 2.18 and 2.34 to be relaxed, but the continuum approximation still requires that the cell volume
be well posed (Equation 2.17) so that
d < Dx for a mean particle concentration “continuum”

(2.38)

This more relaxed criterion allows a smaller computational grid size as compared to Equation 2.35.
2.1.1.3 Eulerian Approach for the Continuous Phase

For two-way and three-way coupling, the continuous-phase mass, momentum, and energy must incorporate
interphase transfer of mass, momentum, and energy interphase to the particles as sinks into the single-phase
equations. In particular, these conservation equations must also take into account that the continuous-phase
mass only occupies part of the mixed-fluid volume, for example, the continuous-phase fluid mass per mixedfluid volume is (1 − ϕd)ρf. Application of the Reynolds transport theorem to this quantity yields the continuous-phase continuity equation, where the interphase mass transfer is included as a sink term
¶ [(1 - fd )rf ]
f
p
+ Ñ [(1 - fd )rf u ] = - d m
¶t
Vp

(2.39)

The RHS is thus equal and opposite to the source term used for the particle-phase Eulerian transport of
Equations 2.27 through 2.29.
2.1.1.3.1 Continuous-Phase Momentum Conservation with Two-Way Coupling The same principle applied to
mass conservation for Equation 2.39 can be applied to the continuous-phase momentum by defining the interphase force (Fint) as the interphase momentum transfer from the continuous fluid to a single particle. This force
is equal but opposite to the force that a particle exerts on the fluid (−Fint), which is the sink term for continuousphase equation. However, the fluid stress acts on a volume regardless of whether the volume is occupied by a
particle or by fluid element. As such, it is not part of the interphase force, which can then be written as
Fint = Fsurf - Vp ( -Ñp + Ñ ×tij )

(2.40)

æ ¶u ¶u 2
ö
tij = m f ç i + j - dijÑ × u ÷
è ¶x j ¶x i 3
ø

(2.41)

The fluid stress term on the RHS of Equation 2.30 is the sum of the pressure gradient and that of the viscous
stress. A rigorous derivation and discussion of the term is given by Prosperetti (2007).
Applying the Reynolds transport theorem to describe the change in continuous-phase momentum per
unit volume yields
¶ [(1 - fd )rf u ]
f
 pv )
+ Ñ ×[(1 - fd )rf uu ] =+
(1 - fd )rf g (1 - fd ) éëÑ × tij - Ñp ùû - d ( Fint + m
¶t
Vp
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(2.42)
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The first and second terms on the RHS are the body and fluid stress forces applied to the continuous-phase
mass per unit volume, while the third term stems from Equations 2.40 and 2.41.
A coupled continuous-phase energy equation can be similarly obtained by employing the same assumptions used for particle energy transport (Equations 2.9 through 2.12) and by neglecting effects associated
with particle volume or shape changes
¶ [(1 - fd )rf e tot ]
f
+ Ñ [(1 - fd )rf e tot u ] =×
(1 - fd )rf u g - d ( Fint ×v )
¶t
Vp
¶ é(1 - fd )tiju i ùû
¶ ( fd v i )
+ ë
- Ñ × [(1 - fd )pu ] + tij
- pÑ × ( fd v )
¶x j
¶x j
-

fd 
 p ( hphase +e p ) + ( m
 p v ×v ) ùû + Ñ × [ k eff ÑT ]
éQ p + m
Vp ë

(2.43)
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The LHS terms on the first line include the Eulerian and convective changes in the total fluid energy, while
the RHS terms on this first line include the work associated with moving the fluid against the body force
and against the particle interphase force. The RHS terms on the second line include work against the fluid
stress forces, while those on the third line arise from heat and mass transfer as well as the thermal diffusion within the continuous-phase volume. The thermal diffusion is based on an effective conductivity
(k eff), typically taken to be the mixed-fluid conductivity (k m). This mixed-fluid conductivity is based on the
volume fraction weighted values from the particles and from the continuous phase:
k eff » k m º fd k p + (1 - fd )k f

(2.44)

This approximation is appropriate if the particles have a small thermal response time compared to the
timescale of temperature changes in the fluid. On the other hand, a very long particle thermal response
time will limit the thermal diffusivity to only that conducted through the continuous phase, that is,
k eff → (1 − ϕd)k f. Since the differences in thermal conductivities for most substances do not vary widely, the
difference between these two limits is small for most dispersed flows (ϕd < 10%). As such, Equation 2.44 is
both common and generally reasonable (Crowe et al., 1998, Elghobashi, 2006).
Finally, the terms in the third line include interphase energy coupling due to heat and mass transfer, the
kinetic energy losses due to generation of particle mass, and the work required to move the particles based
on interphase force and fluid stress force. A more detailed derivation and accounting of these terms is given
by Crowe et al. (1998).
2.1.1.3.2 Influence of Dispersed-Phase Reference Frame The Eulerian transport equation given earlier for
the continuous phase can be paired with dispersed-phase equations in the form of either the Lagrangian
ODEs or Eulerian PDEs. In both cases, the key is determining the cell-averaged volume fraction at the
continuous-phase nodes. If the particles are treated with an Eulerian approach, the interphase coupling
terms can be obtained directly via the particle concentration predicted from Equations 2.27 through 2.29.
For example, the interphase force per unit volume evaluated at the fluid node i is simply
æ fd
ö fd ( x i , t ) Fint ( x i , t )
ç Fint ÷ =
Vp,i
è Vp
øi

(2.45)

This Eulerian–Eulerian formulation is numerically convenient since communication of data between the
phases occurs at coincident node locations so that there is no interpolation error.
For Lagrangian particles, the coupling to a continuous-phase node can be computed based on the
computational volumes associated with the nodes as shown in Figure 2.2b. For example, the interphase
force coupling term for particle and parcel approaches can be given as
N pD

N

PD
æ fd
ö
1
1
N pP,jFint, j
Fint, j
ç Fint ÷ ==
VD ,i j 1
øi VD ,i j==
è Vp
1

å
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å

(2.46)
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In this expression, VΔ,i is the volume associated with node x i that contains NpΔ number of particles per cell if
individual trajectories are followed or (as given by the RHS) contains NPΔ parcels per cell with NpP particles
per parcel. To ensure that the coupling to the continuous phase can be described as a continuum, the constraint of Equation 5.14 must be placed on the number of Lagrangian particles or a similar constraint based
on the number of parcels as
N PD  1

for Lagrangian parcels with two-way or three-way coupling

(2.47)
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For example, four or more particles or parcels per element are typically needed for accurate two-way coupling. As a result, the Eulerian–Lagrangian approach can be an order of magnitude less efficient for two-way
coupling as compared to the Eulerian–Eulerian approach (Druzhinin and Elghobashi, 1998, 1999).
2.1.2 Classification by Relative Velocity Magnitude
There is a second type of classification that is based on increasing particle relative velocity and includes
mixed-fluid, weakly separated, and separated-fluid treatments. The separated-fluid treatment generally
assumes that the continuous phase and dispersed phase have distinct transport equations and is described
earlier for the Eulerian–Lagrangian approach and the Eulerian–Eulerian approach. The separated-fluid
approach places no restriction on the magnitude of the relative velocity but can require significant computation to compute the associated surface forces. In contrast, the mixed-fluid approach assumes that the relative velocity be negligible compared to the fluid velocity (w/u → 0). Finally, the weakly separated approach
is intermediate to the other two approaches as it assumes a small but finite relative velocity (w/u ≪ 1). These
mixed-fluid and weakly separated approaches are discussed later and are advantageous to use when the test
conditions are appropriate because they generally only require one momentum PDE for both phases.
2.1.2.1 Mixed-Fluid Approach

The mixed-fluid approximation assumes that the dispersed phase and the continuous phase are in local
kinetic and thermal equilibrium, that is, the relative velocities and temperatures between the two phases are
negligible in comparison to variations of the overall flow field
w
®0
u
(Tp - T)
®0
Tp

(2.48)
for kinetic and thermal equilibrium assumption
(2.49)

Using these assumptions, the mixed-fluid values are set equal to the respective continuous phase and
particle values at the centroid locations for the mixed-fluid approach, that is,
(2.50)

u m (x ,t) º éë u @p (x ,t) = v(x ,t)ùû
Tm (x ,t) º éë T(x ,t) = Tp (x ,t)ùû

mixed-fluid treatment

(2.51)

This is equivalent to assuming negligible momentum and thermal inertias (zero response times), which
is consistent with particles for which all the relevant Stokes numbers are much less than unity, for example,
StD « 1 for the macroscopic flow or St λ « 1 for turbulent flow. Therefore, the mixed-fluid approach is only
reasonable for very small particles (equivalent to an immiscible mixture distributed throughout a domain).
Since the velocities and temperatures of both phases are now assumed to be represented by single values,
this mixed-fluid approach has also been termed the locally homogeneous flow approach (Faeth, 1987), the
single-fluid scalar transport approach, and the modified-density approach.
Since both phases move at the same velocity, the overall mixture can be described to have a mixed-fluid
density that is simply the mass of all phases per unit volume and can be related to the volume fraction as
rm º rpfd + rf (1 - fd )
2.1 Overview of Numerical Approaches

(2.52)
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As a result, the mixed-fluid approximation results in a single set of conservation equations for the flow mixture
(as opposed to one set for the continuous phase and one set of the dispersed phase). In particular, the transport
of mass, momentum, and energy can be obtained by applying Equations 2.50 and 2.51 to both the Eulerian
dispersed-phase and continuous-phase equations and then summing the two sets of equations together
¶rm
+ Ñ ( rm u m ) = 0
¶t

(2.53)

¶ ( rm u m )
+ Ñ ×( rm uu ) = rm g - Ñp + Ñ ×tm,ij
¶t

(2.54)

¶ ( rm e m )
¶u
+ Ñ ( rm em u ) = ( tm,ij - pdij ) m,i + Ñ × ( k mÑTm )
¶x j
¶t

(2.55)

The second and third equations include a mixed-fluid viscous stress tensor (τm,ij) that can be written in terms
of a mixed-fluid viscosity
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A key benefit for this approach is that the relative velocity and momentum ODE need not be employed (the
same is true for the relative particle temperature and energy transfer ODE). Thus, the presence of the particle
is only realized through the modification of the mixture density (ρm).
These aspect differences between the mixed-fluid and separated-fluid approaches are illustrated in
Figure 2.4. Some key aspects of the mixed-fluid approach are especially relevant. First, the mixed-fluid set
of equations is inherently a two-way coupled system since all phases act in concert and collision effects are
ignored since u = v. Second, a single set of equations (without interphase momentum and energy transfer formulations) allows significant numerical simplicity, which should be used whenever appropriate (Equations
2.48 and 2.49). Third, the mixed-fluid approach generally uses the Eulerian reference frame for both phases,
that is, an Eulerian–Eulerian approach. Figure 2.4 shows that the mixed-fluid method and the separatedfluid method are quite different. However, there is an intermediate method, as described later, which retains
some of the features of each of these two distinct approaches.
2.1.2.2 Weakly Separated Approach

A hybrid approach between that of separated flow and mixed-fluid flow is the weakly separated approach or
also called the “partially mixed” method. This approach is useful to describe motion of small particles whose
dynamics are primarily controlled by the surrounding flow but which have a small but significant settling
velocity. The simplest and most common version of the weakly separated method assumes that the particle
relative acceleration is negligible in comparison to the fluid acceleration. This assumption allows a finite relative velocity that can be approximated by the terminal velocity
(2.57)

v(x ,t) = u @p (x ,t)+ w term

This is also called the “terminal velocity” approach and can be used for flows with slow sedimentation or rise. If the particle is considered to be in thermal equilibrium Tp = T, the dispersed phase
only requires a mass transport equation given by either the Eulerian particle concentration PDE or a
Lagrangian position ODE
¶ ( fdrp )
¶t

+ Ñ éëfdrp ( u @ p + w term ) ùû =
d (xp )
dt
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=+
u @ p w term

fd
p
m
Vp

(2.58)

(2.59)
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um throughout

Separated-fluid treatment

Does not employ particle diameter,
shape, relative velocity, etc.
One set of PDEs for mixed fluid
Ideal for very small particles with
negligible inertia (W << v)

v ≠ u and both used throughout
Includes relative velocity effects
such as drag, lift, St influence, etc.
PDEs needed for each phase field
Ideal for computationally small
particles (d << Δx)

Figure 2.4
Comparison of mixed-fluid and separated-fluid treatments for a computational cell based on an
Eulerian–Eulerian approach.

Thus, Equation 2.57 effectively serves as the momentum equation for the particles. This method is thus nearly as
efficient as the mixed-fluid method but captures mean relative velocity effects. However, this approach cannot
capture any effects associated with an initial particle velocity or due to a collision with a wall or another particle.
2.1.3 Classification by Particle Size Relative to Grid Size
As discussed earlier, there are three main approaches for multiphase numerical treatments based on particle
size: point force, distributed force, and resolved surface. The choice is related to the capability in predicting
the surface forces acting on the particle (Fsurf ), which is needed for the separated-fluid treatment as discussed
earlier. These forces are also needed if two-way and three-way coupling effects are to be included for the
continuous-phase fluid solution. In determining Fsurf, there are three primary approaches: the “point-force”
representation for particles smaller than the grid scale (d < Δx), the “distributed-force” representation for
particles on the order of the grid scale (d ~ Δx), and the “resolved-surface” representation for particles much
larger than the grid scale (d » Δx). These are discussed in the following three subsections.
2.1.3.1 Point-Force Approach

The point force (also referred to as the “point mass” or “point volume”) has the advantage of eliminating the
need to simulate the detailed flow around the particle. For an Eulerian treatment of the dispersed phase, the
relative velocity is defined at the grid nodes
w(x i , t) = v(x i , t) - u(x i , t)

(2.60)

Once the unhindered flow characteristics are known, a point-force equation can be used to describe the surface forces based on a linear combination of drag, lift, added mass, history, fluid stress, and so on. The fluid
dynamic forces on the particle can be obtained with empirical or theoretical treatments.
2.1 Overview of Numerical Approaches
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Requires d < Δx for 1-way large.
Requires λP–P < Δx for 2-/3-way large.
Requires λp–p < Δx for 1-/2-/3-way Eul.
Assumes definition of u@p to obtain
relative velocity (does not resolve
individual particle disturbances)
Requires models for drag, lift, etc.

Fint

(b)

Distributed-force treatment

Allows d ~ Δx
Distributes interphase force of particle on
fluid to a distributed region
Interphase force on particle based on either:
(a) surface/volume averages of fluid char.
(b) semi-resolved fluid disturbances.
Ideal for many moderate-size particles

Ideal for many small particles
Figure 2.5
Different representations for particle treatment based on particle size in relation to continuous-fluid grid resolution for (a) a point-force representation and (b) a distributed-force representation.

The continuous-phase characteristics in either case do not include the fluid disturbances associated with
individual particles. This indicates that the particle should be smaller than the length scales associated
with continuous-phase gradients. Since this is also true for the discretization of the continuous phase, it
yields a size criterion based on computational resolution
d < Δx

for point force with one-way coupling

(2.61)

A more rigorous criterion would be d « Δx (Figure 2.5a) such that the particle will see only very weak
continuous-fluid gradients over the length scale associated with its diameter. Since the continuous-phase
computational resolution must be small enough to provide grid-independent results, the point-force technique is limited to particles that are smaller than any spatial features to be resolved in the computational
domain. For example, a direct numerical simaultion (DNS) description of turbulent flow requires that the
particle diameter be smaller than the friction length scale if in the laminar sublayer (d+ < 1) or less than the
Kolmogorov turbulent microscale (d < λ) if in the outer portion or above the boundary layer.
2.1.3.2 Distributed-Force Approach

The distributed-force technique is employed when the particle diameter is on the order of the spatial resolution of the continuous phase, that is,
d ~ Δx

for distributed-force treatment

(2.62)

In this case, the variations in the flow properties in the region of the particle should be considered since
the fluid interactions between the two phases occur over distances extending several particle diameters. As
such, the coupling should extend over a region larger than a single grid cell (Figure 2.5b). To include the
surface force on the particle, there are two distributed-force methods: “spatially averaged” and “semiresolved.” The spatially averaged approach approximates the unhindered conditions (e.g., u@p) by surface and
volume averages in the vicinity of the particle as opposed to using a single interpolated point at the centroid.
This approach is generally limited to d < 3Δx without two-way coupling but d < Δx with two-way coupling.
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In contrast, the semiresolved approach directly integrates two-way coupling effects and thus allows for
larger particles (or finer resolutions) based on 3Δx < d < 10Δx. Note that both techniques share a similar
approach for distributing the interphase force on the fluid.
For two-way coupling, there are many variants of the distributed-force technique. To impart Fint over a
region (instead of at a point), a force distribution function (ZF) can be used about the vicinity of the particle
as illustrated in Figure 2.5b. Similar distributions can be applied for mass and heat transfer. The distributedforce technique is thus a hybrid between the point-force approach and the resolved-surface approach, the
latter of which is discussed later.
2.1.3.3 Resolved-Surface Approach

For very large particles, the resolved-surface approach can be used if the detailed local flow over the particle
surface is numerically discretized and computed. This approach resolves the fluid surface stresses so that
they may be computationally integrated to compute the resulting fluid dynamic forces on the particle. This
method is also called the “full DNS” approach and requires the computational resolution to sufficiently
describe the detailed stress distribution over the particle surface, for example,

Downloaded by [Cornell University] at 04:29 25 October 2016

d » Δx

for resolved-surface treatment

(2.63)

This criterion requires many fluid nodes per individual particle, for example, hundreds or thousands depending on the particle geometry, Reynolds number, and so on. As such, this technique is only reasonable when
there are few particles in the computational domain. However, this technique has the advantage of allowing
complex particle geometries and incorporating detailed nonlinear flow fields around the particles (Figure 2.6).
Since the surface force is obtained from the surrounding flow, it does not require any force decomposition
in terms of lift, drag, added mass, history, fluid stress, and so on since all these effects are directly incorporated
by the discrete surface integration. In particular, no assumptions of particle shape, particle Reynolds number,
particle or flow acceleration, surface conditions, flow gradients, and so on are required for the use of this formulation. Thus, there is no need to determine u@p, and no empirical or analytical force expressions for Fsur are
required. Furthermore, in the case of a fluid particle (e.g., drop or bubble), the internal fluid dynamics may also
be directly simulated using internal discretization (this can be important since the recirculation can affect the
surface stresses). Also note that two-way coupling, three-way coupling, and four-way coupling are automatically included in the resolved-surface approach since the interstitial fluid and contact dynamics can be fully
resolved as well. As such, the resolved-surface technique is the most desirable in terms of accuracy as it allows
the most physically realistic surface force method but is also the most computationally intensive approach.
There are two primary treatments for the resolved-surface method that depend on how the interface
between the particle and the continuous phase is treated: the “gridded interface method” (GIM) and the
“immersed interface method” (IIM). These two approaches are illustrated in Figure 2.6 (where the outward
normal of the interface is n) and are overviewed in the following sections.
2.1.3.3.1 Gridded Interface Method The GIM approach is typically used when the particle shape is simple (e.g., a
sphere or an ellipsoid) so that the grid resolution over the surface is straightforward. In this case, the interface
between the particle and the surrounding fluid is discontinuous, that is, infinitely thin (Figure 2.6b). The boundary condition on a solid particle surface is typically specified as a no slip for continuum conditions. For an uncontaminated fluid particle with significant recirculation, the particle interior should also be discretized.
Once the flow field around the particle surface is known and described by the resolved velocity and
pressure (U and P), the surface force can be determined by numerically integrating the pressure and the
continuous-phase shear stress over the discretized surface elements
Nk

å

Fsur =+
( -Pn tresolved,ijn j )k DA p,k

(2.64)

æ ¶U ¶U j 2
ö
tresolved,ij = m f ç i +
- dijÑ × U ÷
è ¶x j ¶x i 3
ø

(2.65)

k =1

In this equation, ΔAp is a discrete particle surface area element, while U and P are the resolved velocity and
pressure, that is, the values on the particle surface that take into account the particle’s volume and impact
2.1 Overview of Numerical Approaches
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(c)
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U

Immersed Interface Method
(mesh independent of particle)

Resolved-surface treatments
Requires d » Δx (high CPU/particle)
Particle surface force automatically captured by flow around particle
Ideal for complex and/or deforming particle shapes and complex flows

Figure 2.6
Resolved-surface approaches showing (a) schematic of particle in a computational domain along with
(b) near-surface close-ups of a GIM mesh, and (c) that of an IIM mesh superimposed on the marker function
distribution.

on the flow. This resolved-surface force can be combined with Equation 2.1 to move the particle to the next
position with a new velocity and acceleration.
2.1.3.3.2 Immersed Interface Method The IIM is fundamentally based on a structured Eulerian grid for the
computational domain that does not need to coincide with the particle surface. This allows the flow PDEs to be
solved efficiently on simple Cartesian grids. A popular IIM category is the continuous interface methods that
can be applied if the particle is a fluid. The approach introduces a nonphysical interface thickness (δI) as shown
in Figure 2.6c. Instead of letting the flow properties between the particle and the surrounding fluid jump discontinuously (as is physically appropriate) across the molecularly thin interface, the CIM smoothly distribute these
flow properties of velocity, density, and viscosity across a finite thickness interface that is several grid cell thick.
This smooth distribution is accomplished with a “marker function” (F) that is defined as the fraction of the
computational cell occupied by particle matter. This function F equals 0 outside of the particle, varies smoothly
from 0 to 1 across this interface, and equals 1 inside the particle. This function assumes that a computational cell
volume is much smaller than the particle diameter. This function is distinct from the continuum-based volume
fraction that assumes a computational volume much larger than the particle diameter. This marker function can
then be used to define the “one-fluid” density that tends to the physical values outside the interface as
r = (1 - F ) rf + F rp
94
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Similarly, the velocity fields of both phases are represented by a one-fluid velocity (Um) that reverts to the
correct physical limits outside of the interface but takes on a nonphysical (numerically convenient) value
within the interface
F = 0 U m ® U (outside of the particle)

(2.67)

0 < F < 1 U m ® VI (within particle interface)

(2.68)

F = 1 U m ® V (inside of the particle)

(2.69)

This formulation provides a single set of continuum PDEs for the entire domain based on Um using the one-fluid
density and viscosity. This allows for solutions on a simple Cartesian grid (which generally allows the fastest
computation for a given number of grid points). Note that the finite interface thickness is nonphysical but is constructed to be as thin as possible while still allowing a stable continuum variation of velocity, density, and viscosity across the grid. This typically results in a prescribed thickness of 2–4 computational cells depending on the
magnitude of the density ratio (although specialized sharp interface methods can reduce this thickness to one
computational cell). A distinct advantage of the one-fluid approach is that the surface force of Equations 2.64
and 2.65 is satisfied (in contrast to the GIM). As such, this one-fluid approach avoids the ODEs needed to update
particle velocity and rotation and complexities associated with gridding along the particle surface.
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2.2 Direct Numerical Simulations of Gas–Liquid Flows
Gretar Tryggvason

An analytical solution of the equations governing multiphase flows is the ultimate reference to which experimental results and approximate models can be compared to. Unfortunately, analytical solutions for multiphase flows are few and limited to very simple systems. Solutions of the equations using numerical methods
have, since the latter part of the last century, come to the rescue, and it is now possible to obtain accurate solution for a wide range of parameters, where analytical solutions, even approximate ones, cannot be
found. Numerical solutions have, however, done much more than simply provide solutions where analytical
2.2 Direct Numerical Simulations of Gas–Liquid Flows
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techniques do not work. It is now possible to solve the governing equations for the unsteady motion of systems that approach the complexity that was only addressable by experiments earlier. The emergence of direct
numerical simulations (DNS) has changed multiphase flow research in fundamental ways, and yet, it is clear
that so far we have only started to explore the full potentials of this approach. It is useful for the purpose of
the present discussion to define DNS as simulations of unsteady complex flow with a large range of scales
where every continuum spatial and temporal scale is fully resolved. The early computations of the Rayleigh–
Taylor instability, gravity currents, and droplet splatting by the marker-and-cell (MAC) method—impressive as those were—are therefore not DNS by the present definition, since the range of length and timescales
was so limited. For single-phase flows, DNS generally require the flow to be turbulent, but for multiphase
flows the unsteady motion of different phases can lead to the expected range of scales.
In many industrial and natural processes, multiphase gas–liquid flows consist of one phase in the form
of well-defined bubbles or drops dispersed in another continuous phase. Bubbly flows occur in boiling heat
transfer, cloud cavitation, aeration and stirring of reactors in water purification and wastewater treatment
plants, bubble columns and centrifuges in the chemical industry, cooling circuits of nuclear reactors, the
exchange of gases and heat between the oceans and the atmosphere, and explosive volcanic eruptions, just to
name a few examples. Similarly, drops are found in sprays used in atomization of liquid fuels, painting and
coating, emulsions, and rain. Understanding the evolution and properties of dispersed flows is therefore of
major technological as well as scientific interest.
For engineering applications involving a large number of bubbles and drops, computational modeling usually relies on equations that describe the average flow field. The two-fluid model, where separate equations
are solved for the dispersed and the continuous phase, is the most common approach. Since no attempt is
made to resolve the unsteady motion of individual particle, closure relations are necessary for the unresolved
motion and the forces between the particle and the continuous phase. Closure relations are usually determined
through a combination of dimensional arguments and correlation of experimental data. The situation is analogous to computations of turbulent flows using the Reynolds-averaged Navier–Stokes equations where momentum transfer due to unsteady small-scale motion must be modeled. For details of two-fluid modeling, see
Drew (1983), Ishii (1975), Drew and Lahey (1993), and Zhang and Prosperetti (1994). For the turbulent motion
of single-phase flows, DNS, where the unsteady Navier–Stokes equations are solved on fine enough grids to
fully resolve all flow scales, have had a major impact on closure modeling. The goal of DNS of multiphase flows
is similar. In addition to information about how the drift Reynolds number, velocity fluctuations, and bubble
dispersion change with the properties of the system, the computations should yield insight into how bubbles
and drops interact, both with each other and with the continuous phase. The simulations should show whether
there is a predominant microstructure and/or interaction mode, and if the flow forms structures that are much
larger than the size of the dispersed particles. Information about the microstructure is essential for the construction of models of multiphase flows and can also help to identify what approximations can be made.
In this section, we first review briefly the various numerical techniques developed for the DNS of multiphase flows and then discuss a few results, focusing mostly on disperse flows of gas bubbles in liquids.
Although the focus is on simulations of complex systems with a broad range of scales, most of the methods
used are applicable to much simpler systems and, indeed, the methods have been developed and tested for
such problems. Thus, some references to computations of simple problems—even if they are not DNS by the
definition used here—are unavoidable.
2.2.1 Simple Flows (Re = 0 and Re = ∞)
In the limit of high and low Reynolds numbers, it is sometimes possible to simplify the flow description
considerably either by ignoring inertia completely (Stokes flow) or by ignoring viscous effects completely
(inviscid, potential flow). Early attempts to understand the collective motion of bubbles, drops, and solid
particles therefore focused on these limits. For undeformable spheres, it is, in both these limits, possible
to reduce the governing equations to a system of coupled ordinary differential equations for the particle
positions. For Stokes flows, several authors have examined the properties of suspensions of solid particles
in shear flows (see Brady and Bossis, 1988, for a review of early work), but studies of inviscid systems are
more limited. Sangani and Didwania (1993) and Smereka (1993) examined the behavior of many bubbles
in periodic domains, specifying the rise velocity to prevent continuing acceleration. They observed that the
bubbles tended to form horizontal “rafts,” particularly when the variance of the bubble velocities was small.
As this “rafting” is generally not observed experimentally, the results cast considerable doubt on the utility
of the potential flow approximation for the interactions of many bubbles. This is somewhat unexpected since
for single bubble this approximation is rather good (see, however, Harper, 1997) for a discussion of bubbles
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rising in-line). Deformable bubbles and drops can be simulated using boundary integral techniques in both
the Stokes and the inviscid limits. Several authors have examined suspensions of very viscous drops, including Li and Pozrikidis (2000) and Zhou and Pozrikidis (1993), who followed the dynamics of 2D drops in a
channel, and Loewenberg and Hinch (1996) and Zinchenko and Davis (2000) have examined fully 3D drops.
The boundary integral method for Stokes flow has been described in detail in the book by Pozrikidis (1992),
and Pozrikidis (2001) gives a detailed summary of various applications. Unlike Stokes flow, inviscid models
are generally only suitable for a transient short-time evolution since eventually viscous dissipation becomes
important (see Chahine and Duraiswami, 1992, for early work). Although studies of flows in the limits of
zero and infinite Reynolds number played an important role in early work on multiphase flows, their role
is now much diminished, although there are situations where they constitute important limiting cases.
2.2.2 Methods for Finite Reynolds Number Flows
For intermediate Reynolds numbers, it is necessary to solve the full Navier–Stokes equations. The first
method to allow computations of multifluid flows was the MAC method developed at Los Alamos by Harlow
and collaborators. In Harlow and Welch (1965), the method was introduced and two sample computations
of the so-called dam breaking problem shown. Several papers quickly followed: Harlow and Welch (1966)
examined the Rayleigh–Taylor problem and Harlow and Shannon (1967) studied the splash when a drop
hits a liquid surface. As originally implemented, the MAC method assumed a free surface, so there was
only one fluid involved. This required boundary conditions to be applied at this surface and the fluid in the
rest of the domain to be completely passive. The Los Alamos group quickly realized, however, that the same
methodology could be applied to two-fluid problems. Daly (1969b) computed the evolution of the Rayleigh–
Taylor instability for finite density ratios, and Daly and Pracht (1968) examined the initial motion of density currents. Surface tension was then added by Daly (1969a), and the method was again used to examine
the Rayleigh–Taylor instability. The MAC method quickly attracted a small group of followers that used it
to study several problems: Chan and Street (1970) applied it to free surface waves, Foote (1973) and Foote
(1975) simulated the oscillations of an axisymmetric drop and the collision of a drop with a rigid wall, and
Chapman and Plesset (1972) and Mitchell and Hammitt (1973) simulated the collapse of a cavitation bubble.
Although the MAC method was designed specifically for multifluid problems (hence the M for Markers!),
it was also the first method to successfully solve the Navier–Stokes equation using the primitive variables
(velocity and pressure). The staggered grid used was a novelty, and today, it is common practice to refer to
any method using a projection-based time integration on a staggered grid as a MAC method.
The next generation of methods for multifluid flow evolved gradually from the MAC method. It was already
clear in the Harlow and Welch (1965) paper that the marker particles could cause inaccuracies, and among the
number of algorithmic ideas explored by the Los Alamos group, the replacement of the particles by a marker
function soon became the most popular alternative. Thus, the volume-of-fluid (VOF) method was born. VOF
was first discussed in a refereed journal article by Hirt and Nichols (1981), but the method apparently originated
a few years earlier. While the results were generally superior to those of the MAC method, early VOF results
showed considerable irregularities at the interface between the different fluids. In the 1980s and early 1990s,
better advection methods (Youngs, 1982) and new ways to find surface tension (Brackbill et al., 1992) improved
the results significantly. Fairly advanced VOF methods are now available, and many commercial CFD codes
include the option of simulating free surface or multiphase flows using the VOF method. For a review of VOF
methods, see Scardovelli and Zaleski (1999) and Tryggvason et al. (2011). Other methods, based on similar
ideas but advecting the marker function in a different way, include the level set method (reviewed by Osher and
Fedkiw, 2001, and Sethian, 2001) and the CIP method of Yabe and collaborators (see Yabe et al., 2001).
While the MAC methodology and its successors were being developed, other techniques were also being
explored to capture fluid interfaces. Hirt et al. (1970) describe one of the earliest use of structured boundaryfitted Lagrangian grids. This approach is particularly well suited when the interface topology is relatively
simple and no unexpected interface configurations develop. In a related approach, a grid line is aligned with
the fluid interface, but the grid away from the interface is generated using standard grid generation techniques such as conformal mapping or other more advanced elliptic grid generation schemes. Such a method
was used by Ryskin and Leal (1984) to compute the steady rise of buoyant, deformable, axisymmetric bubbles. Ryskin and Leal assumed that the fluid inside the bubble could be neglected, but Dandy and Leal (1989)
and Kang and Leal (1987) extended the method to two-fluid problems and unsteady flows. Several authors
have used this approach to examine relatively simple problems such as the steady-state motion of single particles or moderate deformation of free surfaces. Fully 3D simulations are relatively rare, and it is probably
fair to say that it is unlikely that this approach will be the method of choice for very complex problems such
2.2 Direct Numerical Simulations of Gas–Liquid Flows
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as the 3D unsteady motion of several particles. Similar comments apply to methods based on resolving the
fluid by unstructured grid that are updated to ensure that the interface coincides with a grid line.
Several hybrid methods combine the ideas discussed earlier in a variety of ways. Front tracking, where
the interface is marked by connected marker points but a fixed grid is used for the fluid within each phase
has been particularly successful. In the method of Tryggvason and collaborators (Unverdi and Tryggvason,
1992, Tryggvason et al., 2001), the tracked front is used to advect a smoothed marker function and to compute the surface tension. The method is therefore very similar to methods that work directly with a gridmarker function, but the advection of the interface is greatly improved. For other implementation of similar
ideas, see van Sint Annaland et al. (2006), Hao and Prosperetti (2004), Hua and Lou (2007), and Muradoglu
and Kayaalp (2006). Other methods have been designed to capture the interface more accurately. These
include the method of Glimm and collaborators (Glimm and McBryan, 1985) where the fixed grid is modified near the front to make a grid line follow the interface, as well as more recent “sharp-interface methods”
(such as Fedkiw et al., 1999, Ye et al., 1999, Lee and LeVeque, 2003). The increased accuracy does, however,
come at the cost of a considerably increased complexity, and it is not clear at the time of this writing what
the impact of these new methods will be on the DNS of finite Reynolds numbers flows.
The most recent addition to the collection of methods capable of simulating finite Reynolds number
multiphase flows is the lattice Boltzmann method (LBM). Although there have been some doubts about the
accuracy and correctness of the LBM, it seems now clear that they can be used to produce results of accuracy comparable to more conventional methods. It is still not clear whether the LBM is significantly faster
or simpler than other methods (as sometimes claimed), but most likely these methods are here to stay. For a
discussion see, for example, Shan and Chen (1993).
Although there are many possible ways to solve the Navier–Stokes equations for multiphase flows, the
most successful approaches have been based on the so-called one-fluid formulation, where one set of equations are solved for the whole flow field and the phase boundary is treated as an embedded interface by
adding the appropriate source terms. These source terms are in the form of delta functions localized at the
interface and are selected to provide the correct matching conditions at the phase boundary. Although the
integral form is often used as a starting point, here we write the “one-fluid” Navier–Stokes equations for
incompressible flows in the following differential form:
¶ru
+ Ñruu = -Ñp × rg + Ñ × m(Ñu + ÑuT ) + sknd(x - x f )ds .
¶t

ò

(2.70)

f

Here,
u is the velocity
p is the pressure
ρ and μ are the discontinuous density and viscosity fields, respectively
σ is a 3D delta function constructed by repeated multiplication of 1D delta functions
κ is twice the mean curvature
n is a unit vector normal to the front
Formally, the integral is over the entire front, thereby adding the delta functions together to create a force
that is concentrated at the interface, but smooth along the front. x is the point at which the equation is evaluated and xf is the position of the front. In most cases, the flow is assumed to be incompressible, so Equation
2.70 is supplemented by
Ñ × u = 0.

(2.71)

When combined with the momentum equation, this leads to an elliptic equation for the pressure. The single
field formulation naturally incorporates the correct mass, momentum, and energy balances across the interface and integration of the conservation equations across the interface directly yields the standard jump
conditions.
Equations 2.70 and 2.71 are usually solved on a regular staggered grid using a projection method for
the time integration. The spatial and temporal accuracy are usually of second order, although sometimes
higher-order time integration is used and the advection terms are treated by methods that are more robust
than centered differences such as QUICK, ENO, or WENO. The elliptic pressure equation is generally solved
by a multigrid iteration or Krylov subspace methods.
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This solution strategy is, in particular, used in most implementations of VOF, level set, and front-tracking
methods. What distinguishes between the various methods is how the marker function identifying the different fluids is updated. For flows where the material properties are constant in each fluid, a marker function
is usually used to identify the different fluids. The marker moves with the fluid velocity:
DH ¶H
=
+ u ×ÑH = 0,
¶t
Dt

(2.72)

ì 1 in fluid 1
H(x) = í
.
î0 in fluid 2

(2.73)

where

The density and viscosity are then set as functions of H, usually by
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r =+
r2 (r1 - r2 )H (x) and m = m2 + (m1 - m2 )H (x)

(2.74)

Other material properties are set similarly, when needed. Sometimes, the density is used as a marker function and other variables set as functions of the density.
In the VOF method, the marker function is advected directly, using specialized techniques to ensure
that the interface stays sharp and well defined. In level set methods, a smooth function is advected and
the interface identified by the zero contour line. The marker function is then constructed by mapping the
smooth function into a function that transitions relatively sharply from one value to the other. To keep the
mapping well behaved, the smooth function is readjusted periodically to keep it close to a distance function
in the vicinity of the interface. In both VOF and level set methods, surface tension must be computed from
the marker function on the fixed grid. In front-tracking methods, the phase boundary is tracked by connected marker points (the “front”) that are advected by the flow velocity, interpolated from the fixed grid.
The gradient of the marker function becomes a delta function when the change is abrupt across the boundary. To transfer the front singularities to the fixed grid, the delta functions are approximated by smoother
functions with a compact support on the fixed grid. At each time step, after the front has been advected, the
marker function is reconstructed by integration of the smooth grid-delta function. The surface tension is
computed on the front, distributed to the grid, and then added to the nodal values of the discrete Navier–
Stokes equations.
Many reviews are available that discuss computational methods for multiphase flows. Early reviews
that discuss the many possible approaches include Hyman (1984) and Floryan and Rasmussen (1989), and
more specialized treatment can be found in Scardovelli and Zaleski (1999) for VOF methods, Anderson
et al. (1998) for phase field methods, and Osher and Fedkiw (2002) who discuss level set methods. The
book by Shyy et al. (1996) also covers several aspects of computations of multiphase flows. Several articles about various aspects of computations of multiphase systems and related problems can be found in a
special issue of the Journal of Computational Physics (volume 169, 2001). More recent coverage, focusing
on VOF and front-tracking method, can be found in Tryggvason et al. (2011).
2.2.3 Bubbly Flows
One of the major applications of DNS of multiphase flows has been of bubbly flows. Studies of many
interacting bubbles in periodic domains can be found in Esmaeeli and Tryggvason (1998, 1999) who simulated the unsteady motion of several 2D and 3D bubbles and Bunner and Tryggvason (1999, 2002a,b)
who examined 3D systems with a much larger number of bubbles. The results of these simulations have
helped clarify various aspects of the bubble interactions. One of the fundamental questions was, in particular, if relatively modest number of bubbles in fully periodic domains could be used to model homogeneous bubbly flows. The simulations showed that relatively low-order statistics, such as the average
rise velocity of the bubbles and the pair probability distribution, converge rapidly with increasing size
of the simulated domain, but other quantities, like the self-diffusion coefficient, converge much more
slowly. The results also showed that for nearly spherical buoyant bubbles at modest Reynolds numbers
that the dominant interaction mode is the “drafting, kissing, and tumbling” mechanism described by
2.2 Direct Numerical Simulations of Gas–Liquid Flows

99

Downloaded by [Cornell University] at 04:29 25 October 2016

Fortes et al. (1987). Thus, a bubble behind another bubble is drawn into the wake of the bubble in front,
once in the wake it catches up and collides with the one in front and the two bubbles then “tumble” and
move apart. This collision mode is inherently a finite Reynolds number effect, since two buoyant bubbles
in Stokes flow do not change their orientation unless acted on by the third bubble and bubbles in potential flow repel each other if they are rising in an in-line configuration. The results also helped clarify the
very different dynamics of nearly spherical bubbles that tender to line up side by side and more deformable ones that often rose one behind the other.
A number of recent studies have also focused on bubbles in laminar and turbulent flows in channels
(Lu et al., 2005, 2006, Lu and Tryggvason, 2006, 2008, 2013). The results show that for clean bubbles in vertical channels, the flow structure is determined by the lift force on the bubbles. Nearly spherical bubbles in
upflow are pushed to the walls, resulting in a bubble-rich wall layer and a lower void fraction in the middle,
while in downflow the bubbles move away from the wall and the void fraction in the middle increases. For
steady-state flow, this results in a very simple model for the void fraction. The removal of bubbles from the
core region in upflow decreases the mixture density, and eventually, the weight of the mixture balances
the imposed pressure gradient and the transfer stops. For downflow, the addition of bubbles to the core
decreases the mixture density and again, the transfer continues until the buoyancy of the mixture matches
the weight of the mixture. Thus, in both cases, the void fraction at steady state in the channel core is easily found, and if the average void fraction is known, then the void fraction in the wall layer for upflow and
the thickness of the bubble free wall layer for downflow can be computed. The lift on deformable bubbles is
generally either small or in a direction opposite to nearly spherical bubbles, so bubble-rich wall layers are
not seen, in agreement with experimental studies. Simulations of the transient evolution toward the steady
state have shown that while the lateral migration of bubbles occurs relatively fast, the velocity takes longer
to adjust to the changes in the void fraction distribution.
As computer power increases, it is possible to examine both larger and more complex systems. In
Figure 2.7, one example of a relatively large-scale simulation of bubbles in a turbulent channel flow is shown.
The domain size is 2π × 4 × π computational units in the streamwise, wall-normal, and spanwise direction,
respectively, resolved by about 0.4 billion grid points. The physical parameters are selected such that the
Morton number is equal to 5.75 × 10−10 and the void fraction is about 3%. The bubbles come in four sizes,
with the smallest bubbles having a diameter of 0.16 in computational units, and the largest one with a diameter of 0.44. The majority of the bubbles are small, and we expect the smallest bubbles to accumulate at the
wall. The flow is driven upward by an imposed pressure gradient, giving a friction Reynolds number of
Re+ = 500. The bubbles are initially distributed nearly uniformly across the domain but as they start to rise,
the smaller bubbles start to migrate toward the walls and form a dense wall layer. In the figure, the bubbles
are shown at a relatively early time, where many of the small bubbles have moved to the wall, but there are
still several small bubbles in the middle, along with most of the larger bubbles. The bubbles are shown along
with the vorticity, visualized using the λ2 method (Jeong and Hussain, 1995), where dark and light color
indicates rotation in the opposite direction. Near the wall, most of the vortices are aligned with the flow and
usually come in pairs, where nearby vortices have opposite rotation. Although bubbles moving toward the
walls disrupt the vortices there, some have survived, at least at the time plotted here. The figure also shows
that the vorticity shed by the large bubbles is responsible for the majority of the vorticity in the interior of
the channel. Figure 2.8 shows a close-up of the bubbles and the vortices near the right wall, where we have
selected a different value for the isocontour of λ2.
For other simulations of various aspects of bubbly flows, see, for example, the LBM studies by Takada et al.
(2000, 2001) and Sankaranarayanan et al. (2002); VOF simulations by Rabha and Buwa (2010); and computations using a front-tracking method similar to the one used for the results in Figure 2.7 by Dijkhuizen et al.
(2010a,b). Large-scale simulations using a finite element flow solver coupled with a level set method to advect
the phase boundary can be found in Bolotnov et al. (2011) and Bolotnov (2013).
Although bubbly flows have received considerable attention, the interface topology is often much more
complex, particularly if the void fraction is high. Not only can the interface topology be very complex, but
the interfaces may undergo repeated coalescence and breakup. Modeling such flows is still very primitive, but DNS should be able to provide considerable light on the various processes governing the flow.
Topology changes in multiphase flows occur through two primary mechanisms: films that rupture and
threads that break. Methods that track the indicator function identifying the different fluids directly on
an Eulerian grid (such as VOF or level set methods) lead to coalescence or breakup whenever the film or
the thread is underresolved, but front-tracking methods will generally not allow a change in topology. If
the interface is tracked, it is possible to either prevent or allow topology changes. Generally, threads that
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Figure 2.7
One frame from a simulation of many bubbles of different sizes in a turbulent channel flow. The bubbles and
the vortical structures, visualized by λ2 = −2, along with contours of the vertical velocity in the bottom horizontal
plane and the back vertical plane. (Courtesy of Dr. Jiacai Lu, University of Notre Dame, Notre Dame, IN.)

break are by far the easier to deal with than the rupture of thin films. The diameter of threads goes to
zero in a finite time, and the evolution is governed by the Navier–Stokes equations so that no additional
physical modeling needs to be included. In addition, the breakup is very fast, so even if the final stage is
not well resolved, that often does not have a significant effect on the overall flow dynamics. Thus, thread
breakup is generally handled easily by most methods. Film draining and rupture are more complex, since
the topology change takes place due to short-range attractive forces that are usually not included in the
simulations. The attractive forces lead to an instability that results in holes that are then enlarged either
by the formation of other holes that merge with the first one or by the enlargement of the original hole by
rim breakup involving the formation of very small drops that are difficult to resolve. While methods that
track the indicator function directly often produce ruptures that look plausible, the rupture is an artifact
of the finite resolution, and in some cases, it is found that refining the grid postpones the rupture and
prevents the solution from converging. It is possible that in some cases it does not make a big difference
whether the rupture is physical or due to the resolution, but, in general, the importance of capturing the
rupture accurately is not well understood. When the interface is tracked by connected marker points, it is
necessary to explicitly add a strategy to rupture the interfaces when they are close enough, but at least it is
possible to control when rupture takes place and when it does not. Thus, it should be possible to examine
how sensitive the overall evolution of the flow is to how the rupture takes place, even if a complete rupture
model is not included.
2.2 Direct Numerical Simulations of Gas–Liquid Flows
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Figure 2.8
A close-up for the results shown in Figure 2.7, showing bubbles and vortical structures near the right wall. Here,
λ2 = −1. (Courtesy of Dr. Jiacai Lu, University of Notre Dame, Notre Dame, IN.)

Figure 2.9 shows results from two simulations of 40 bubbles in a channel flow. The bubbles are initially
placed in a rectangular channel of size π × 2 × π/2 computational units in the streamwise, wall-normal,
and spanwise direction, respectively, resolved by a 192 × 128 × 96 grid. The bubble diameter is selected
such that the void fraction is 13.6%. The flow is initially turbulent, with a friction Reynolds number of 128.
All parameters except the surface tension are the same for both runs, giving a Morton number of 2.41 ×
10−12 for the high surface tension case and 1.54 × 10−7 for the low surface tension case. The initial Eötvös

Low We

High We

Figure 2.9
A few frames from two simulations of the evolution of several bubbles placed in an initially turbulent channel flow, when the bubbles are allowed to coalesce. In the top frames the surface tension is high and in the
bottom frames the surface tension is low, so the bubbles break up after the initial coalescence. (Courtesy of
Dr. Jiacai Lu, University of Notre Dame, Notre Dame, IN.)
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number is 0.2 for the first case and 8.0 for the second case. As the bubbles rise, they collide and coalesce if
the liquid film between them becomes sufficiently thin. For the high surface tension case, the bubbles keep
coalescing until there is only one large bubble left (the two bubbles in the last frame will eventually become
one), but for the high Weber number the bubbles first coalesce and then breakup again, eventually leading
to a mixture of bubble sizes. Here, the thin films are ruptured if they become thinner than a third of a grid
spacing, thus making the results similar to what we would expect from a VOF or level set computation.
While simulations of bubbles undergoing topology changes are just starting, many authors have examined the atomization of liquid jets, where the topology changes are critical for the formation of drops.
Such studies include air-assisted breakup due to the coinjection of air as well as the breakup due to cross
flow (Ménard et al., 2007, Desjardins et al., 2008, Gorokhovski and Herrmann, 2008, Lebas et al., 2009,
Desjardins and Pitsch, 2010, Herrmann, 2011). The breakup remains the main challenge in these simulations and in spite of very large grids (Shinjo and Umemura, 2010, 2011) or the use of locally refined grids
(Fuster et al., 2009), the breakup is generally dependent on the grid resolution and the smallest drops are
underresolved. Thus, several authors have proposed hybrid approaches, where very small drops are modeled as point particles whose motion is modeled by empirical correlations for the drag force and ordinary
differential equations are solved for the velocity and location (Herrmann, 2010, Tomara et al., 2010). The
challenge is when to convert a fluid blob resolved on a grid to a point particle, and sometimes back again,
in such a way that all conservation principles are satisfied.
2.2.4 Outlook
DNSs of multiphase flows have come a long way during the last decade. It is now possible to follow the
motion of hundreds of bubbles, drops, and particles at finite Reynolds numbers in simple geometries for
sufficiently long time so that meaningful averages can be computed. Much remains to be done, however. At
higher Reynolds numbers, the number of grid points required to resolve each bubble and the flow around
them increases and the cost of doing simulations with many bubbles increases. With larger computers,
such simulations will become increasingly more feasible. The formation of bubbles and drops, as well as
coalescence, must also be addressed and except for a few simulations of the breakup of drops in welldefined flows, little has been done. These problems are, nevertheless, well within reach.
As DNS of multiphase flows become more common, the need for advances in the development of
the theoretical framework for modeling such flows is also becoming more urgent. Current models have
mostly been developed in an environment where relatively little has been known about the details of
the flow, and for the most part, these models are far behind what is available for single-phase turbulent
flows. While our abilities to simulate directly more and more complex multiphase systems will certainly
increase dramatically in the next few years, it is important to realize that our desire to compute will
always be ahead of what we can do by DNS. Thus, the condensation of knowledge obtained by DNSs
into reduced or averaged models that allow faster predictions will remain at the core of multiphase flow
research for a long time to come. Given the experience from modeling turbulent single-phase flows, it
is likely that many such models will involve resolving the large-scale motion but modeling the smallest scales. Efforts to develop such large eddy simulation–like model have just started (Labourasse et al.,
2007, Toutant et al., 2008, 2009, Vincent et al., 2008).
Although much more can be done for two-fluid disperse systems, it is the longer-term development of the
ability to compute the coupled motion of complex systems that will bring about the full impact of DNS. Most
engineering fluid systems include a large number of physical phenomena such as fluid flow, evaporation,
solidification, and chemical reactions, and simulations of the full systems will allow unprecedented insight.
Real bubbles are, for example, rarely clean, and it is well known that surfactants change the behavior of a
single bubble significantly. Extensions of various of methods to include surfactants can be found in James
and Lowengrub (2004), Muradoglu and Tryggvason (2008), Booty and Siegel (2010), and Muradoglu and
Tryggvason (2014), and results for a single bubble show significant effects, including changes in the lift force.
However, DNS studies of the collective dynamics of many contaminated bubbles remain to be done. Heat
transfer has been examined by Deen and Kuipers (2013), who showed that the passage of a small group of
bubbles generally increases the local heat transfer, and by Tanaka (2011) and Dabiri and Tryggvason (2015)
examined the motion of many bubbles in turbulent channel flows and showed that the bubbles enhance the
overall heat transfer, both for nearly spherical bubbles that form wall layers and for more deformable ones
that stay away from the walls. Mass transfer and reactions require us to solve additional advection/diffusion
equations that include source terms when there are reactions, but the large range of scales, due to low mass
diffusivities and fast reactions, introduce significant challenges. Similarly, several authors have simulating
2.2 Direct Numerical Simulations of Gas–Liquid Flows
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boiling flows (for early work for relatively simple systems, see Juric and Tryggvason, 1998, Son and Dhir,
1998, Shin and Juric, 2002, and Esmaeeli and Tryggvason, 2003). The main challenge for most of these systems is that the different physical processes take place on very different temporal and spatial scales. While
adaptive grid refinement can, in principle, be used for most of those cases, the reality is that that approach
will quickly consume all the available grid points. In some cases, the small-scale motion is relatively simple,
because surface tension and viscosity are significant, and the dynamics is well described by analytical models. When applicable, it is tempting to couple an analytical model of the small-scale motion with a full simulation of the larger-scale motion. The point particle approximation for small bubbles and drops is perhaps
the best example, but a similar approach has also been used for nucleate boiling (Son and Dhir, 1998) and
mass transfer (Aboulhasanzadeh et al., 2012). Although we defined DNS as simulations where all continuum
length and timescales are fully resolved, and one can argue that we do not really have a DNS if some scales
are treated differently, it is likely that as our problems become more complex, our numerical strategies must
allow for more flexible approaches. As additional physical processes are incorporated into our mathematical models, we are also likely to be faced with increased uncertainty in the mathematical models used to
describe the new physics, rendering traditional DNS less applicable.
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2.3.1 Introduction and Basics of Lattice Boltzmann Method
The lattice Boltzmann method (LBM) is a computational tool that has been growing in popularity since its
development due to the simplicity with which it is implemented and the ease with which it can be scaled
to parallel processing systems. The method was introduced in the late 1980s (Higuera and Jimenez, 1989)
and addressed a number of problems with its predecessor, the lattice gas automation method (Frisch
et al., 1987). New variations of the method are being developed constantly, extending range of applicable
problems for LBM. This constant development creates opportunities for new investigations on a variety
of fronts.
This chapter will focus primarily on four areas that have been under intense study recently as fields
of research that lend themselves well to newer lattice Boltzmann variants. The first section will focus
on fluid–solid interaction. Here, the bounce-back boundary condition will be discussed, along with the
newer external boundary force (EBF) method for treating solid interfaces. Following this, there will be a
section about the suspension of deformable capsules and then a section about the suspension of deformable fibers. Finally, there will be a section on the methods by which lattice Boltzmann deals with liquid–
gas problems.
2.3.1.1 Brief Background

All of lattice Boltzmann research is based on the Boltzmann equation, which states
¶f
F ¶f ì ¶f ü
+ z ×Ñf +
× =í ý
m p ¶z î ¶t þcollision
¶t

(2.75)

In this equation,
F is the term of body forces
mp is the particle mass
ζ is the velocity of the particle
f is the density distribution function, that is, for some position and some time, the number of particles per volume, or density ρ, with a velocity between ζ and ζ + dζ. From this definition, we can
write

ò

r = f dzz

(2.76)

The moment of this equation can be taken to get a very important relationship in recovering the conservation of momentum:

ò

ru = z fdz

(2.77)

Here, it is very important to distinguish u, the macroscopic fluid velocity, from ζ, the particle velocity.
The macroscopic fluid velocity is the property that is commonly utilized in fluid mechanics; as such, this is
the property that is typically solved for in the following sections. The particle velocity is only the velocity
of a single particle; if it is assumed that the individual particles only move along a discretized grid, this will
be reduced to the aptly named lattice velocity, ek. This will be presented later. Before any discretization can
occur, the Boltzmann equation needs to be reduced to a usable form. First, the forcing term is dropped. Later
in the chapter, more numerically friendly methods of including the force will be discussed. The next term
that needs to be addressed is the rate of change of the density distribution due to the collision of particles.
This is the right-hand side of the Boltzmann equation displayed earlier. To address this term, the Lattice
Bhatnagar-Gross-Krook, LBGK, approximation (Bhatnagar et al., 1954) is applied. This approximation
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introduced an equilibrium density distribution function f eq, which is a function of velocity and density, and
a relaxation time τ, which is a function of viscosity. The approximation becomes
f eq - f
ì ¶f ü
=
í ý
t
î ¶t þcollision

(2.78)

With this, the Boltzmann equation is put into a usable form and is ready for discretization.
2.3.1.2 Discretization

The most immediate effect of the discretization is allowing the expansion of the derivative term remaining on the left-hand side of the Boltzmann equation. With these simplifications, the Boltzmann equation
is reduced to
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1
f k (x + ek ,t + 1) - f k (x ,t ) = - éë f k (x ,t ) - f keq (x ,t )ùû = C ( f k ( x ,t ) )
t

(2.79)

where the subscript k denotes the lattice direction and C is the collision operator. The lattice direction represents
which path from the lattice node a given particle might be taking. For reference, the lattice arrangements used in
this study are D2Q9 and D3Q19. Where the notation DxQy means there are x dimensions and y lattice arrangements. D2Q9 is commonly used two dimensional arrangement which includes the node itself, the four cardinal
direction, and its four diagonals. D3Q19 is a common three dimensional arrangement which includes the node
itself, its six cardinal directions, and the twelve diagonals that lie on the three planes normal to the cardinal
directions. From this equation, commonly called the evolution equation, the equilibrium density distribution
function can be determined in a number of ways; however, the most general way is demonstrated by He and Luo
(1997). This derivation starts with a Maxwell–Boltzmann distribution and takes a Taylor expansion about the
macroscopic velocity. The result is
3r ì 6eku 3ek2 9eku 2 ü
f keq (x ,t ) =+
- 2 + 4 ý
í1
c
c þ
(2pc 2 )D /2 î
c2

(2.80)

Here,
D is the number of dimensions being modeled
c is called the lattice speed, which is the distance between two adjacent nodes divided by the time of a
single time step.
2.3.2 Fluid–Solid Interaction
In this section, we will discuss how fluid–solid interaction can be modeled in Lattice Boltzmann, LB, simulations. As an example, we will consider a single solid particle suspended in the fluid domain and describe
two methods for coupling the solid and fluid motion.
2.3.2.1 Standard Bounce-Back Method

The standard bounce-back (SBB) method for simulating particles in flows was described by Aidun et al.
(1998) and will be summarized in this section.
Consider a particle at a position X(t) with a certain velocity U(t) and angular velocity Ω(t) at time
instance t. The particle has mass m and inertial tensor I. The position, orientation, and geometry of the
particle determine the location of the particle boundary Γ(t). Using the SBB method, the following steps
are performed:
1. Each link k is classified according to the boundary Γ(t) (see Figure 2.10). The link in the opposite
direction of k is denoted k′. The link is
a. A boundary link (BL) if it is crossing the particle boundary
b. A regular link (RL) otherwise
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Real particle boundary, Γ(t)
Real particle boundary at previous time step, Γ(t–1)
Effective particle boundary
Solid node, (SN)
Solid boundary node, (SBN)
Recently covered particle node, (CN)
Fluid node, (FN)
Fluid boundary node, (FBN)
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Recently uncovered fluid node, (UN)
Regular link, (RL)
Boundary link, (BL)
Figure 2.10
Definitions and classifications of the standard bounce-back method for a D2Q9 arrangement.

Note that the effective boundary of the particle is defined by the halfway point of the BLs and thus
gets a staircase shape.
2. The lattice nodes are classified according to the boundary Γ(t) (see Figure 2.10). The node is
a. A fluid node (FN) if the node is outside Γ(t) and all links are RLs
b. A fluid boundary node (FBN) if the node is outside Γ(t) and has one or more BLs
c. A recently uncovered node (UN) if the node is outside Γ(t) but was inside Γ(t − 1)
d. A solid node (SN) if the node is inside Γ(t) and all links are RLs
e. A solid boundary node (SBN) if the node is inside Γ(t) and has one or more BLs
f. A recently covered node (CN) if the node is inside Γ(t) but was outside Γ(t − 1).
3. Density and velocity are corrected for UNs:
1
r(x ,t ) =+
r(x ek ,t )
N b kÎRL

å

(2.81)

u(x ,t ) =+
U (t ) W(t ) ´[x - X (t )]

(2.82)

where Nb is the amount of RLs for the UN and x ∈ UN.
4. Collision step:
f k (x ,t + ) = Cf k (x ,t )

(2.83)

where C is the collision operator described in the previous section.
5. Propagation step:
if k ¢ Î BL
ì f k ¢ (x ,t +)
fk (x ,t + 1) =
í
î f k (x + ek ¢ ,t +) otherwise

110

(2.84)
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6. The correct fluid density is obtained at each node through

å f (x ,t + 1)
å B u (t ) × e

r(x ,t + 1) =
1- 2

k

k

k ¢ÎBL

k k¢

(2.85)
k

where B0 = 1/3, B1−6 = 1/6, and B7−18 = 1/12 in the D3Q19 lattice arrangement. The velocity of the wall
uk , crossing the BL k′ ∈ BL, is obtained through
1
é
ù
uk ¢ (t ) =+
U(t ) W(t ) ´ êx + ek ¢ - X (t )ú
2
ë
û

(2.86)
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7. The modification of the distribution function components is obtained through
ìï fk (x ,t + 1) + 2r(x ,t + 1)Bkuk ¢ (t ) ×ek
f k (x ,t + 1) =
í
ïî f k (x ,t + 1)

if k ¢ Î BL
otherwise

(2.87)

8. The force and torque contributions on the particle from the BLs are obtained through
1
1ö
æ
2ek ¢[ f k (x ,t 1) + r(x ,t + 1)Bkuk ¢ (t ) ×ek ¢ ]
FkBL ç x + ek ¢ ,t + ÷ =+
2
2ø
è

(2.88)

1
1ö é
1
1
1ö
æ
ù
æ
TkBL ç x + ek ¢ ,t + ÷ =+
x
ek ¢ - X (t )ú ´ FkBL ç x + ek ¢ ,t + ÷
ê
2
2
2
2
2ø
è
ø ë
û
è

(2.89)

where k′ ∈ BL.
9. The force and torque contributions on the particle from the recent CNs are obtained through

å

1ö
æ
F CN ç x ,t + ÷ = f k (x ,t )ek
2ø k
è

(2.90)

1ö
1ö
æ
æ
T CN ç x ,t + ÷ =
[x - X (t )]´ F CN ç x ,t + ÷
2ø
2ø
è
è

(2.91)

where x ∈ CN.
10. The force and torque contributions on the particle from the recent UNs are obtained through
1ö
æ
F UN ç x ,t + ÷ =
-r(x ,t )u(x ,t )
2ø
è

(2.92)

1ö
1ö
æ
æ
T UN ç x ,t + ÷ =
[x - X (t )]´ F UN ç x ,t + ÷
2ø
2ø
è
è

(2.93)

where x ∈ UN.
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11. The force and torque contributions are summed together according to

åå

1
1ö
æ 1ö
æ
F ç t + ÷ =+
FkBL ç x
e k ¢ ,t + ÷ +
2
2
2ø
è
ø xÎFBN k ¢ÎBL
è
+

åF

CN

x ÎCN

å

1ö
1ö
æ
æ
F UN ç x ,t + ÷
ç x ,tt + ÷+
2 ø xÎUN
2ø
è
è

(2.94)

åå

1
1ö
æ 1ö
æ
T ç t + ÷ =+
TkBL ç x
e k ¢ ,t + ÷+
2
2ø
è 2 ø xÎFBN k ¢ÎBL
è
+

åT

CN

x ÎCN

å

1ö
1ö
æ
æ
T UN ç x ,t + ÷
ç x ,tt + ÷+
2
2ø
è
ø xÎUN
è

(2.95)
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12. Force F(t) and torque T(t) on the particle are found through averaging with the previous time step:
1é æ 1ö
æ 1 öù
F (t ) =+
F çt
÷+ F ç t - ÷ú
2 êë è 2 ø
è 2 øû

(2.96)

1é æ 1ö
æ 1 öù
T (t ) =+
T çt
÷+ T ç t - ÷ú
ê
2ë è 2ø
è 2 øû

(2.97)

13. The new particle position X(t + 1), velocity U(t + 1), angular velocity Ω(t + 1), and orientation are
found through numerical integration of the particle equations of motion:
m

dU (t )
= F (t )
dt

(2.98)

dW(t )
I×
+W(t ) ´[I × W(t )] = T (t )
dt

(2.99)

14. The particle boundary Γ(t + 1) is updated according to the new particle position and orientation.
2.3.2.2 External Boundary Force Method

The EBF method is an improved way of simulating particles in flows using LBM and was described by
Wu and Aidun (2010a). Instead of having the particle defined on the fixed Eulerian fluid grid, the particle
is defined by an overlapping Lagrangian grid that can move freely in the domain. The nodes in the fluid
domain are denoted as xe ∈ Πf and the nodes in the particle grid are denoted (for the jth node) x lj ÎGs .
Each node in the particle grid is associated with an area element of size ΔAj and gets a characteristic
volume Dv j = DA 3j /2 . The best results are obtained by keeping ΔAj ≈ (Δx)2 , with Δx as the node spacing in
the fluid grid.
Fluid quantities are mapped onto the particle grid by using a discrete delta function as defined by Peskin
(2002):
ì 1 ææ
æ px
ï
ç 1 + cos ç
D(x ) = í 64 Dx 3 è çè
è 2Dx
ï
î0,
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ö öæ
æ py
÷÷ç 1 + cos ç
ø øè
è 2Dx

ö öæ
æ pz
÷÷ç 1 + cos ç
ø øè
è 2Dx

ööö
÷÷÷,
øøø

| x | £ 2Dx

(2.100)

| x | > 2Dx .
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Real particle boundary, Γs
Particle node
Particle node under investigation
Fluid node
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Fluid node contributing to the
quantities at the investigated particle node
Range of delta function
Strength of delta function

Figure 2.11
Illustration of the principle of the external boundary force method; the mapping of fluid quantities onto a particle node of investigation is done through a discrete delta function.

Again, we consider a particle with mass m, inertial tensor I, position X(t), velocity U(t), and angular
velocity Ω(t) at time instance t. The following steps are performed when using the EBF method:
1. Propagation step:
fk (x e ,t ) =+
f k (x e ek ¢ ,t - 1)

(2.101)

2. The precollisional distributions fk (x e ,t ) are used to calculate the fluid velocity u(xe,t), which is then
mapped to the particle grid through (see Figure 2.11):

å u(x ,t )D(x

u(x lj ,t ) =

e

e

- x lj )(Dx )3 .

(2.102)

x e ÎP f

3. The force acting on the particle node is calculated through
F fsi (x lj ,t ) =×
f fsi (x lj ,t ) Dv j = r0[u(x lj ,t ) - U p (x lj ,t - 1)]× Dv j

(2.103)

with f fsi (x lj ,t ) as the force density at the jth particle node, ρ 0 as the reference fluid density, and
U p (x lj ,t -1) as the jth particle node velocity at time t − 1.
4. The particle force F(t) and torque T(t) are determined by summing the contributions from the
nodes:
F (t ) =

åF

fsi

(x lj ,t )

(2.104)

x lj ÎGs

T (t ) =

å (x - x )´ F
l
j

lc

fsi

(x lj ,t )

(2.105)

x lj ÎGs

where xlc is the center of gravity of the particle.
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5. The new particle position X(t + 1), velocity U(t + 1), angular velocity Ω(t + 1), and orientation are
found through numerical integration of the particle equations of motion:
m

dU (t )
= F (t )
dt

dW(t )
I×
+W(t ) ´[I × W(t )] = T (t )
dt

(2.106)

(2.107)

6. The force acting on the FNs from the particle is determined by
g (x e ,t ) = -

åf

fsi

(x lj ,t )D(x e - x lj )Dv j

(2.108)

x lj ÎGs
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7. Collision step:
f k (x ,t ) =+
Cfk (x ,t ) 3w k g (x e ,t ) ×ek

(2.109)

where C is the collision operator, w0 = 1/3, w1−6 = 1/18, and w7−18 = 1/36.
Even though the EBF method has many advantages over the SBB method, one drawback of EBF is that the
code gets unstable as the particle density becomes significantly lighter than the density of the surrounding
fluid. For simulating a particle with ρp < ρf, the SBB method is a better choice.
2.3.2.3 Example: Single Prolate Spheroid in Linear Shear Flow

One of the several advantages of the SBB and EBF methods is the ability to efficiently study nonspherical
particles in flows with inertia. In many industrial applications, for example, in papermaking, the particles
of interest are elongated and thus highly nonspherical fibers. The quality of the final product is dependent
not only on the spatial distribution but also on the orientation distribution of fibers. This, in turn, is dependent on the orientational dynamics of the fibers due to local velocity gradients in the flow of paper pulp.
Consequently, it is important to understand how a single fiber behaves in a linear shear flow. The easiest
way of going from a spherical particle to a fiber is to consider a prolate spheroid, which can be seen as a
sphere that is elongated along a line. This line is thus an axis of rotational symmetry s = (sx, sy, sz) and also
determines the particle orientation. The aspect ratio of the particle is given by rp = l/w, where l is the particle
length and w is the equatorial diameter.
Considering a single prolate spheroid in a linear shear flow (illustrated in Figure 2.12a), there are two
dimensionless quantities governing the orientational dynamics. The fluid inertia is quantified by the particle
Reynolds number Re p = g l /n (g is the shear rate and ν is the kinematic viscosity), and the particle inertia
is quantified by the Stokes number St = (ρs/ρf) Rep (ρs and ρf are the solid and fluid densities, respectively).
Without any inertia (Rep = St = 0), Jeffery (1922) found that the prolate spheroid is rotating in one of an
infinite amount of periodic orbits determined by the initial orientation (see trajectories of (sx, sy) in Figure
2.12b). Using the EBF method, the flow problem was investigated by Rosén et al. (2014, 2015). It was found
that there are several dynamical transitions that occur when increasing Rep, which leads to different stable
rotational states as described in Table 2.1 and illustrated in Figure 2.12c. Depending on the choice of Rep and
St, certain rotational states are stable, and it is found that there are 13 distinct regimes in the Rep/St parameter space according to Figure 2.13. This parameter space furthermore looks qualitatively the same (i.e., the
same sequence of transitions with increasing Rep and/or St, but quantitative values are different) for any
prolate spheroid with r p = 2−6 but is believed to be even qualitatively valid for a wider range of r p.
In regimes II–IV, the planar states (rotating or tumbling) coexist with a nonplanar state (Log-rolling,
inclined rolling, inclined kayaking, or kayaking). In these regimes, there is an unstable limit cycle that
separates the initial orientations leading to the planar and nonplanar rotation, respectively (see Figure 2.12),
for example, a particle initialized at rest with an orientation inside the unstable limit cycle will enter a nonplanar rotation.
114

2. Computational Methods

1

y

x

0

–1
(a)

(b)

1

y

y

–1

0
x

0

–1

1

1

(c)

ULC
3

4 2

6

5

–1

0
x

6
4

3

1

Figure 2.12

Downloaded by [Cornell University] at 04:29 25 October 2016

(a) A prolate spheroid is placed in a linear shear flow. The particle orientation is given by the direction of
its symmetry axis, s. (b) Trajectories of (sx ,sy) at Rep = St = 0 for a particle with rp = 4 given by Jeffery (1922).
(c) Schematic trajectories of (sx ,sy) of stable rotational states at Rep > 0. (1) Tumbling or rotating. (2) Log-rolling.
(3) Inclined rolling. (4) Inclined kayaking. (5) Kayaking. (6) Steady state; An unstable limit cycle separates the
nonplanar states (2–5) with the coexisting planar state (1).

Table 2.1 Description of the Rotational States of the Prolate Spheroid
in Shear Flow
Rotational State

Rotational State (Abbr.)

Definition

Tumbling
Rotating
Steady state
Log-rolling
Inclined rolling
Inclined kayaking
Kayaking

T
R
S
LR
IR
IK
K

sz = 0, s = s(t), τp > τc
sz = 0, s = s(t), τp < τc
sz = 0, s = const.
sz = 1, s = const.
0 < sz < 1, s = const.
0 < sz < 1, s = s(t), 〈sx〉 ≠ 0
0 < sz < 1, s = s(t), 〈sx〉 = 0

(p/g ) (rp + rp-1 + 2) .
τp is the period of the rotation and tc =×
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IIIb
IVb
Vb

VIc

IIIa
IVa
Va

VIb

IIb

600

Rec
α=1

Ia = T
Ib = R
IIa = T/LR
IIb = R/LR
IIIa = T/IR
IIIb = R/IR
IVa = T/(IK or K)
IVb = R/(IK or K)
Va = T
Vb = R
VIa = S
VIb = T/S
VIc = R/S
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IIa
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Figure 2.13
Stable rotational states of a prolate spheroid of rp = 4 in a linear shear flow as found by Rosén et al. (2014, 2015);
in regions with two stable states, the final state depends on initial conditions; and the steady state is created in
a saddle-node bifurcation at Rep = Rec . The abbreviations of rotational states are found in Table 2.1.
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At Rep = Rec, a steady state is created through a saddle-node bifurcation. This state will exist at all Rep > Rec.
However, if St is high enough, the particle can gain enough angular momentum for a planar rotation to
coexist with the steady state.
One of the main difficulties with the presented methods in this section (SBB and EBF) is the fact that
there is no local grid refinement close to the particle surface. At higher Rep, boundary layers need to be
resolved around the particle to get quantitative results of critical Reynolds numbers (e.g., Rec) that are independent of grid resolution. On the other hand, increasing resolution to fulfill the desired accuracy might be
computationally unfeasible due to the uniform grid. Fortunately, the qualitative dynamics and the sequence
of bifurcations are independent of resolution using the EBF method as long as w ≥ 6Δx (Rosén et al., 2015).
The conclusion is that these methods are excellent tools for exploring unknown qualitative features of nonspherical particles in flows, but methods with local grid refinement are desirable for obtaining quantitative
results at higher Rep.
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2.3.3 Suspension of Deformable Particles and Capsules
The dynamics of deformable capsules, vesicles, and soft particles have been of continued interest to the scientific community. Deformable particles exhibit much more complex dynamic behavior than rigid particles.
Also, treating them as rigid solids will not properly capture the micro and macroscopic properties.
In suspensions, these complex dynamics affect the rheology of the bulk flow, creating non-Newtonian
flow characteristics. For example, one of the most intensely studied deformable capsules, the red blood cell
(RBC), is the major constituent of blood. As the local shear increases, so does the deformation of RBC, which
results in a decreased suspension viscosity. This effect causes the shear-thinning behavior of blood.
2.3.3.1 Coupling Lattice Boltzmann with Finite Element Method

MacMeccan et al. (2009) introduced a method to simulate both deformable solid particles and deformable
fluid-filled membranes, namely, capsules. This method couples the LBM for the fluid phase to a linear-elastic
finite element analysis (FEA) describing particle deformation.
For deformable solid particles, the shear elastic number (Goddard Miller, 1967, Pal, 2003), Nse = μγ ·/GS ,
governs particle deformation, where μ is the fluid dynamic viscosity, γ is the fluid shear rate, and GS is the
particle shear modulus. For fluid-filled elastic capsules, the capillary number, CaG = μγ · R/GM, governs particle deformation, where R is the particle radius and GM is the effective membrane shear modulus (GM = GS · tM
for membranes with thickness, tM).
In both cases, deformable solid particle and fluid-filled elastic capsules, the trajectory and deformation of
an elastic deformable particle are governed by Cauchy’s equation,
Drsus
= Ñ ×T
Dt

(2.110)

in which the left-hand side is the material derivative of solid momentum and T is the elastic stress tensor.
A transient FEA is chosen to calculate the time evolution of deformable particles in suspension, which integrates virtual work over the volume of the element:

òtr(e ÄT )dV = ò X ×F dA +ò X ×F dV
tr

b

(2.111)

where
X is the elemental virtual displacements
e is an elemental virtual strain due to virtual displacements
Ftr are the traction stresses on the surface
Fb is the body stresses
A is the surface area
V is the volume
In this method, linear-elastic solid elements are used to model solid deformable particles such as platelets,
and linear-elastic shell elements are used to model deformable fluid-filled membranes such as RBCs. The
linear-elastic solid element is shown in Figure 2.14a with four nodes, and the linear-elastic shell element is
shown in Figure 2.14b with three nodes.
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(a) Linear-elastic solid element with four nodes (tetrahedron) and (b) linear-elastic shell element with three
nodes (triangle). Shell elements have a constant thickness and rotational degrees of freedom along elemental coordinates at each node for bending stiffness.

Through an interpolation or shape function, nodal displacements and positions can be related to elemental
displacements and positions (for details, see MacMeccan et al., 2009, and Clausen, 2010). The integrals in 37
are evaluated in terms of nodal virtual displacements; elemental stiffness and mass matrices are constructed
from elemental material properties such as density and elasticity. A detailed derivation of this process can
be found in Bathe (1996). On summing over all elements in the object, the resulting transient finite element
equation is obtained:
Mx + Cx + Kx = F

(2.112)

which determines the time evolution of the nodal displacement vector, x, and its time derivatives, x and
 where the nodal displacement vector is defined as the deformed node location minus the undeformed
x,
node location. The global mass, M, and stiffness, K, matrices are constructed from summing the elemental
matrices, and the force vector, F, is calculated from traction forces resulting from the fluid–solid coupling.
This transient finite element equation, 38, is solved using Newmark’s integration method (for details, see
MacMeccan et al., 2009, and Clausen, 2010).
In order to simulate large numbers of deformable particles in suspension, it is necessary to improve the efficiency of FEA by making the assumption of small body-fixed deformation. To comply with this assumption,
a particle coordinate system is fixed on a particle’s center of mass and oriented using the average angular
displacement of the finite element nodes. Although elemental corotational procedures are typically used for
large rotation problems (Rankin and Brogan, 1986, Campanelli et al., 2000), when averaged, the corotational
procedure gives less consistent results than a simple average angular displacement. The use of a body-fixed
coordinate system for the solid particles results in invariant linear-elastic stiffness, mass, and damping matrices that may be determined a priori for each type of particle.
Coupling between fluid and solid is based on lattice links crossing the solid boundary. These lattice links
lie along lattice direction vectors and have endpoints on lattice nodes on either side of the particle boundary (Aidun et al., 1998). Lattice links are found on the discretized finite element surface using a ray-tracing
algorithm commonly used in computer graphics. In this method, rays are projected along the lattice directions and tested for intersection with the triangles comprising the solid surface using a fast and minimum
storage algorithm. The intersection is found through direct 3D calculation using barycentric coordinates,
which eliminate the need for 2D projections or calculation of the plane equation for the triangle. For more
details on this method, see the implementation by Moller and Trumbore (1997).
This LB–FEA hybrid method is capable of simulating O(102) particles at high volume fraction (40%) on a
desktop workstation. A snapshot from a wall-bounded shear simulation of 2472 RBCs at 40% volume fraction is shown in Figure 2.15 (Aidun and Clausen, 2010).
2.3.3.2 Coupling Lattice Boltzmann with Coarse-Grained Spectrin-Link Method

The spectrin-link (SL) method models the RBC membrane as a surface consisting of a triangular network.
High-resolution studies using SL modeling were conducted by Li et al. (Li et al., 2005). This study set the SL
2.3 The Lattice Boltzmann Method
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Figure 2.15
Wall-bounded simulation of 2472 deformable RBCs in shear at 40% concentration.

length scale to the same order of magnitude as the lengths of the proteins found in an actual RBC, see Figure
2.16 for a demonstration of this scale. While this method of modeling is incredibly realistic, it required the
use of >25,000 vertices per RBC. This level of fidelity is not suitable for simulations of blood flow with realistic hematocrit. The use of a coarse-graining SL approach (Pivkin and Karniadakis, 2008, Fedosov et al.,
2009) allows for the extension of the SL method to flows with thousands of deformable RBCs. One such
benefit of the coarse-grained SL approach is the ability to resolve RBC deformation in capillary and shear
flows (Pivkin and Karniadakis, 2008) where the high-resolution models are too expensive.
SL models, with the same number of vertices per RBC as linear finite element methods (MacMeccan
et al., 2009) use less computer memory and expense but slightly more MPI communication. The SL method
also does not require storage of a (3N)2 (where N is the number of surface nodes with 3 degrees of freedom)sized effective stiffness matrix inverse for updating RBC membrane deformation.
In the SL model, each RBC membrane consists of a network of points {xn,n ∈ 1…N}, which are the vertices of the RBC surface triangulation. The area of a triangle α ∈ 1…∏ formed by the vertices (l, m, n) is given
by Aα = 1/2|(xm− xl) × (xn− xl)|. The total area of the RBC surface is given by, Atotal =

å

å

aÎP

Aa, and the total

(x a n a )Aa /3, where xα = 1/3(xm + xn + xl) is the center of triangle α. The length
volume is given as W total =×
aÎP

of the link i ∈ 1…S connecting two vertices m and n is given by Li = |xm − xn|. The lists of unique links and
unique triangle pairs are established prior to simulations. The Helmholtz free energy of the system is given as
E {x n } =+
E in-plane E bending + E volume + E area .

(2.113)

The in-plane contribution relevant to shear properties is a force–length relationship rooted in DNA mechanics (Marko and Siggia, 1995, Bustamante et al., 2003). The bending contribution takes into account the spontaneous and instantaneous angles between adjacent pairs of triangles (Fedosov et al., 2009). The constraint
on volume ensures the volume of the RBC enclosed by the triangulated membrane remains constant, with
a similar constraint on the surface area. This conservation of area is essential in a realistic model of blood
cells. Each of the vertices combines to form the triangulated RBC membrane surface advances according to
Newton’s equations of motion:
dx n
dv
==
vn ; M n fn + fnLB + fnPP
dt
dt
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(a)

(b)

Figure 2.16
(a) A highly magnified image of a spread membrane skeleton derived from normal red cell ghosts. Displayed to provide a scale
to the order of the proteins in an actual red blood cell. (b) A diagram demonstrating the structure of the proteins in a red blood
cell (Liu et al., 1987).

where vn is the velocity of vertex n and M is taken to be a fictitious mass at each point chosen to yield the same
membrane mass as previous linear finite element studies (MacMeccan et al., 2009). The external forces fnLB are
forces on the vertex due to fluid–structure interaction and fnPP are forces due to particle–particle interactions.
The forces due to the SL model via Helmholtz free energy contributions are denoted by fn and are given as
fn = -

¶E {x n }
¶x n

(2.115)

This method uses analytic forms obtained by using Mathematica’s symbolic manipulation capabilities as
was the case in Pivkin and Karniadakis (2008). This method aims to minimize the total energy given from
Equation 2.113. In the absence of bending energy, the equilibrium shape will be a sphere with the volume
specified by a desired RBC volume. When bending energy is present, the equilibrium shape is a biconcave
disk representative of a RBC. As a result, spherical membrane meshes can be used as a starting point for
RBC simulations. Equation 2.114 are solved using a first-order accurate time integration scheme.
2.3.4 Suspension of Deformable Fibers
Modeling suspensions of deformable fibers are of interest in many material processing applications, for
example, papermaking (Lundell et al., 2011). Fibers are characterized by the fact that they have a large aspect
ratio: the smallest length scale is very small compared to the fiber length. Thus, the resolution needs to be
very high if the flow on the length scale of the fiber diameter is to be resolved and systems much larger than
the fiber length cannot be simulated. Furthermore, the deformation of the fibers needs to be modeled.
Wu and Aidun (2010b) used LBM with EBF together with a flexible fiber model and showed that suspensions with deformable fibers could be modeled without totally resolving the flow on the fiber diameter scale
and the resolution is approximately one lattice per fiber diameter. The simulation results obtained from the
model agree well with available measurements, both in terms of fiber deformation and rheological data. This
method has been used to investigate the effect of fiber stiffness on the rheology of sheared fiber suspensions
(Wu and Aidun, 2010c).
2.3.4.1 Flexible Fiber Model and Fluid–Solid Interaction

The fibers are assumed to have elastic and shear moduli of Eγ and EG, respectively, and each fiber is modeled
as a chain of rods connected by hinges (see Figure 2.17). A fiber bends and twists at the hinges and changes
length by the elasticity of the rods, which remain straight. The resistances to elongation, bending, and twisting are given by Eγ and EG. The fiber is exposed to forces and the total force on a fiber determines its acceleration whereas the distribution of this force among its hinges determines its deformation.
2.3 The Lattice Boltzmann Method
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Figure 2.17
(a) Illustration of a fiber consisting of rods and hinges with external forces acting on the hinges. (b) Two rods and three hinges
with the fiber boundary nodes are indicated (Wu and Aidun, 2010b).
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There are several sources of forces on a fiber. The fluid–structure interaction forces Ffsi can be complemented
with gravity Fgra and other forces due to external fields. There are also interparticle forces (electrical Fele, contact
Fcon, or lubrication Flub). The fibers are assumed to be large enough so that Brownian forces can be neglected.
In a model used by previous investigators (Wu and Aidun, 2010b,c), all forces on the fiber are exerted
on the hinges. Since buoyant fibers with no external field are only exposed to the fluid–solid interaction
forces Ffsi, they are calculated according to equation 3 at the four boundary nodes of each hinge. In order
to prevent fibers from crossing each other and avoid singularities, a lubrication force (Yamane et al., 1994)
proportional to the relative velocity between two hinges is used if the hinges are closer to each other than
0.25D. In order to ensure stability, the hinge velocities are reset to nonapproaching values if the hinges
come very close to each other in spite of the lubrication force (which is repelling for approaching hinges).
2.3.4.2 Example Results

A model of suspensions of flexible fibers should be evaluated by its ability to predict both single fiber motion
and suspension rheology. In Figure 2.18a, it is shown that the calculated flipping period of a fiber in linear shear
flow from the LBM-EBF model agrees with previous results. For the flexible fibers, Figure 2.18b shows that the
position of the fiber endpoints agrees well with the experiments of EMBC (2009) who took photographs of a
long nylon filament (with an aspect ratio of 170) at short time intervals during rotation in shear.
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Figure 2.18
(a) Period for one rotation in creeping shear flow as a function of fiber aspect ratio rp for a stiff fiber compared with theoretical
(Cox, 1971) and experimental (Trevelyan and Mason, 1951) results. (b) Trajectory of a fiber endpoint during one flip of elastic fibers;
the full, dashed, and dotted lines are present simulations and markers are (EMBC, 2009) at different shear rates. The physical
properties of the liquid and fibers are matched. (From Wu, J. and Aidun, C.K., Int. J. Multiphase Flow, 36, 202, 2010b.)
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Figure 2.19
(a) Relative shear viscosity as a function of fiber volume fraction from present simulations (open symbols) and previous experiments (Bibbo, 1987). The bending ratios are 2942, 248, and 42 for rp = 16, 32, and 52, respectively. (b) Relative viscosity as a function of bending ratio for an aspect ratio of rp = 16 and a fiber volume fraction of cvf = 0.053. (From Wu, J. and Aidun, C.K., Int. J.
Multiphase Flow, 36, 202, 2010b.)

The stiffness of fibers is often characterized by the nondimensional bending ratio
BR =

E g (ln 2re - 15)
2mg rp4

where
r p is the aspect ratio of the cylindrical fiber
re = 1.24rp / ln rp is an equivalent aspect ratio relating results for ellipsoids with results to circular cylinders
μ is the dynamic viscosity of the fluid
g is the shear rate
Rheological verification for elastic fibers is demonstrated in Figure 2.19a where the relative shear viscosity
obtained from the LBM-EBF method as a function of volume fraction is shown to agree with experiments
(Bibbo, 1987) for rp = 16, 32, and 52 (BR = 2942, 248, and 42). The LBM-EBF simulations can also be used to
study the decay of relative shear viscosity as BR is increased; see Figure 2.19.
2.3.5 Liquid–Gas Flow
Since very early into the development of LB models, investigators have been attempting to develop a method of
studying multiphase flow problems. At first glance, it would seem that LB lends itself quite naturally to these
problems. Because of the way the model works, the fluids in question can be modeled individually with some
manner of separating influence acting between them. Building on this idea, the earliest idea in LB multiphase
modeling was formed. The R–K model, developed by Rothman and Keller (1988), was later refined into the color
fluid model proposed by Gunstensen et al. (1991). This method worked on the idea described earlier. It introduces a distribution function for each fluid and then added a segregation step that forced particles of each fluid
into their own regions. Soon after, another idea, following the same premise of modeling the two fluids independently and interacting them, was developed. This was the Shan and Chen method (Shan and Chen, 1993).
Rather than interacting the fluids by forcing them apart with a separation step, the S–C method introduced an
external force acting on both fluids. This was the interaction force between the two fluids. The S–C model is the
most popular LB variant for the modeling of multiphase problems; most likely because of the ease with which it
is implemented. However, the S–C model has a number of problems that will be detailed later in this section. In
response to these problems a couple of new methods arose: the free energy method and the mean field theory
model. These two models operate on completely different theories than the R–K and S–C models. The previous
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two models were very intuitive. When there was a single fluid, there would be a density distribution function
for it. So, if there are two fluids, then there should be a density distribution for each fluid. Afterward, some
manner of interaction is added to ensure that all the fluids involved are affected by one another. However, the
next two models operate very differently. They take advantage of the fact that density is not the only property
that can be expressed as a distribution function and modeled with an evolution equation. The free energy
model, developed by Swift et al. (1995), solves an evolution equation with a distribution function of the total
density and another evolution equation with a distribution function of the difference in the densities. Next, the
mean field theory model was proposed by He et al. (1999). This model introduces a distribution function for
pressure and a distribution function for an index function, which is function of the two densities.
2.3.5.1 The R–K (Rothman and Keller) Model

This model begins by creating a density distribution function for each fluid:
f ki (x + ek ,t + dt ) - f ki (x ,t ) = -

1 i
é f k (x ,t ) - f ki ,eq (x ,t )ù + Wi ,
û
ti ë

(2.116)
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Here, the superscript i denotes which fluid is being studied and ranges from 1 to the total number of fluids, α.
Also immediately noticeable is the presence of an extra term, Ωi, added to the LBGK collision term. This
extra term in the collision operator has been modified by several investigators in the past; the extension for
D2Q9 proposed by Grunau et al. (1993) had it in the form
Wi =

Ai | Co | ek ×Co 3
2
| Co |2 4

(2.117)

Here, Co is an approximation of the gradient of the density difference, written for two fluids as
8

å


 
Co(x ) =+
ek (r1(x ek ) - r2 (x + e k ))

(2.118)

k =1

One more important change to the collation operator is in the equilibrium density distribution function
itself. In order to ensure a stable interface, a modified version of the pressure-corrected equilibrium distribution function proposed by Chen et al. (1991) is used. The details of the modification to this single-phase
function can also be found in Grunau et al. (1993).
2.3.5.2 Shan and Chen Model

As mentioned earlier, the S–C model keeps with the theme introduced by the R–K model of simply adding
another density distribution function for each fluid and allowing for some interaction. As with R–K, we first
introduce an evolution equation for the density distribution of each fluid; in this model, we use
f ki (x + ek ,t + dt ) - f ki (x ,t ) = -

1 i
é f k (x ,t ) - f ki ,eq (x ,t )ù
û
ti ë

(2.119)

and as earlier
8

å

8

å

f ki ==
ri and
f kiek riu i

(2.120)

1
k ==
k 1

The S–C model differs from the R–K model in how the fluids in question are allowed to interact. To allow
for the interaction, a modified velocity term is included in the calculation of the equilibrium density distribution function. To calculate this modified velocity, first, a common velocity term, u i , is needed. This is
calculated by what is effectively mass averaging

å
å

riu i
i =1 ti
a ri
i =1 ti
a

i

u =

122

(2.121)

2. Computational Methods

Now, the modified velocity, sometimes called the equilibrium velocity, can be determined by
ieq

riu ieq =+
ri u
ti F i

(2.122)

Here, the force term, Fi, is the sum of the forces acting on the fluid i at the node; this means other forces
can be added to the model as well. A good example, demonstrated by Huang et al. (2009), is the inclusion of
external forces and adhesion forces. For simplicity, in this demonstration, only the interparticle forces will
be considered. The derivation of the interparticle forces, demonstrated in Martys and Chen (1996), is rather
simple. Start with the interaction potential
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V (x , x ) = G i ,l yi (x )yl (x )

(2.123)

 ψi is
This is the equation for the interaction potential between a fluid i at a position x and a fluid l at a position x.
the effective mass of fluid i at position x. The effective mass is a function of density derived from the equation of
state. It is shown by Yuan and Schaefer (2006) that with pressure as a function of density known, an expression
for the effective mass can be derived. Finally, G controls the strength of the interaction between the two points
in question. At this point, the model makes a key simplification. It assumes that only the neighboring nodes
affect the interaction. This allows the description of the rate of change of momentum to be simplified, which in
turn allows for an expression for the interparticle force as
a

å åG (x , x)y (x)(x - x)



Finti (x ) = -yl (x )

x

il

l

(2.124)

l=1

Again, it should be emphasized that this G is assumed to be 0 for any two nodes, except when they are
directly adjacent. With this, it is possible to calculate the equilibrium velocity, and the equilibrium velocity
can be used to calculate the equilibrium density distribution function. This part of the method is identical
to the process in the single relaxation time lattice Boltzmann.
2.3.5.3 Free Energy Model

The free energy model is immediately different from the previous two models. It introduces three new variables: total density, ρt; mean fluid velocity, u; and the density difference, Δρ. For two fluids
rt =+
r1 r2 and Drt = r1 - r2

(2.125)

The density distribution function of ρt is called f, due to it similarity to the density distribution function in
single-fluid lattice Boltzmann. The density distribution function of Δρ is called Δ. These distribution functions can be related to their physical counterparts by

åf
k

k

å

åD

==
r,
f kek ru , and
k

k

= Dr

(2.126)

k

Now the two evolution equations can be introduced:
f ki (x + ek ,t + dt ) - f ki (x ,t ) = -

1 i
é f k (x ,t ) - f ki ,eq (x ,t )ù
û
tt ë

(2.127)

Dik (x + ek ,t + dt ) - Dik (x ,t ) = -

1 i
é Dk (x ,t ) - Dik,eq (x ,t )ù
û
tD ë

(2.128)

The equilibrium functions and their derivations can be found in the original paper by Swift et al. (1995).
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2.3.5.4 The Mean Field Theory Model

Like the free energy model, the mean field theory model operates with distributions of new variables. The
first distribution function is g, where g is related to the density distribution function f by
g =+
fRT y(r)G(0)

(2.129)

As earlier, the function, Ψ(ρ), is the effective mass and can be determined from the equation of state. R is the
gas constant and T is the temperature. The function, Γ(u), is dependent on the velocity by
G(u) =

1
exp
(2pRT )D /2

(ek -u )
2 RT

(2.130)

where D is the dimension of the problem. From what is known about the density distribution function and
the definition of incompressible fluids, He et al. (1999) derive an evolution equation for g as
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g ki (x + ek ,t + dt ) - g ki (x ,t ) = -

1 i
é g k (x ,t ) - g ki,eq (x ,t )ù + (ek - u) ×(G(u)(Fs +Fb ) - (G(u) - G(0))ÑY(r))
û
tt ë

(2.131)

Here,
Fb is an external body force
Fs is a force associated with the surface tension
From g, the total density and total velocity can be recovered by

åg

k

å

==
r and
g kek rRTu

k

(2.132)

k

This alone cannot close the equations in multiphase problems. Another variable is introduced, an index
function, ϕ, such as the ones introduced in the level set approaches used by Osher and Sethian (1988). Its
distribution function h is defined by

åh

k

=f

(2.133)

k

And the evolution equation for h comes to
hki (x + ek ,t + dt ) - hki (x ,t ) = -

1 i
(e - u) ×ÑY(f)
éhk (x ,t ) - hki,eq (x ,t )ù + k
G(u)
û
RT
tt ë

(2.134)

It can be shown that g and h have simple equilibrium equations of the form
h eq = fG(u)

(2.135)

g eq =+
rRTG(u) Y(r)G(0)

(2.136)

2.3.5.5 Front Tracking in Lattice Boltzmann

There exist a number of problems with each of these methods of treating multiphase problems with lattice Boltzmann. Since the S–C method is the most popular method, its problems have been discussed the
most. In particular, the S–C method has difficulty in producing a sharp boundary. The method produces
a great deal of unphysical diffusion that blurs the interface between fluids. This problem can be eliminated by switching to another method; the mean field theory method in particular produces a very sharp
interface by virtue of how the index function works. However, no other method can match S–C in the
ease with which it is implemented. In recent years, research has been done in using front tracking with
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the S–C model. The aim is to maintain the simplicity of the S–C method and produce a sharp interface.
In the past, Popinet and Zaleski (1999) used the idea of placing a large number of particles on an interface
and tracking the movements of these particles to get a more accurate representation of the evolution of the
interface. The idea has since also been used by Shin et al. (2005). This method works by placing a dense line
of particles over the initial fluid interface. These particles do not interact with one another and they only
interact with the fluid. The idea is that the particles should be moving with the fluid flow. Any deviation
between the location of the interface and the location of the particles must be a numerical error and needs
to be corrected.
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2.4 Immersed Boundary Method
Zhi-Gang Feng and Efstathios E. Michaelides

2.4.1 Introduction
The prescription of the interfacial boundary conditions is a rather peculiar feature within the framework
of the governing equations the numerical codes solve. In our Newtonian scientific framework, the governing equations that are solved for the transport of momentum are given in terms of forces (rates of change of
momentum), while velocity interfacial conditions need to be prescribed at the interface by a commonly agreed
convention or experimental data. A more consistent approach within the Newtonian framework would be to
describe the interfaces and other boundaries in terms of interfacial forces. Peskin (1977) used such an approach
and developed the immersed boundary method (IBM) in order to model the flow of blood in the heart. The
method uses a fixed Cartesian mesh for the fluid, which is composed of Eulerian nodes. For the solid boundaries, which are immersed in the fluid, the IBM uses a set of Lagrangian points that are advected according to
the rules of fluid–solid interactions. The boundaries are modeled as continuous force fields acting on the fluid.
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Feng and Michaelides (2004) combined the IBM and the lattice Boltzmann method (LBM) for the first
time to model the flow and interactions of groups of particles in flow systems. They computed the boundary
surface force at the interfaces using a numerical penalty method. The advantage of the IBM is that instead
of remeshing the fluid domain to account for the flow of particles, the method uses a fixed mesh to represent the fluid field. The moving boundaries of the particles are represented by a set of Lagrangian boundary
points, which are advected by the fluid. Feng and Michaelides (2005) developed the Proteus code, using a
numerical method that combines direct forcing (DF) scheme (Mohd-Yusof, 1997) and the IBM. Proteus
makes use of Eulerian lattice nodes for the fluid flow field and Lagrangian boundary nodes to represent
particles or moving boundary surfaces. A few months later, Uhlmann (2005) also developed a similar computational method that combines the IBM with a finite-difference-based fluid solver. This section describes
in more detail the implementation of the IBM in isothermal particulate flows as well as particulate flows
with interfacial heat and mass transfer. A recent extension of the IBM has been developed in combination
with the resolved discrete particle model (RDPM) to be used primarily with heat and mass interaction in the
particulate flow systems. This numerical scheme has also received significant attention (Gan et al., 2003, Yu
and Shao, 2007, Feng and Michaelides 2008, 2009a, Tavassoli et al., 2013, Tenetti et al., 2013) and is briefly
described at the end of this section.
2.4.2 Fundamentals of the Immersed Boundary Method
The key characteristic of the IBM is that the existence of a solid body is represented by its effect on the
fluid as a force field. This is implemented by introducing a body force density term into the fluid momentum equations. Let us consider a particle with a boundary surface, Γ, immersed in a 3D incompressible viscous fluid with a domain, Ω. The particle boundary surface, Γ, is represented by the Lagrangian
parametric coordinates, s, and the flow domain, Ω, is represented by the Eulerian coordinates x. Hence,
the positions of the surface may be written as x = X(s,t). The no-slip boundary condition at the particle
surface is satisfied by enforcing the velocity at all interfaces to be equal to the velocity of the fluid at the
same location:
¶X ( s ,t )
= u(X ( s ,t ) ,t ),
¶t

(2.137)

where u is the fluid velocity. Let F(s,t) and f(x,t) represent the particle surface force density and the fluid body
force density, respectively. In this treatment of the particulate system, the entire domain, Ω, can be regarded
to be filled with fluid, and its velocity field is described by
æ ¶u
ö
rç
+ u ×Ñu ÷ = mÑ2u - Ñp + f .
è ¶t
ø

(2.138)

Ñ × u = 0.

(2.139)

f ( x ,t ) = F ( s ,t ) d ( x - X ( s ,t ) ) ds ,

(2.140)

with

ò
G

and
¶X
= u ( x ,t ) d ( x - X ( s ,t ) ) dx ,
¶t

ò

(2.141)

W

where
p(x,t) is the fluid pressure
ρ is the fluid density
μ is the fluid viscosity
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Equations 2.138 and 2.139 are the governing equations for viscous, isothermal, incompressible flow, which
include the effect of the particle interface as a force density. Equation 2.140 shows how the force density
of the fluid, f(x,t), may be calculated from the immersed boundary surface force density, F(s,t). Equation
2.141 is essentially the no-slip condition at the interface, since the particle moves at the same velocity as the
neighboring fluid.
In its original development, the IBM theory was tailored for solving the interaction between elastic fibers
and fluid. To model a particle, the density force is only defined on the particle surface, as indicated by
Equation 2.140. This force field is set to be zero inside the particle. In the numerical implementation of the
IBM, the entire fluid domain, including the parts that are occupied by immersed bodies, is divided into a
set of fixed regular nodes. The fixed nodes are not moving with the flow and are simple Eulerian nodes. The
immersed fiber is discretized by a set of segments with each segment represented by a boundary point that
moves under the action of the fluid. We will call these boundary Lagrangian nodes. It must be noted that the
Lagrangian nodes do not necessarily coincide with the Eulerian nodes.
There are several schemes to compute the surface force density associated with the Lagrangian nodes
that represent the fluid–particle interface. For example, the penalty method considers the particle boundary as an elastic fiber with high stiffness in the case of modeling solid particles (Feng and Michaelides,
2004). In this case, we define a set of reference nodes and a set of boundary nodes for each particle. We
use a template that is undergoing a rigid body motion consisting of the reference nodes. Before the particle deforms, the reference nodes are coincident with the particle boundary nodes. Once the particle has
deformed under particle–fluid interaction, the particle boundary nodes are compared to the reference
nodes. During one time step, the reference nodes are following the motion of a template that is a rigid
particle, while the boundary nodes are following the motion of fluid, thus resulting in a distortion. Such
a distortion between the boundary nodes and reference nodes causes an elastic restoration force on the
particle boundary node. This method requires the input in the computational scheme for the stiffness of
the fiber or particle. A very large value for the stiffness is used for modeling solid particles.
Figure 2.20 is a schematic diagram of the main steps that constitute the IBM. Part (a) shows the boundary
of an ellipsoidal particle, which is carried by the fluid, within the Eulerian grid where the fluid computations
take place. Part (b) shows the discretization of the fluid–particle interface using a fixed number of points.
If the interface is deformable, these interfacial points are connected by springs with finite spring constants
(Feng and Michaelides, 2004). If the interface is rigid, the spring constant value is set to be very large. Part
(c) depicts the substitution of the ellipsoidal particle surface and its effect on the fluid domain by a system
of forces acting on the nodes of the Lagrangian grid. Part (d) is the final step in the interface modeling and
shows the spreading of the forces from the Lagrangian points that move with the particle to the nodes of the
Eulerian grid, which are stationary and where the flow computations take place.
In modeling the interactions between a rigid body and a fluid, the IBM can be extended by replacing
the surface force F with a body force f that acts only in the region occupied by the solid. The body force
in the region of the particles is determined in a way to enforce that this region moves exactly like a solid.

Γ

x = X(s,t)

x = X(s,t)

F(s,t)

f(x,t)

(c)

(d)

Ω
(a)

(b)

Figure 2.20
The four main steps in the implementation of the IBM. From left to right: (a) The Eulerian grid and the (ellipsoidal) particle whose
surface is described by the parameter s, X(s,t), (b) discretization of the particle surface into Lagrangian points, (c) substitution of
the particle surface with a system of forces at the Lagrangian points that enforce the no-slip velocity condition, and (d) spreading of the forces in the Eulerian grids in the form of force density.
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This method is called DF scheme and provides a very good way to compute the velocity field. Unlike the
penalty method, this method does not require another artificial input. If we consider the entire geometric
domain as being occupied by fluid, with the body density force acting in regions that are known to be occupied by a solid particle, the fluid motion can be described by Equations 2.138 and 2.139.
Let us assume that the velocity in the regions occupied by a solid particle represents/mimics the motion
of a solid particle is u. Then the force density must satisfy the following equation:
æ ¶u
ö
f = rç
+ u ×Ñu ÷- mÑ2u + Ñp.
è ¶t
ø

(2.142)
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Therefore, the body force at a point XP can be computed by replacing the fluid velocity u in Equation 2.142
with the expected velocity of that point attached to the particle, UP. With known velocity and pressure fields
at the time step t = tn, we then have an explicit scheme to determine the force term at the Lagrangian boundary point L at time t = tn+1:
æ U (n +1) - uP(n )
ö
n
n
n
n
f P(n +1) =+
rç P
uP( ) ×ÑuP( ) ÷- mÑ ×ÑuP( ) + ÑpP( ) .
ç
÷
t
D
è
ø

(2.143)

For a rigid particle, some of the terms in this Equation 2.143 can be further simplified. For example, the
viscous force can be dropped because of the zero strain rate when the fluid is within the solid boundary and
undergoes a rigid body motion. However, in order to reduce computational complexity, the force density
is typically set to zero inside the boundaries of particles and the inside fluid is not strictly in rigid body
motion.
Mohd-Yusof (1997) proposed this scheme to compute the body force directly at the Eulerian nodes with
interpolation. In the case of particulate flows, where the particle interfaces are constantly moving, the task
to directly compute these forces at the Eulerian nodes becomes formidable, and for this reason, Feng and
Michaelides (2005) computed the force density at a Lagrangian point, P, using Equation 2.143. The velocity
at P can be obtained using Equation 2.141 with a delta function. Alternatively, one may employ a bilinear
interpolation using the velocity values of four neighboring grid points for 2D flows or eight neighboring grid
points for 3D flows. This scheme was adopted in the Proteus code and is obtained through interpolations
based on their values at the surrounding Eulerian nodes. The calculated force density is then spread from the
Lagrangian points to the neighboring Eulerian points, where the computations take place. Goldstein et al.
(1993) explained this spreading as the smoothing of the boundary surface and used a Gaussian function to
smoothen the boundary within one grid spacing. In the Proteus code, a delta function was used to spread the
force density to the nearby Eulerian nodes.
When the fractional step method is used in a Navier–Stokes solver, let u* be the intermediate velocity
without including the body force:
r

æ u * - u (n ) ö
¶u
= rç
÷ = -RHS(u *).
¶t
è Dt ø

(2.144)

¶u
−RHS (u*) is the sum of all the terms in Equation 2.138 other than r
and the body force f after they are
¶t
moved to the right hand side of the equation.
When the force term is included, we use the expression
æ U (n +1) - u (n ) ö
÷ = -RHS (u * ) + f (n +1) .
rç P
ç
÷
Dt
è
ø

(2.145)

From these two equations and by replacing the flow velocity at t = tn+1 with the particle velocity, the density
force can be easily computed as follows:
f(
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n +1)

æ U (n +1) - u * ö
= rç P
.
÷
ç
÷
Dt
è
ø

(2.146)
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When the DF scheme is used, the force acting on the particle can be obtained by integrating the fluid stress
over the particle surface:

ò

ò

F =×
s ndS =+
- fdV r
G

W

ò

ò

d
dU s
udV =+
- fdV r f Vs
.
dt
dt
W

(2.147)

W

where
ρf is the fluid density
Vs is the volume of the particle
Us is the particle velocity
σ is the fluid stress tensor at the particle–fluid interface
n is the outward normal unit vector
When the particle is fixed, one can calculate the particle drag from first principles as follows:

ò
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FD = - fdV.

(2.148)

W

The volume integral is taken only over the external layer where the force density is nonzero.
When the Lagrangian nodes of the external layer or the boundary nodes are placed exactly at the
particle–fluid interface, the use of a delta function to spread the body force field results the distributed
forces cover a volume that is larger than the volume of the particle. Consequently, the size of the particle that influences the flow field is larger, and this may introduce errors in the interfacial transport
of mass, momentum, and energy. To achieve better accuracy, each boundary node has to be placed at
the centroid of the small volume associated with the body force (typically, it is beneath the particle
surface by about 0.5 grid steps when a very fine grid is used) rather than on the particle surface (Feng
and Michaelides, 2009b).
2.4.3 Numerical Implementation of the IBM in 3D Isothermal Flows
This section contains details of the numerical implementation of the IBM in 3D isothermal flows when
the DF scheme is used to determine the density force. Consider solid particles suspended in a Newtonian
flow. The entire flow domain is discretized with a fixed regular grid or Eulerian grid. At time step t n a
n
solid particle whose mass center is at point C and has a translational velocity U s( ) at C and angular veloc(n )
ity ws . In order to obtain the particle drag, determine the particle motion, and solve the flow velocity at
the next time step tn+1, we need to compute the force density due to the momentum interactions between
the particle and fluid.
The first issue arising in the implementation of the IBM is how to set up the Lagrangian boundary
nodes in order to accurately represent the particle surface. For a spherical particle in three dimensions, it
is impossible to find evenly distributed boundary nodes that represent the surface of the sphere. Feng and
Michaelides (2005, 2009b) used a number of strips, with the width of a strip being comparable to the grid
spacing. Each strip is composed of a number of evenly distributed points. The number of the points in each
strip is chosen in a way that the spacing between two neighboring points is approximately equal to the width
of the strips. The boundary nodes are placed slightly beneath the actual particle–fluid interface, as discussed
at the end of the previous subsection.
After outlining the particle with a set of boundary nodes, the velocity at a boundary node XP can be
determined by the expression
n +1
n +1
U P( ) =+
U s( ) ws ´ (X P - X C ).

(2.149)

To force the fluid velocity at the next time step tn+1 to be equal to the predicted particle velocity at the
Lagrangian boundary node, U P(n +1) , the force can be computed at each Lagrangian boundary node using the
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DF scheme, Equation 2.143 or 2.146. These forces are then spread in the Eulerian nodes, where the computations for the fluid motion take place.
The force corresponding to each Lagrangian boundary node is spread into all its neighboring Eulerian
nodes. The choice of the spreading function must meet certain criteria, which were discussed by Peskin (2002).
For the 3D simulations on a regular Eulerian grid of grid spacing h, the following expressions can be used:
ì1 é
æ pr ö ù
ï ê1 + cos ç ÷ú ,
d (r ) = í 4 ë
è 2h ø û
ï0,
î

r £ 2h

(2.150)

,

r > 2h

and
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D ( x - x mn ) = d ( x - x mn ) d ( y - y mn ) d(z - z mn ).

(2.151)

With the use of these expressions, the spreading occurs within a distance of two units of the Eulerian grid
spacing from each Lagrangian node. The spreading process is performed for each Lagrangian boundary node.
The force on each Eulerian node is the summation of all the contributions from the surrounding Lagrangian
boundary nodes. The spreading process can be stated succinctly as follows: For a system of N number of
particles, with M Lagrangian boundary nodes used to represent each particle, and the force density at these
Lagrangian boundary nodes f(xmn(t),t), the flow force density at an Eulerian node xi is computed as follows:
f ( x i ,t ) =

N

M

åå f ( x

mn

(t ) ,t ) ( dV )mn D ( xi - xmn (t ) )

n ==
1 m 1

1
,
h3

(2.152)

where
xmn is the position of the mth Lagrangian boundary point for the nth particle at the time t
δVmn is the volume represented by boundary point, xmn; and the function D(r) is given by Equation 2.151
It must be pointed out that in the original concept of IBM proposed by Peskin (1977), the surface force is
used for mimicking a solid boundary. In this case, the volume associated with Lagrangian point, δVmn,
should be replaced by the surface area associated with the boundary point, δAmn . This applies to the case
when the penalty method is used. However, when DF scheme is used, the surface force can be converted
to volume force based on the Cauchy theorem, which will be seen in Equation 2.158.
In general, the spreading of forces from the Lagrangian nodes to Eulerian nodes may deteriorate the
accuracy of the results, especially when flow Reynolds number becomes high. Several authors proposed
schemes such as sharp immersed boundary to improve the accuracy (Cristallo et al., 2006) in the case of
fixed boundary. However, some of these methods are cumbersome to be used for particles in motion.
Once the force is transferred onto Eulerian nodes as a body force, the fluid velocity can then be determined. This is done by either solving the Navier–Stokes equation with an added body force or using other
fluid solvers, such as the LBM. In the original implementation of the IBM (Feng and Michaelides, 2004,
2005), the fluid velocity was solved using the LBM. The latter originates from the Boltzmann equation,
which describes the statistical behavior of a very large number of particles moving in a space:
¶f
æ ¶f ö
+ x ×Ñ x f + F ×Ñ x f = ç ÷ ,
¶t
è ¶t øcol

(2.153)

where
f is the particle probability density function
ξ is the particle’s velocity
F is the external force exerted on a particle
∇x and ∇ξ are gradient operators with respect to the position space x and the velocity space ξ, respectively
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The term on the right side accounts for the particle collision effect. The Boltzmann equation can be discretized in time, position space, as well as velocity space. Therefore, there are various schemes to solve
Equation 2.153 based on the ways of discretization and the number of relaxation times. The most commonly
used scheme is the explicit scheme that is commonly called the LBM.
In LBM, the fluid motion is modeled by the transport of imaginary fluid particles on the lattice
sites of a Cartesian grid. These fluid particles move from one lattice site to another site along a limited
number of specified directions to a neighboring site at discrete velocity per time step in two steps: first
streaming to the neighboring sites and then colliding with imaginary fluid particles at the local site.
A discretized distribution function, f i(x,t), is used to represent the populations of the particles residing
at the node x and moving in the ith direction. The evolution of the imaginary fluid particle distributions
resulting from the collision and streaming processes is modeled using the single-relaxation time (SRT)
Bhatnagar–Gross–Krook model (BGK),
1
3
eq
f i ( x + c i dt ,t + dt ) = f i ( x ,t ) - é f i ( x ,t ) - f i ( ) ( x ,t ) ù + wi f ×c i .
û 2
të

(2.154)
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where
ci is the fluid particle velocity along ith direction
τ is a relaxation time, which can be related to the fluid viscosity
wi is the weighting factor
the vector f is the body force term
When the IBM is used for enforcing the no-slip boundary condition on particle surface, the force density
can be treated as a body force term and added on the right side to account for the effect of the presence of the
particle. The fluid density, ρ, and velocity field, u, are obtained from fi(x,t) as follows:
r ( x ,t ) =

å f ( x ,t ) ,

(2.155)

i

i

and
r ( x ,t ) u ( x ,t ) =

å f ( x ,t ) c .

(2.156)

i

i

There are other numerical schemes in the literature for adding a body force term in Equation 2.154.
Mohamad and Kuzmin (2010) reported that there are no significant differences in the results obtained from
these schemes in most applications.
During the simulations of the particle motion, it is necessary to compute the total force and torque
acting on each particle. The force on a particle includes the gravity; the buoyancy; the particle collision
forces, Fcol; as well as the hydrodynamic force exerted by the fluid. Hence, the total force exerted on the
ith particle is
æ r
F = ç1 - f
è rs

ö
÷rsVs g +
ø

ò s ×ndS + F

col

(2.157)

,

G

where
Vs is the volume of the particle
ρf is the fluid density
ρs is the particle density
When the DF scheme is used, it is more convenient to replace the surface integral with a volume integral of
the body force within the particle. Utilizing the Gauss integral and the Cauchy theorem, we have
- fdV r
udV =+
- fdV r V
ò s × ndS =+
ò
ò
dt ò
d

f

G
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Thus, the conservation of linear momentum, P = ρsVsUs, follows
dP
dU s æ r f ö
dU s
==
rsVs
+ F col .
ç 1 - ÷rsVs g - fdV + r f Vs
dt
dt
dt
r
s
è
ø
V

ò

(2.159)

When a first-order forward finite difference numerical scheme is used to solve the earlier ODE, the term
ρf Vs(dUs/dt) is evaluated at the current time step tn. Without combining ρf Vs(dUs/dt) with ρsVs(dUs/dt), this
scheme is able to resolve the instability issue for low particle-fluid density ratio, as demonstrated by Feng
and Michaelides (2009b).
The torque on a particle is computed using the following expression:
T=

ò ( x - X

C

) ´ (s × n)dS.

(2.160)

G
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In the case of a spherical particle, its rotational motion can be described by the following equation:
d (I f ×ws )
dL d ( I s ×ws )
=
= - (x - X C ) ´ fdV +
+ T col ,
dt
dt
dt

ò

(2.161)

W

where
L is the angular momentum
Is and If are the moment of inertia matrices of the solid particle and fluid particle, respectively
We add a T col to include additional torques that may arise, such as the torque due to the tangential collision force
component when the soft-sphere collision model is used.
In order to minimize the skewing effect (drift) due to the accumulation of the numerical error when one
uses the rotational matrix of the particle, a unit quaternion is used to represent the rotation of the particles.
In the 3D implementation of the method, the following set of differential equations are solved to get the
equation of motion of a particle:
U s (t )
é
ù
é x (t ) ù ê
ú
1
ê
ú
d ê q(t ) ú ê X éëws (t ) ùû ×q(t )ú
= ê2
ú.
dt êP (t )ú ê
ú
F (t )
ê
ú ê
ú
(
)
t
L
ë
û ê
T (t )
ë
ûú

(2.162)

with the prescribed initial conditions. Here, q(t) is the unit quaternion form for the rotation matrix of the
particle with its initial value determined from the initial rotation matrix, Ξ(ωs(t)) is the rotational tensor
associated with ωs(t), which can be expressed as
Xij = -εijk wk

(2.163)

where εijk is the permutation tensor.
At any given time, the translational and rotational velocities of particles are computed by the following
expressions:
P (t )
U s (t ) =
,
ms

(2.164)

 (t ) = I s-1(t )L(t ),
w

(2.165)

and
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where ms = PsVs is the mass of the particle, Is(t) is the moment of inertia matrix of the particle in the current
coordinate system. This is related to the moment of inertia matrix Is0 at the initial coordinate system and the
rotation matrix of the particle, R s(t), by the expression
I s (t ) = R (t ) I s , 0 R (t ) .
T

(2.166)

This numerical scheme is capable of simulating the motion and rotation not only of spherical particles but
also of particles with irregular shapes. In the special case of spherical particles, Ii(t) is a constant diagonal
matrix:
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where a is the radius of the particle.
It must be noted that many times the rigid body motion inside the particle is not enforced a priori.
Therefore, the problem that is actually solved with these techniques is the interaction between a fluid and a
solid shell filled with the same fluid. The solid shell has the same boundary as the particle and carries the total
mass of the particle. The contribution of the interior fluid mass is typically ignored. In general, the contribution from the internal flow to the resulting motion of the particle is not significant for low-frequency flows.
One may enforce the rigid body motion for the internal fluid by setting up a few internal Lagrangian
points in order to remedy this deficiency. The velocity at these points is determined by the rigid body motion
of the particle. With this addition to the numerical scheme, an advantage of the DF scheme is that it enforces
the rigid body motion in the interior of the particles in a straightforward way.
There are a few recent developments in improving the accuracy and stability of the original implementation of the SRT-LBM-based explicit IBM. For example, Wu and Shu (2009) pointed out that the explicit IBM
method can only approximately satisfy the no-slip boundary condition at the Lagrangian nodes. They proposed an implicit velocity correction-based IBM that provides better accuracy. Lu et al. (2012) applied the
IBM with a multirelaxation time scheme LBM. Seta et al. (2014) developed a two-relaxation-times (TRT)based IBM and compared the simulation results between the SRT-LBM, the TRT-LBM, and the MRT-LBM.
2.4.4 Implementation of the IBM with Heat Transfer
In the case of nonisothermal flow due to the presence of hotter or colder particles suspended in a viscous
fluid or of particulate flow with heat transfer, a similar IB-based method can be proposed. Kim and Choi
(2004) proposed a method based on the IBM for the solution of 2D heat flow problems with complex
geometries. Pacheco et al. (2005) presented a finite volume IBM to study the heat transfer between a fixed
solid and a fluid.
A glance at the implementation of the IBM proves that the method is ideally suited for the solution of
applications involving simultaneous multiphase flow with mass and energy transfer. While for the momentum exchange the boundaries of particles are substituted with a system of forces, for the energy interactions the boundaries of particles may be substituted by a system of heat sources or heat sinks. Feng and
Michaelides (2008, 2009a) recognized this analogy and extended the IBM from isothermal systems of particulate flows to systems that included heat transfer. They used a DF scheme for the computations.
Similar to the momentum interaction equations, the temperature field in the Eulerian domain of the
fluid is governed by the following modified energy equation:
æ ¶T
ö
rf c f ç
+ u ×ÑT ÷ = k f Ñ2T + l,
¶
t
è
ø

(2.168)

where c f and kf are the specific heat and thermal conductivity of the fluid, respectively. The additional
term, λ, is an energy density term that is added to enforce the temperature field in the region occupied by
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the particles. As in the case of the momentum balance equations, this term is equal to zero in the field occupied by the fluid. In the solid region, this term is computed by the following equation:
æ ¶T
ö
l = rf c f ç
+ u ×ÑT ÷- k f Ñ2T ,
è ¶t
ø

(2.169)

In the original publications, the temperature of each particle was assumed to be uniform, that is, T = Ts(t),
which essentially implies that the Biot number vanishes (Bi ≪ 1). This assumption may be relaxed by solving
the energy equation inside the particles to obtain the temperature field, Ts(x,t), though the computational
cost could be prohibitive for a large number of particles.
The transient temperature of the particles, Ts(t), is determined by solving the following differential equation, which is obtained from the energy balance for each particle:
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The last term in the last equation is the rate of heat that would have entered the control volume occupied by
the sphere in the absence of the latter (Michaelides and Feng, 1994). In the case of constant particle temperature, the heat transfer rate between the particle and its surrounding fluid may be calculated by the volume
integral of energy density λ instead of a surface integral.
Whenever particles have different temperatures than the fluid, the term λ creates a temperature gradient
within the fluid, which would modify the fluid properties. This effect may be computed in a conceptually
easy manner by using empirical equations for the properties of the fluid at every point of the Eulerian grid.
For relatively small temperature differences between the particles and the fluid, the Boussinesq approximation is typically used successfully for the coupling of the energy and momentum equations. Hence, the
momentum equation of the fluid is written as follows:
æ ¶u
ö
+ u ×Ñu ÷ = -Ñp + m f Ñ2u + b f (T -T f 0 ) g + f , x Î W.
rf 0 ç
¶
t
è
ø

(2.171)

where
the subscript 0 denotes values far from the particles
βf is the thermal expansion coefficient of the fluid
The fluid velocity and temperature fields can also be solved using the LBM (Kang et al., 2011). More recently,
a variation of this method, the IBM-based resolved discrete particle method (IBM-RDPM), has been used to
study the convective heat transfer of particulate flows. An example of the application of this method is given
in the last part of this section.
2.4.5 Particle–Particle and Particle–Wall Interactions
When a Lagrangian–Eulerian method such as the RDPM is used in modeling particulate flows of large
groups of particles, interparticle collisions and collisions between particles and flow boundaries are
unavoidable and need to be modeled appropriately. In general, even at low Reynolds numbers, the Eulerian
grid used in a RDPM study is not fine enough to handle the lubrication force that develops between the
particles or between particles and a solid boundary, when the boundaries almost touch. Therefore, a
mechanism is necessary to be introduced in the IBM numerical scheme in order to account for the repulsive forces that develop before and during the collision processes. In the absence of such a mechanism,
the motion of the particles will result in the partial penetration of the particle surfaces. When significant
boundary penetrations occur, the computational results may become meaningless. Therefore, the prescription of a definitive collision scheme is necessary for any discrete particle method. This becomes even
more important when the particle phase is dense.
There are several collision schemes that have been reported in the literature. We will introduce three of the
most commonly used schemes: the soft-sphere scheme, the repulsive force scheme, and the lubrication scheme.
Notwithstanding, it must be pointed out that the general consensus is that the use of a particular collision
model will not significantly alter the simulation results for dilute particulate flows (Abdelsamie et al., 2014).
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2.4.5.1 Soft-Sphere Collision Scheme

The soft-sphere scheme is the most common collision model used in Eulerian–Lagrangian particulate flow
simulations. It allows particles to deform during a contact. However, the deformation is only used to determine collision force and particles remain geometrically rigid. This model is suitable for fixed time step
simulations since it allows multiple collisions within one time step. It is composed of a spring-dashpot system. The spring provides the elastic rebound while the dashpot dissipates energy. The collision force when
two spheres are in contact is composed of normal and tangential force components, which are calculated
from the overlapping displacement and their relative velocities. However, the spring can be a linear spring,
Hertzian spring, or other nonlinear spring. For small length and timescale simulations such as nanoparticles suspended in a fluid, the Hertzian spring model can be applied (Sloan et al., 2012). For most other
engineering applications, a linear spring model is sufficient to produce satisfactory results.
In the linear spring-dashpot model, the normal contact force between two particles, i (located at Xi)
and j (located at Xj), can be computed by the following expression:
f ijn = -kn dijn - hnuijn ,

(2.172)

dijn =+
Ri R j - X i - X j ,

(2.173)
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with

and
uijn =×
uij

Xi - X j
,
Xi - X j

(2.174)

where
n
dij is the normal overlapping displacement
kn and ηn are the normal spring stiffness and damping coefficient
uij is the relative velocity of particle j with respect to particle i
Here,
(2.175)

uij = U j - U i

where uijn is the relative normal velocity component of particle j with respect to particle i.
When one considers the friction at contact, the tangential contact force can be calculated from the following equation:
ì-kt dtij - ht uijt
ïï
t
f ijt = í
n dij
ï mk f ij t
dij
ïî

if f ijt £ ms f ijn
if f ijt > ms f ijn

(2.176)

.

where
μs and μk are the coefficients of static and dynamic friction, respectively
t
dij is the tangential overlapping displacement
kt and ηt are the tangential spring stiffness and damping coefficients, respectively
The relative tangential velocity component at the contact point is given as
uijt = uij - uijn .

(2.177)

The slider distance or tangential displacement can be computed by integrating the relative tangential velocity within the contact time.
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However, most studies do not differentiate between μk and μs and use a single coefficient of friction, μ. The
following damping coefficient is obtained based on the following dry collision assumption (Tsuji et al., 1998):
ì -2 ln(e n ) mijkn
ïï
hn = í p2 + ln 2 (e n )
ï
2 mijkn
ïî

if e n ¹ 0

(2.178)

.

if e n = 0

The particle–wall collision may be considered as a special case of the interparticle collision when the radius
of one of the particles becomes approaches infinity, thus applying also the method described earlier. In the
case of particle collisions in a viscous flow, the collision parameters must be modified to account for the flow
viscous effects as noted in the study by Feng et al. (2010).
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2.4.5.2 Repulsive Force Scheme

Glowinski et al. (2003) suggested an artificial collision technique by introducing a repulsive force when the
gap between two particles is lower than a given threshold, the so-called safe zone. This artificial short-range
repulsive force is added as an external force in the IBM. Thus, when two particles with radii Ri and Rj approach
very closely, the collision force exerted on each particle is
ì0,
ïï
2
F = í c ij é xi - x j - Ri - R j -x ù æ xi - x j
ú çç
ï ê
x
û è xi - x j
ïî εP ë
P
ij

xi - x j > Ri + R j + x
ö
÷,
÷
ø

xi - x j £ Ri + R j + x

(2.179)

where
xi is the position of the particle i
εP is the stiffness parameter for collisions
ζ is the threshold or safe zone, which is specified in advance and typically chosen to be one or two units
of grid spacing
cij is the force scale in the problem that is studied, for example, a good choice for this scale in sedimentation
problems is the net gravity force on a single particle
Similarly, the repulsive force between a particle and a wall is given by the reflection method assuming that
an identical, fictitious particle approaches the wall from the other side with a normal velocity that is equal
and opposite to that of the particle under consideration. Glowinski et al. (2001) provide an extensive discussion on the choice of the stiffness parameters.
This collision technique allows particles to interpenetrate when the stiffness parameter εP is very large. In
this case, it is said that the particles undergo soft collisions. Depending on the type of flow and the particle
density, the partial overlapping of particles may be significant. This phenomenon is accentuated when a
large number of particles undergo a packing process: the particles at the bottom, which have to bear the load
of the particles above, overlap significantly. To counteract this overlapping, one has to choose a higher value
for the repulsive force when the collision scheme of Equation 2.179 is used. Feng and Michaelides (2005)
employed a novel collision scheme with the Proteus code: before the contact of the two particles, a repulsive
force given by Equation 2.179 is used. If the particles start overlapping, a higher spring force is applied. The
spring force is proportional to the overlapping distance of the two particles and typically is much larger than
the repulsive force before the overlapping process. Thus, the functional form of this collision force scheme is
ì0,
ï
ïc
FijP = ï ij
ï εP
í
ï
ï c ij
ïε
ïî P

xi - x j > Ri + R j + x
2

é xi - x j - Ri - R j - x ù æ xi - x j ö
÷,
ê
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(

Ri + R j £ xi - x j £ Ri + R j + x ,

) üïæç x - x

ö
i
j
÷,
ýç
÷
ïþ è xi - x j ø

xi - x j £ Ri + R j
(2.180)
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where EP is a smaller parameter than εP to ensure that the spring force after the overlapping is significantly
larger. It was observed that when this type of force was applied, the overlapping of two particles and the overlapping of particles and walls become very low and do not affect significantly the computational results. It must
be noted that the first term of the last function of Equation 2.180 is present so that the collision force is continuous before and after penetration. The implementation of this collision scheme enables one to use smaller
repulsive forces that keep the particles from overlapping under normal flow conditions. The additional spring
force is added that separates the particles quickly when overlapping occurs.
2.4.5.3 Hybrid Lubrication Force Scheme
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An early lubrication force model was developed by Ladd (1994) to be applied to low Reynolds and Stokes
numbers. The model can be extended to higher Reynolds numbers by permitting a possible overlap between
the colliding particles, after the particles contact. In a similar manner as the modified repulsive force
scheme, we consider two particles approaching each other along their line of centers (Musong and Feng,
2012). The drag force and buoyancy of the particles then become characteristics of this lubrication model.
The gap width between the surfaces of the two spheres at the tangents normal to the line of their centers has
a threshold value ξ0 = δ, where δ can be the Eulerian grid spacing. The normal lubrication force exerted when
the viscous fluid is squeezed or compressed by the two approaching particles before contact and when they
start to overlap is given by
ì0
ï
ö
d
ï-Fd æ
- 1÷
ï
ç
n
f ij = í
è max(x, ds ) ø
ï
ö
d
ï-Fd çæ
- 1 ÷- k n ( - x )
ïî
max(
x
,
d
)
s
è
ø

x>d
0£x<d

.

(2.181)

x<0

In the last equation, Fd is the effective drag force that can be calculated by several drag force models and δs is
a small positive gap (e.g., δs = (1/10)δ) to prevent singular value at ξ = 0. If the particles continue to approach
and overlap, a force proportional to the overlapping distance is applied on top of the modified lubrication
force with a spring stiffness kn.
2.4.6 Examples on the Application of IBM
In this subsection, we provide two examples on two types of problems to demonstrate that the IBM-based
method may be used to obtain needed data for engineering and scientific applications. The first application
pertains to the fundamental problem of calculating the drag and heat transfer for a pair of particles and the
second to an engineering application of heat transfer in a smaller-scale fluidized bed.
2.4.6.1 Drag and Heat Transfer Rate of a Pair of Heated Spheres

The drag and heat transfer rate of a spherical particle is significantly changed by the presence of neighboring
particles. We consider a uniform flow over a pair of spheres aligned along the flow direction and separated
by a distance δ, ranging from 1 to 6 sphere diameters, at different Reynolds numbers. The Prandtl number
is chosen to be Pr = 7 (approximately that of water). Periodic boundary conditions are applied at the two
directions other than the flow direction. The size of simulation domain is 6D × 6D × 20D, where D is the
diameter of the sphere. One sphere is outlined by a number of grid points ranging from 13 to 27 depending
on the chosen Reynolds numbers.
Table 2.2 shows the computed drag coefficients of a pair of spheres at different Reynolds numbers and
different separation distances. It also lists the drag coefficients of a single sphere in uniform flow obtained
from the numerical simulations by Feng and Michaelides (2001a) and from the following correlation
(Clift et al., 1978):
24
C D =+
(1 0.15Re 0.687 )
Re

(2.182)

It is observed in this table that the present simulation results for a single sphere case agree very well with those
found in the literature at Re = 10 and 100, with an overall difference of a few percentages. However, more
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Table 2.2 Drag Coefficient of Spheres
Re = 100

Re = 400

4.15
4.30

1.092
1.103

0.612
0.579

Single sphere

Sphere 1
3.81
4.19
4.28
4.45
4.47
4.49

4.50
Sphere 2
2.23
2.94
3.34
3.51
3.71
4.00

Sphere 1
1.061
1.054
1.081
1.105
1.117
1.121

1.124
Sphere 2
0.247
0.430
0.548
0.620
0.671
0.709

0.711
Sphere 1
Sphere 2
0.734
–0.064
0.710
0.028
0.690
0.190
0.679
0.331
0.702
0.382
0.710
0.421

than 15% difference is observed at Re = 400. Two factors contribute to this deviation. The first is that the
current simulation domain is much smaller compared to those used in the literature where the sphere is
isolated. The second is that the grid used for Re = 400 is not sufficiently fine to fully resolve the laminar
boundary layer near the surface of the sphere (Feng and Musong, 2014). Nevertheless, the simulation is able
to capture the principal flow structures behind spheres.
Table 2.2 clearly shows that the drag of the trailing sphere is considerably reduced. In general, the influence of the second sphere on the drag of the leading sphere is not significant, especially when the separation
distance is more than 3D. However, the influence of the leading sphere on the drag of the trailing sphere can
be very large and increases as the Reynolds number increases, even when the separation distance remains
the same. Thus, at a separation distance of 2D, the drag on the trailing sphere is 70% that of the leading
sphere at Re = 10, 41% at Re = 100, and only 4% at Re = 400. At a separation distance of 5D, the drag on the
trailing sphere is 83% at Re = 10, 60% at Re = 100, and 54% at Re = 400. At Re = 400, the drag of the leading sphere is largest when it is almost in contact with the trailing sphere, and it gradually decreases as the
separation distance increases. However, after the separation distance exceeds 4D, the drag starts to increase
again because the trailing sphere is out of the main wake of the leading sphere. This nonmonotonic behavior
is also observed in the case of two cylinders placed in tandem at moderate Reynolds numbers between 1 and
40 in a recent study by Vakil and Green (2013).
Figure 2.21 shows the temporal behavior of the drag coefficient at Re = 400 for a single sphere and a pair
of spheres with a separation distance of 1D, 3D, and 6D. The accompanying vortex structures are shown in
Figure 2.22 using the λ2 method of vortex identification. There are a few interesting observations in these
Figures. In the case of a single sphere, periodical vortex loops or hairpin vortices are constantly shed from the
surface of the sphere at a period of 0.87 s, with a constant Strouhal number, St = 0.12. This observation agrees
very well with the data by Wu and Faeth (1994) who observed Strouhal numbers around 0.13 for 335 ≤ Re ≤ 620.

0.75
0.5
CD
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Feng and Michaelides
(2001a)
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3D (front sphere)
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Figure 2.21
Drag coefficients of spheres versus time.
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(a)

(b)

(c)

Figure 2.22
Vortex structures behind spheres at Re = 400 identified by λ2 = −0.002: (a) a single sphere, (b) two spheres
separated by 3D, (c) two spheres separated by 6D. Arrows indicate the position of a sphere; gray scale indicates fluid velocity magnitude.
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In the case of two spheres placed along the flow direction, a slight increase in the drag coefficient of the
leading sphere and a negative drag coefficient on the trailing sphere are observed when they are in contact
(separation distance δ = D). The negative drag coefficient on the trailing sphere implies a “push” effect on the
leading sphere. It is due to the recirculation or wake behind the leading sphere that explains the higher drag
coefficient of the leading sphere. It is also observed that the trailing sphere stabilizes the flow when placed
closely with a gap of one or two diameters. In these cases, no hairpin vortex shedding was observed. However,
as the gap increases to 3D or more, the vortex shedding occurs again. At δ = 3D, the wake of the leading sphere
induces vortex hairpins, which are interrupted by the presence of the trailing sphere. At δ = 6D, the wake
of the leading sphere is almost fully developed before it is interrupted by the trailing sphere. In this case, in
addition to the Strouhal number of 0.12 that is due to the leading sphere vortex shedding, an additional higher
Strouhal number of 0.5 is also observed, which is most likely due to the flow instability of the trailing sphere.
Table 2.3 shows the Nusselt numbers for a single sphere and a pair of spheres at different separation
distances. In the case of forced convection of an isolated sphere in a large flow domain, Ranz and Marshall
(1952) developed the following correlation experimentally:
Nu =+
2 0.6Re 0.5 Pr 0.33

(2.183)

Feng and Michaelides (2001b) also proposed the following correlation based on their numerical results:
Nu = 0.852 ( PrRe )

0.333

(1 + 0.233Re ) + 1.3 - 0.182Re
0.287

(2.184)

0.355

The results of Table 2.3 show that the momentum and thermal wakes created by the leading sphere also
have a significant effect on the heat transfer rate of the trailing sphere. Even at δ = 6D away from the leading
sphere, the Nusselt number of the trailing sphere is only 60% compared to the leading sphere. However, it
is seen that the trailing sphere has an insignificant effect on the heat transfer rate of the leading sphere. In
the conduct of these calculations, the simulation results were significantly improved using the centroid of a
control volume associated with the body force as the boundary node.
Table 2.3 Nusselt Number of Spheres
Ranzand Marshal
(1952)
Feng and Michaelides
(2001b)
Present
A pair of spheres at δ/D
1
2
3
4
5
6

Re = 10

Re = 100

Re = 400

5.61

13.40

24.8

5.98

14.54

27.4

Single sphere
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Sphere 1
4.97
5.31
5.39
5.41
5.42
5.42

5.43
Sphere 2
3.00
3.52
3.83
4.04
4.16
4.30

Sphere 1
12.04
12.34
12.56
12.63
12.67
12.69

12.70
Sphere 2
4.98
6.26
6.85
7.22
7.51
7.75

29.8
Sphere 1
Sphere 2
29.3
5.2
29.3
9.9
29.3
13.8
29.4
17.4
29.7
18.1
29.8
18.6
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(a)

(b)

(c)

(d)

(e)

Figure 2.23
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Temperature contours at Re = 400. (a) A single sphere, (b) δ = 1D, (c) δ = 2D, (d) δ = 3D, (e) δ = 6D.

The temperature contours for the cases of a single sphere and of a pair of spheres with separation distances 1D, 2D, 3D, and 6D are plotted in Figure 2.23. The vortex shedding for a single sphere and of a pair of
spheres at δ = 3D and 6D causes nonsymmetric temperature distributions behind both spheres. However, at
a separation distance of 1D and 2D, the flows remain stable and symmetric even after a long period of time.
In summary, the results presented in this subsection show that the drag and heat transfer rate of a sphere
is significantly affected by its neighboring spheres. A simple influencing factor that depends only on the
solid fraction may not be sufficient to account for the effect from the neighboring particles. In order to
obtain accurate representations of drag and heat transfer rate in a complex flow filled with many neighboring particles, the RDPM or DNS must be applied as elucidated further in the next subsection.
2.4.6.2 Fluidization of 1204 Spheres by a Jet Flow Using a RDPM

In this example, we study the fluidization of 1204 spheres by a jet flow using an IBM-based RDPM. The bed
setup and fluid and particle properties are the same as the one used by Pan et al. (2002) who studied the particle
fluidization by a uniform flow in a slit bed using a fictitious domain method. The bed geometry is 20.3 cm ×
0.6858 cm × 70.22 cm, the sphere diameter is 0.635 cm, the particle density is 1.14 g/cm3, the fluid density is
1 g/cm3, the viscosity is 0.01 g/(cm · s), and the Prandtl number is 7.
The high-velocity jet is placed at the center of the inlet. The jet orifice has a width of 2.03 cm and a depth
of 0.6858 cm. The jet velocity is 40 cm/s, resulting in the same mass flow rate as that of a uniform flow across
the entire bed at V = 4 cm/s. A time step Δt = 0.0002 s is used in the simulation because of the much higher
maximum flow velocity in a jet flow fluidized bed.
Figure 2.24 shows the distribution of 1204 spherical particles at five different time instants: 1, 3, 5, 7, and
10 s. For better visualization, the particles are colored with four different colors based on their initial
locations. From these snapshots, it is clearly seen that the particles are well mixed during the fluidization.
The bottom region, where the particles are dense (the so-called dead zone), accounts for roughly a quarter
of the entire bed. It is observed that the particles inside the “dead zone” are not stationary. During the
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Figure 2.24
Snapshots of particle positions and flow temperature contours in a jet flow fluidized bed. From left to right,
t = 1, 3, 5, 7, and 10 s.
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Time- and space (z-direction)-averaged particle velocity Vpz and fluid–particle composite velocity Vmz for a jet
flow fluidized bed.

fluidization, some of the particles originally trapped in the dead zone are being fluidized, while “fresh”
particles fall down and are entrained into the dead zone.
The time- and space-averaged particle velocity (in the z-direction) and fluid–particle composite velocity
when the bed reaches a quasi-steady condition are computed, and their results are shown in Figure 2.25. The
space averaging in the z-direction is achieved by averaging all the vertical velocity components of each node
or each particle within a vertical column (Feng et al., 2014). As expected, the particles in the middle of the
bed are entrained into the jet and move upward. However, as the jet’s momentum is dissipated, the entrained
particles start to fall downward near the left and right walls of the bed. With the particles rising in the central region and falling at the sides, the x-averaged particle velocity approaches zero, while the x-averaged
mixture velocity approaches V = 4 cm/s as the bed becomes quasi-stable.
We also studied the fluidization by a uniform flow and compared its results with those from jet flow
fluidization (Feng and Musing, 2014). There are a few interesting findings that are worth mentioning: The
simulation results show that the bed is slightly higher when uniform flow is used for fluidization. However,
the wall pressure gradient, which is an indication of wall friction, is much lower in the jet flow fluidized bed.
This can be explained by the much smaller velocity gradient of the mixture in the jet flow fluidized bed compared to a higher velocity gradient of mixture in the uniform flow fluidized bed near the wall. As a result,
the pressure drop over the jet flow fluidized bed is much lower than that of the uniform flow fluidized bed.
Another observation is that the particle-averaged Nusselt number in the jet fluidized bed is significantly
higher than that of the uniform flow fluidized bed. One plausible explanation is that the fluid warms up
quickly as it moves upward in the case of the uniform flow fluidized bed. This reduces the temperature differences and the heat transfer rate of particles. However, in the case of the jet flow fluidized bed, the high
jet stream forces cold fluid to penetrate deeper into the bed, resulting in a higher heat transfer rate when it
interacts with particles along its path.
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2.5 Pdf Models for Particle Transport Mixing and Collisions in Turbulent Flows
Michael W. Reeks, Olivier Simonin, and Pascal Fede

2.5.1 Introduction
Probability density function (pdf) equations have proved very useful in studying the behavior of stochastic
systems. Obvious examples of their usage occur in the study of Brownian motion (Chandrasekhar, 1943) and
in the kinetic theory of gases (Chapman and Cowling, 1952). In more recent times, they have been used extensively by Pope and others to model both turbulence (Pope, 1985) and turbulence-related phenomena such as
combustion (Pope, 1991) and atmospheric dispersion (MacInnes and Bracco, 1992). In this section, we review
how this approach has been used to model the behavior of a particle-laden turbulent gas: in particular how in a
two-fluid model it has been used to derive the continuum equations and constitutive relations of the dispersed
particle phase and deal with the near-wall behavior when the natural boundary conditions (bc’s) and strong
inhomogeneity lead to a breakdown of the traditional form of the two-fluid model equations.
As in other approaches, the independent variables that describe the system are the phase space variables
and the pdf equation describes the transport of the average phase space density in terms of those variables in
phase space: the solution of the equation is the pdf that the system will be in any particular state as it evolves
randomly in time. In the particular case of gas–particle flows, the phase space variables are taken to be the
particle velocity and position.
The approach we consider here has much in keeping with the kinetic theory of gases: that is, the pdf
equation is an analogue of the Maxwell–Boltzmann equation and can be used in precisely the same way
to generate the continuum equations and constitutive relations from known solutions under the so-called
equilibrium conditions. Likewise, the pdf equation may be regarded as a more exact description of the
behavior of a gas–particle flow than that given by the continuum equations (with constitutive relations,
especially, as we have said, near the wall when the inhomogeneity and natural boundary cause significant
departures from the so-called equilibrium solutions upon which the constitutive relations are based). To
emphasize its similarity to the kinetic theory, we have in the past referred to this approach as the pdf–kinetic
approach. Like the kinetic theory, it can be regarded as a rational approach to two-fluid modeling; by this
we mean that the equation and in particular the terms it contains can be traced back in a rational manner to
the underlying equations of motion of the individual particles themselves. In the case of certain simple but
generic flows, the solutions of the pdf equations are exact solutions and can be made the basis of approximate
solutions of more complex flows in a formal and precise way.
This is different from what has gone before. In the past, for instance, it has been traditional to assume
that the particle phase behaves as a simple Newtonian fluid (e.g., Elghobashi and Abou-Arab, 1983): that is,
the particle Reynolds stresses are proportional to the mean symmetric rate of strain of the particle flow via
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some particle eddy viscosity that is related to that of the carrier flow in some empirical way. Now, we can
examine the validity of these assumptions within the context of a more reliable and complete framework
using techniques that are well tested and understood and ultimately replace them with more legitimate
relationships that do not rely on intuition and empiricism. Perhaps more importantly, we have an approach
that is crucial to the formulation of particle–wall interactions (which is referred to as the natural boundary
conditions (bc’s) of a gas–particle flow).
In this section, we will show how the pdf–kinetic approach deals with both aspects of a two-fluid model; how
it generates the equations for mass, momentum, and energy (so-called continuum equations) and constitutive
relations for the dispersed phase (which would be appropriate for the far-wall solution of a gas–particle flow);
and how it generates near-wall solutions that take account of the inhomogeneity of the flow and the natural bc’s.
Throughout the chapter, we will concentrate on dilute gas–particle flow where interparticle collisions can be
safely ignored. For the application of the pdf approach to dense flows, see the recent work of Boëlle et al. (1995).
Though we will consider the form of the momentum coupling between phases, specific examples will be taken
from situations where that coupling is sufficiently small to not influence the underlying carrier gas flow itself.
In Section 2.5.1, we will present the pdf equation itself and discuss about how it is derived from the
underlying particle equations of motion. In Section 2.5.2, we will consider analytic solutions of the equation
for simple flow in which the turbulence is homogeneous and stationary and the mean flow is uniform or is
a simple shear or a rotational flow. These solutions have important implications for the behavior of the particle phase as a simple Newtonian flow. In Section 2.5.3, we will present the continuum equations as derived
from the pdf equation and the constitutive relations for the particle Reynolds stress flux as derived using the
Chapman–Enskog (C–E) approximation and show some predictions using these equations compared with
those of a random walk simulation. Section 2.5.4 is concerned with the application of the pdf approach to
the prediction of near-wall behavior. In particular, we will consider natural bc’s involving partial absorption
and both specular and diffuse reflection, and finally, we will consider solutions for the well-known problem
of particle deposition in a turbulent boundary layer with perfectly absorbing walls (this is a much–studied
system both theoretically and experimentally) and highlight the breakdown of the so-called gradient transport due to both the strong inhomogeneity of the flow near the wall and the strong departure of the velocity
distribution at the wall compared with that in the far wall (bulk flow). In the final section, we will draw some
comparison between the pdf approach used by Simonin (1991), for which there are strong similarities, and a
practical point of view identical as far as dilute gas–particle flows).
2.5.2 Formulations of pdf Equations
There are currently two forms of the pdf equation in use. In the first form, the pdf, as in the kinetic theory,
refers to the probability density that a particle has a certain velocity and position at a given time. We will
refer to this pdf approach as the kinetic method (KM). This approach was originated by Buyevich (1971,
1972a,b) and developed since then by a number of workers most notably Reeks (1980, 1983, 1991, 1992),
Swailes and Darbyshire (1997), Derevich and Zaichik (1988), Zaichik (1991), Pozorski and Minier (1998),
and more recently Li and Zhou (1996). In all these developments, the pdf approach was restricted to inert
nonreactive particles. More recently, Pandya and Mashayek (2001) extended the approach to reactive condensing or evaporating particles in a turbulent gas. In contrast, the second form of pdf equation, first proposed by Simonin et al. (1993), is for a more general pdf that includes the velocity of the carrier flow local
to the particle as a phase space variable as well as the particle position and velocity. As an example of how
pdfs and pdf equations are obtained, consider the motion of evaporating/condensing particles (droplets) in
a dilute suspension in which there are no interparticle collisions. Let X(t) be the phase space vector at time
t of a single particle as it moves through phase space. So, in this case,
X = [m ,T , v , x ]

(2.185)

where
m is the mass of the particle
T is its temperature
v is its velocity
x is the position of its center of mass at time t
The n number of independent variables that defines the phase space dimension is thus n = 8. For a single
realization of the underlying carrier flow velocity field u(x, t) and temperature field T(x, t), the number of
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particles in an elemental volume dnX of phase space located at X is given by W(X, t)dnX, where W(X, t) is
the phase space density, that is, the number of particles per unit volume in phase space. So, if we consider
conservation of particle number within that elemental volume at X, then with respect to P, we have
¶W
¶
+
×éWX ùû = 0
¶t
¶X ë

(2.186)

So, for the case of the evaporating droplet, we have explicitly
X = éëm ,T , v , x ùû

(2.187)
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where the equations for components of X represent the particle equations of motion in the most general
sense and are derived from the mass, momentum, and energy conservation equations for an individual
particle/droplet (see, e.g., Crowe et al., 2012). However, because the underlying carrier flow field is turbulent, X has a random component, so we can only usefully refer to the pdf that a particle has a set of values
X at any given time. This is represented by the ensemble average of W over all realizations of the system,
symbolically 〈W〉. The equation for 〈W〉 (the pdf equation) can be found by ensemble averaging the conservation equation for W (the Liouville equation). For convenience, we use Reynolds decomposition, whereby
the instantaneous components of X are decomposed into their mean components á X ñ and fluctuating (zero
 noting that x = v , so that explicitly the pdf equation for the evaporating/condensing
mean) components X¢,
particle is
¶áW ñ æ ¶
¶ 
¶
¶
ö
+ç
× áv ñ ÷áW ñ
T +v × +
m +
¶t
¶T
¶x ¶v
è ¶m
ø
¶ 
¶
¶
=m ¢W áT ¢W ñ × áv¢W ñ
¶m
¶T
¶v

(2.188)

where on the left-hand side (LHS) we have the convective part (the transport in the absence of the turbulence) and on the right-hand side (RHS) the dispersive part involving the gradients of the net fluxes due to
the turbulence. To close the equation, we need to relate the turbulent fluxes in some way, directly or indirectly, to 〈W〉 and its derivatives. That is, we have a closure problem to resolve, which is the most important
element of the pdf approach.
To illustrate the way in which the values of X depend upon the properties of the particle and the underlying carrier flow, let us consider the case of the evaporating droplet in more detail. From mass conservation
of a spherical droplet of diameter dp evaporating in a gas of mass density ρg, we have the general relationship
é 1 - av ù
m = prg d pD g Sh(Re p ,Sc )ln ê
ú
ë 1 - avs û

(2.189)

where
αv is the mass fraction of vapor emitted by the particle in the locally undisturbed gas flow
αvs is the (saturated) vapor mass fraction at the droplet/particle–surface assumed to be in equilibrium
with the particle (so it depends directly on the temperature T of the particle)
Dg is the molecular diffusion coefficient of the vapor
Sh is the droplet Sherwood number for the mass transfer of vapor to or from the droplet that is a function
of the vapor Schmidt number Sc and the local particle Reynolds number Rep given by
Re p =

dp v - u
D
; Sc = v
vg
vg

(2.190)

where
u(x, t) is the gas flow velocity local to the droplet at x at time t
vg is the kinematic viscosity of the gas
146

2. Computational Methods

From momentum conservation (Crowe et al., 2012), we have
mv = mg - V

¶ ×s
+ FA + (u - v )m
¶x

(2.191)

The first term on the RHS of this equation is the gravitational force. The second and third terms represent
the force exerted by the surrounding gas flow from the external stresses σ and the aerodynamic force FA that
has both lift and drag components FL and FD arising from the locally disturbed gas flow field due to the presence of the particle that has a volume V. For a spherical particle, this is well represented by the drag force in
most cases so that
1
FA @ FD = - rg AC D (Re p ) v - u (v - u)
2

(2.192)
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where
CD is the drag coefficient
A is the projected area of the particle normal to the flow
From energy conservation, we would have an equation of the form
mC pT = Sr - pk f d pNu(Re p , Pr ) + DHm

(2.193)

where Cp is the specific heat of the particle/droplet and, on the RHS of the equation, the first term Sr is the heat
source due to the external field (radiation), the second term is the particle to surrounding gas heat transfer
rate where Nu is the Nusselt number (depending upon the local particle Reynolds number and the Prandtl
number of the gas/vapor mixture), and the third term is energy exchange during the evaporation/condensation that depends upon ΔH (the difference in enthalpy between the droplet and the vapor mass flux).
The point to note here is that the equations of motion are all coupled and all depend upon the
instantaneous particle Reynolds number based upon the relative velocity between particle and locally
undisturbed gas.
2.5.2.1 Pdf Equation for Inertial Particles

As we have said earlier, there are currently two pdf approaches in use that we refer to as the kinetic method
(KM) and the generalized Langevin method (GLM), respectively. To illustrate the differences and similarities between these approaches, we consider here the simplest case of transport of inertial nonreacting solid
particles in a turbulent gas flow that we will assume all to be identical to one another. To simplify the situation still further, we will linearize the drag acting on the particle with respect to the relative velocity, that is,
FA @ h (u - v )

(2.194)

where η is the net friction coefficient and is given by
1
h = rg AC D (Re p ) u - v
2

(2.195)

where
v is the net particle velocity
Re p is the value of the particle Reynolds number based on the net relative velocity between particle and
local carrier flow
The equations of motion for an identical particle are thus
dx
=v
dt
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dv
= b (u - v )
dt

(2.197)

where β is the inverse particle response time and is given by m−1η for a particle of mass m: in the case Rep ≪ 1
corresponding to Stokes drag, β is a constant of the motion. To the particle equations of motion, we add an
equation of motion of the carrier flow velocity u along a particle trajectory, namely,
dui
= Fi ( v ,u , x ,t )
dt

(2.198)
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In the KM approach, we consider continuum equations derived from an equation for the phase space density
W(v, x, t) in which u(x, t) is a random function of x and t and v and x are independent random variables. In
the GLM approach, the continuum equations are derived from a conservation equation for the phase space
density P(v, u, x, t) where v, u, x form a set of independent variables. The transport/conservation equations
for W(v, x, t) and P(v, u, x, t) are, respectively,
¶
¶
ì¶
ü
vi +
b (ui (x ,t ) - v i ) ýW ( v , x ,t ) = 0
í +
¶
¶
¶
t
x
v
i
i
î
þ

(2.199)

¶
¶
¶
ì¶
ü
vi +
bi (ui - v i ) +
Fi ( v ,u , x ,t ) ý P ( v ,u , x ,t ) = 0
í +
¶v i
¶ui
î ¶t ¶x i
þ

(2.200)

Note that integrating the equation for P over all u gives the equation for W. We resolve ui(x, t) and Fi(v, u, x, t)
into mean and fluctuating parts:
ui = áui ñ + ui¢¢; Fi =+
Fi Fi¢¢

(2.201)

where 〈….〉 represents an ensemble average. Then the transport equations for mean values of W and P,
namely, 〈W〉 and 〈P〉, are
¶
¶
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(2.202)
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(2.203)

when suitably normalized 〈W〉 and 〈P〉 represent the probability density at time t that a particle has (v, x)
and (v, x, u), respectively. To solve these equations, closure relations for ui¢¢W and Fi¢¢P are required. For
simplicity, we will just deal with the case where βij = βδij.
2.5.2.2 Closure Approximation for a Nonreactive Gas–Particle Flows

2.5.2.2.1 Kinetic Model A range of strategies for closing the turbulent flux can be found in the literature. The methodologies underpinning these approaches can be divided into three distinct categories: (1)
Furutsu–Novikov-based (EN) methods (Furutsu, 1963, Novikov, 1965, Derevich and Zaichik, 1990, Swailes
and Darbyshire, 1997, Zaichik, 1997, Hyland et al., 1999a, Zaichik, 1999, Derevich, 2000, Zaichik et al., 2004),
(2) Lagrangian history direct interaction (LHDI) methods (Reeks, 1992), and (3) Van Kampen (VK) operator
representation methods (Pozorski and Minier, 1998, Pandya and Mashayek, 2001). These different approaches
have been reviewed and analyzed recently by Bragg et al. (2012a). Recent work has suggested that the corresponding kinetic equations are essentially equivalent (Pandya and Mashayek, 2001). However, while the
three closure expressions exhibit superficial similarities, Bragg et al. have shown that there are fundamental
differences that have an important bearing on their validity in inhomogeneous turbulence. What all three
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methods do have in common is that they represent the net force due to the turbulence 〈βu′W〉 by gradient
diffusion contributions both in velocity and position and in body force (per unit mass) dependent on the statistical inhomogeneity of the turbulence, that is, it is zero in statistically stationary homogeneous turbulence.
Thus, in general,
æ ¶
ö
¶
f iW = - ç
W l ji +
W m ji - ki W ÷
¶v j
è ¶x j
ø

(2.204)

where for convenience we have written fi for bui¢. Note that dispersion coefficients appear on the other side
of the gradients in velocity and position than is normal. So, in this context, they are more appropriately the
components of stress tensors λ and μ (per unit particle mass) rather than diffusion coefficients. Reeks (1991)
has shown that this form is a general requirement of random Galilean transformation invariance. Taking the
forms for λ and μ and κ given by the Furutsu–Novikov (FN) method,
t

ò

l ji = áGjk (t |s )Rki (x p (t s ), s ; x ,t )ñds
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0

t

ò

m ji = áGjk (t |s )Rki (x p (t s ), s ; x ,t )ñds

(2.205)

0
t

ki =

¶
ò G (t |s) ¶x R ( x (t s),s ; x ,t ) ds
jk

ki

p

j

0

R denotes an Eulerian two-point, two-time correlation tensor of the turbulent force field f, that is,
Rki (y , s ; x ,t ) = f k (y , s ) f k (x ,t )

(2.206)

where xp(t|s) is the particle position evaluated at time s along all particle trajectories passing through x and v
at time t, that is, in Equation 2.206 y = xp(t|s), with xp(t|t) = x and x p (t t ) = u . Gjk (t | s ) are the components of
a response tensor G given formally by the functional derivative
Gjk (t |s ) =

dx jp (t t )
df k (x p (t s ), s )ds

(2.207)

That is, they describe the effect of a perturbation in the field f(x, s) applied at the particle position xp(t|s) at
time s upon the position of the particle at time t. This can be obtained by taking the functional derivative
with respect to δf(x, s) of the particle equation of motion Equation 2.197 so that
æ ¶áu j ñ ¶u¢¢j ö
Gjk + b Gjk - b ç
+
Gjk = 0
¶x k ÷
è ¶x k
ø

(2.208)

with the “initial” conditions Gjk (s |s ) = 0 and Gjk (s |s ) = d jk . In Equation 2.208, the spatial derivatives of u and
u′ are evaluated along the particle trajectories xp(t|s). The closure term given by Equation 2.204 based on the
forms for λ and μ and κ given by Equation 2.205 is exact if the flow field f(x, t) is Gaussian. We note that in
the case of high-inertia particles, β → ∞, the velocity gradient term in Equation 2.204 dominates and the
kinetic equation reduces to the well-known Fokker–Planck equation. The forms λ and μ and κ based on
the LHDI approach (Reeks, 1992) are the same as those based on the Furutsu–Novikov method except that
the Eulerian correlation R is replaced by f k(xp(s),s)fi(x, t). Thus, it is Lagrangian correlations that are involved
rather than Eulerian correlations. In addition, the stochastic response functions Gjk are replaced by its deterministic components áGjk ñ so that the equation for áGjk ñ is given by
¶áu j ñ
áGjk ñ = d(t - s )d jk
áGjk ñ + báGjk ñ - b
¶x k
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In the LHDI case, then
l ji = á Dx j (t ) f i (x ,t )ñ m ji = á Dv j (t ) f i (x ,t )ñ ki = Dx j (t )

¶f i (x ,t )
¶x j

(2.210)

where explicitly Δxj(t) and Δvj(t) are shorthand for Δxj(x, v, t|0) and Δvj(x, v, t|0) denoting changes in the
particle position and velocity for a particle starting somewhere in the particle phase space at some initial
time s = 0 and arriving at the point x, υ at time s = t. In terms of the deterministic response functions áGjk ñ,
these changes are given by
t

ò

Dx j (x , v ,t | 0) = ds áG jk ñ(t |s ) f k (x p (t s ), s )
0

(2.211)

t

ò

Dv j (x , v ,t | 0) = ds áGjk ñ(t |s ) f k (x (t s ), s )
p

0
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It is claimed that the result is exact for a process in which the displacements Δxj(x, v, t|0), Δvj(x, v, t|0) form
a Gaussian process. While both LHDI and FN closures would both claim to be exact for Gaussian processes,
the Gaussian processes to which they refer are not the same: in the case of LHDI, the Gaussian process refers
to the Lagrangian statistics of f(xp(s), s) along a particle trajectory in phase space, while in the FN case, it
refers to the field f(x, t). Given that one process is prescribed as Gaussian, it does not imply that the other is
Gaussian. Bragg et al. (2012a) pointed out that in the previous FN formulations, the deterministic response
functions áGjk ñ(t |s ) were used in place of Gjk so that the contribution of the fluctuations in the spatial gradient of f(x, t) was omitted. While using this nonrandom form for G formally closes the equation for 〈fiW〉,
Bragg et al. (2012b) have shown that the inclusion of this random term ensures the fully mixed criterion for
a passive scalar (particle Stokes number St → 0),* that is, the absence of spurious drift. We need to refer to
this feature in more detail later on (see Section 2.5.4.1.1). There is good reason, however, to use áGji ñ instead
of Gji other than for practicality. Calculations of the value of the dispersion coefficients by Bragg et al. (2012a)
in a fully developed KS of a turbulent boundary using both áGji ñ and Gji show little difference for St = 0.3,
negligible difference at St = 0.8, and an imperceptible difference at St = 3. Using the deterministic response
áGji ñ shows a resemblance between the FN and LHDI approaches that is reminiscent of Corrsin’s independence hypothesis (Corrsin, 1974) that gives an approximate relationship between Lagrangian and Eulerian
timescales. So, the Lagrangian correlation is given as

ò
= d x ¢R (x ¢,t ¢; x ,t )G (x ¢ - x ,t - t ¢)
ò

f j (x , v ,t | t ¢) f i ( x ,t )  R ji (x ¢,t ¢; x ,t ) d(x ¢ - x p (t | t ¢)) d 3x ¢
3

ki

(2.212)

where G(x′ − x, t − t′) is Green’s function solution for an instantaneous point source δ(x′ − x)δ(t′ − t). This
relationship arises naturally through the comparison between between LHDI and FN approaches without
the necessity of invoking Corrsin’s hypothesis.
Finally, we mention briefly the operator representation of VK that was used by Pozorski and Minier
(1998) to obtain a pdf–kinetic equation. This third form of the kinetic equation is formally consistent with
the fully mixed condition but fails to account for a nonzero scalar flux contribution associated with nonuniform scalar distributions in inhomogeneous, incompressible flows. Furthermore, this VK closure is based
on an expansion in terms of a small parameter reflecting the magnitude of turbulence intensity relative to
a rate scale for the decorrelation of turbulent flow velocities (weak turbulence approximation). Correlations
are based on mean trajectories, that is, due to the mean flow, ignoring the influence of the turbulence,
and while this affords a significant simplification to the closure problem, removing conditional averages
within the dispersion tensors makes the validity of such an approximation in strongly inhomogeneous flows
* For Stokes number St, we mean the ratio of β−1/τf where τf is the typical timescale of the turbulence encountered by a particle.
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highly questionable. In addition, as Bragg et al. (2012a) pointed out, even for the simpler case of dispersion
in isotropic turbulence, there seems to be a serious issue with the VK formulation. The VK diffusion coefficients for fluid point dispersion in isotropic turbulence suggest that the dispersion rate should be proportional to the Eulerian integral timescale rather than the Lagrangian integral timescale. This is clearly
incorrect and arises precisely because the VK dispersion tensors contain correlations of the fluid velocity
field evaluated along mean trajectories. Therefore, the question of the validity of the VK closure relates not
only to inhomogeneous flows but also to homogeneous, isotropic flows. This is not as we will see the case
with FN and LHDI formulations.
2.5.2.2.2 GLM SDM (Simonin et al., 1993) derived an equation of motion for the fluid velocity along a
particle trajectory by starting from the Langevin equation that Pope (Haworth and Pope, 1986) has used
as the analogue of the Navier–Stokes equation for fluid point motion. Thus, along a fluid point trajectory,
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dui
= -aij (x )u¢¢j + f i (x ) + f i¢¢(t )
dt

(2.213)

where
fi(x) is the net viscous and pressure force per unit mass of fluid
f i¢¢(t ) is a white noise function of time.
Both SDM and Pope consider the equation of motion in differential form because the white noise is assumed
nondifferentiable. For convenience, we have assumed that the white noise, like all turbulence-related functions, is differentiable: it has white noise properties simply because it has a timescale much shorter than the
timescale over which u(t) varies along a fluid point trajectory O(α−1). For future reference, we note that
¶ u¢¢jui¢¢
D f ui
f i (x ) =+
Dt
¶x j

(2.214)

Df
¶
¶
.
= + áu j ñ
¶x j
Dt ¶t

(2.215)

where

SDM use this equation to generate an equation of motion for the fluid velocity along a particle trajectory.
That is, if dp/dt is the time derivative of the fluid velocity along a particle trajectory and similarly df/dt along
a fluid point trajectory, then we have
d pui æ ¶
¶ ö
= ç +vj
÷ui (x ,t )
¶x j ø
dt
è ¶t
= (v j - u j )

¶ui (x ,t ) d f ui
+
¶x j
dt

= (v j - u j )

¶ui (x ,t )
¶x j

= -aiju¢¢j + f i (x ) + f i¢¢(t )

(2.216)

SDM consider only the contribution from the gradient of the mean fluid velocity in this equation of motion
for the fluid velocity along a particle trajectory. That is, they consider the equation
¶ ui (x ,t )
d pui
- aiju¢¢j + f i (x ) + f i¢¢(t )
= (v j - u j )
¶x j
dt
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In effect, this is equivalent to assuming that the contribution of the fluctuating fluid velocity gradient is
absorbed into the white noise function f i¢¢(t ). In the case of the white noise function, the equation for 〈P〉 can
be closed exactly, namely,*
Fi¢¢(x ,t )P (v ,u , x ,t ) = f i¢¢(t )P (v ,u , x ,t )
¥

=-

¶ P

ò f ¢¢(0)f ¢¢(s) ds ¶u
i

(2.218)

j

0

j

Then from Equation 2.203, the equation for 〈P〉 used by SDM is
¶ ui ù
¶ P
¶
¶
¶ é
vi P +
+
b (u j - v j ) P +
ê -aiju¢¢j + f i (x ) + (v j - u j )
ú P
¶x j û
¶t
¶x i
¶v i
¶ui ë
¥

=

ò
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0

f i¢¢(0) f j¢¢(s ) ds

¶2 P
¶uiu j

(2.219)

which are spatially independent but varying in time.
2.5.3 Analytic Solutions in Simple Flows
In cases where the turbulence is homogeneous and stationary and the mean carrier flow is a linear flow
field, the pdf equations for both KM and GLM have analytic solutions. Moreover, when the fluctuating
aerodynamic force is a Gaussian random force, both pdf approaches, given the same form for the carrier
flow correlation along a particle trajectory, will give identical results (Reeks, 2005). Furthermore, these
solutions can be used as a basis for dealing with more complex flow fields (e.g., in constructing appropriate
constitutive relations), can give some insights into the basic diffusion process, and can be used as test cases
to check out numerical methods that are appropriate in more general cases. In this section, we will present some results for dispersion of point sources in mean flows that are (1) uniform, (2) simple shear, and
(3) rotational. The results are taken from Hyland et al. (1999b), Swailes and Darbyshire (1997), and Reeks
(2005). As a preliminary, we note as in the work by Swailes and Darbyshire (1997) that if for convenience
we introduce the phase space variable ℘ = (x, v), then the solution of the pdf equation for an instantaneous
point source is a Gaussian G(℘, t) given by
1
ü
ì 1
G (Ã,t ) = (2p)-n det {Q} 2 exp í- (Ã- m) × Q -1(Ã- m)ý
2
þ
î

(2.220)

where Θ is the matrix of ensemble covariances of ℘ as a function of time t and m = (xˆ , v ) where x̂ and v are
the solutions of x(t) and v(t), respectively, without the turbulence starting from some initial values x0 and v0
at time zero (the point of release) and detΘ(0) = 0. The solution for the particle spatial concentration at x*
in a frame of reference moving with velocity vˆ(t ) whose origin coincides with the point of release x0 at time
zero satisfies the following simple diffusion equation:
¶árñ
¶
¶
=
árñ + d(x *)d(t )
Dij (t )
¶t
¶x i*
¶x *j

(2.221)

where the diffusion coefficients Dij(t) are the particle ensemble covariances áx i* (t )v *j (t )ñ . The solution is a
Gaussian in x* of the general form
G (x* ,t ) = (2p)-3/2 det ( áx* x* ñ )

-1/ 2

1
´ exp(- x* áx* x* ñ -1 x* )
2

(2.222)

* Note that the closure is also exact if f″(t) is Gaussian nonwhite but will include gradients of 〈P〉 in x and v as well.
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That is, in the fixed frame of reference, the contours of constant concentration will be concentric ellipses
(in 2D) centered at x̂ (t ). For the mean density-weighted particle velocity, we have
v =+
vˆ áv* x* ñáx* x* ñ -1 x*

(2.223)

that is, the mean particle flow field is linear in x, and for the density-weighted particle velocity covariances,
we have
v ¢v ¢ = áv * v *ñ - < v * x* ñáx* x* ñ -1 áx* x* ñ

(2.224)

which are spatially independent but varying in time.

The features of dispersion in this flow have been extensively simulated and measured, particularly the particle diffusion coefficient and particle velocity covariances (see Stock, 1996). Forms for the long-time particle
diffusion coefficient Dp(∞) have been much quoted in isotropic turbulence both with and without gravity
(e.g., Reeks, 1977). The pdf equation reproduces the right result, namely, for Stokes drag
¥

ò

1
D p (¥) =
áu(0)u(s )ds
3

(2.225)

0

where we have used u(s ) as shorthand for u(x|s), that is, the carrier flow velocity along a particle trajectory
measured at time s with u(x|0) = u(0). The absence of x in Equation 2.225 is meant to imply an independence
on the initial position at s = 0. It is a result we will deduce later from the momentum equation, which shows
that the particle response time (inertia) dependence is reflected only in the way this quantity determines the
timescale of u(s) along a particle trajectory: whether the carrier flow timescales along a particle trajectory
are bigger or smaller than those along a fluid element trajectory. In fact, particles with more inertia appear
to have a long-time diffusion coefficient that is greater than that for a fluid element or passive tracer. This is
shown in Figure 2.26 based on the results obtained by Squires and Eaton (1991) for particle diffusion in a
direct numerical simulation (DNS) of statistically stationary isotropic homogeneous turbulence.
The vertical axis is the ratio of the particle diffusion coefficient compared to that of the fluid or passive
scalar. The calculations were done for a range of particle Stokes numbers St from 0.06 to 0.35 where Stokes
number is the ratio of the particle response time τp to integral timescale of the flow Tf. You can see that for all
1.2
1
0.8
Dp (t)
Df (∞)
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2.5.3.1 Uniform Flows
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Figure 2.26
Ratio of particle diffusion coefficient to long-term fluid element diffusion coefficient in homogeneous isotropic turbulence: direct numerical simulation and experimental measurements, the influence of inertia (Stokes
number St) τp/Tf, and settling vg/u′. (Taken from Squires, K.D. and Eaton, J.K., J. Fluid Mech., 226, 135, 1991.)
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the Stokes numbers, the long-time values of the diffusion coefficient are greater than that of the carrier flow,
the greatest value being for St =.35 but with little difference between this value and the value for St = 1.09.
The formula in Equation 2.225 is also appropriate for particles settling under gravity or in an electric field as
with the measurements of Wells and Stock (1983). The timescales of fluid motion along a particle trajectory
depend upon the time it takes for a particle to move from one eddy to another in the flow field. The faster the
particle moves, the shorter the timescale of the fluid motion it encounters, assuming that the eddy lifetime
is much longer than the transit time of the particle. If vg is the settling velocity and le the spatial length scale,
then le/vg ≪ τe, where τe is the eddy decay time. Since τe ~ le/u′, this implies u′/vg ≪ 1 in which case
¥

ò

D p (¥) = RE (0, v g t )dt

(2.226)

0
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where R E (t, x) is the carrier flow spatial velocity correlation (in a frame moving with the settling velocity vg
with a separation x measured in the direction of gravity). ε in this case refers to the diffusion coefficient for
diffusion in the direction of gravity. Reeks (1991) shows how the phase space density changes with time as it
moves toward its long-term form, in which case the velocity distribution is a Maxwell–Boltzmann distribution with a mean square velocity given by
¥

ò

áv (¥)ñ = b e -bs u(0) ×u(s ) ds
2

(2.227)

0

where v = |v|.
2.5.3.2 Simple Shear and Rotational Flows for KM and GLM

While the KM and GLM approaches are compatible with one another for a Gaussian process, there is an
important difference between the two approaches, namely, the GLM approach provides a model for particle
transport and at the same time a model for the turbulence encountered by the particle, which encompasses in
the limit of very small particles, the turbulence of the carrier flow itself. In the KM approach, this information
must be prescribed independently, either on the basis of experiment or from a separate model like the GLM.
2.5.3.2.1 Analytic Solutions Based on KM Using the general result in Equations 2.204 and 2.206, Swailes
et al. (1995) have evaluated the particle spatial concentration and mean velocity fields in a simple shear
and rotational mean carrier flow fields and compared them with results obtained from a random flight
simulation in which the turbulence is Gaussian with an exponential decaying autocorrelation. Results were
obtained for both Stokes drag and a combination of drag and lift appropriate for low particle Reynolds numbers. In all these cases, the equation of motion of the particle is given by
x ==×
v b (S ×x - v + u¢¢(t ))
where S is the strain rate tensor. Some of their results are reproduced in Figure 2.27 for the case of Stokes
drag with the particle response times and shear rates normalized on the fluid integral timescale along a
particle trajectory. For the simple shear and rotating flow, we have, respectively,
é0
S=ê
ë0

Sù
æ 0
S=ç
0 úû
è -w

wö
÷
0ø

For the sake of brevity, we show in Figure 2.27 only analytic solutions for the form of the underlying mean
particle flow for both these types of dispersion at some time after releasing the particles from the origin.
Normalizing timescales on the integral timescale of the turbulence, the cases shown in Figure 2.27 correspond to t = 1, β = 1, S = 1, and ω = 1. We will consider the results for particle concentration in the simple
shear when we consider solutions based on the GLM in the next section for which KM using the same carrier flow autocorrelation along particle trajectories would give identical results. We note that for the simple
shear flow the concentration contours are ellipses concentric about the origin of the shear whose principal
axes rotate in time as the concentration decays until they align with the carrier mean shear. In contrast to
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Figure 2.27
Analytic solutions for the mean particle velocity field for an instantaneous point source at the center of a
simple shear flow and a rotating flow: β = 1, S = 1, and ω = 1, t = 1. (a) Simple shear flow, (b) rotating flow. (From
Swailes, D.C. et al., Analysis of particle dispersion using a pdf equation: Results for simple shear and rotating
flows, in Gas-Particle Flows ASME Summer Meeting, Hilton Head Island, SC, ASME FED-Vol. 228, August 1995,
pp. 257–263.)

the rotating flow, the concentration contours, like those in uniform flow, are all circles centered about the
origin. The rate of diffusion outward is greater than that in uniform flow because the mean spatial variation
of the flow enhances the diffusion (the spreading of the particles).
2.5.3.2.2 GLM for a Simple Shear In this regard, a more detailed analysis has been performed for particle dispersion in simple shear based on the GLM approach that demonstrates the compatibility of the two
approaches while at the same time highlighting the extra information that the GLM approach provides relating to the underlying carrier flow encountered by the particle. In this simple case, Pope’s analogue equation is
dui
= a (Sij x j - ui ) + f i¢¢(t )
dt

(2.228)

Sij = Sdi1d j 2
where α in this simple case is assumed constant.
Using a simple model for the Reynolds shear stresses based on Pope’s GLM model (Haworth and Pope,
1986), exact solutions have been obtained for the particle kinetic stresses (velocity covariances) and the
particle diffusion coefficients associated with an instantaneous point source located at the center of the
shear (Reeks, 2005). The results for the particle kinetic stresses are shown in Figure 2.28a as a function of
the particle response time suitably normalized on the timescale of the turbulence that is homogeneous and
stationary (effectively the particle Stokes number St). x1 is the streamwise direction and x2 cross-streamwise
direction. What is plotted is the difference between the streamwise and cross-streamwise components for
the normal stresses normalized on S 2 u¢2 , where S is the strain rate normalized on the timescale of the
turbulence. What is noticeable is that the difference is positive and increases with the Stokes number. As
the particles cross the shear, they extract turbulent energy from the mean flow—it is the work done by shear
stresses in the streamwise direction that appears as an increase of turbulent kinetic energy in the streamwise
direction. The second graph in Figure 2.28b is even more revealing. A calculation is made of the diffusion
coefficients εijS that relate the diffusion current ji to the gradients of the concentration gradient, that is,
ji = áui ñárñ - εijS

¶
árñ
¶x j

(2.229)

Here, we see the particle current composed of a convective term proportional to the local mean carrier
flow and a long-term diffusive current. What is most interesting is the particle diffusion coefficient in the
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Figure 2.28
Dispersion of particles in a simple shear based on Pope’s generalized Langevin method versus Stokes number β−1. S is the strain
rate normalized on turbulence integral timescale versus Stokes number β−1. In the graphs εijS = áv i¢¢x j ñ. (a) Particle covariance
(kinetic stresses) (b) Long-time particle dispersion coefficients ε.

streamwise direction compared to that in the cross-streamwise direction. We note that for all Stokes numbers it is −ve, which includes that for a passive scalar! This does not imply, however, that contrary to the
second law a blob of particles will always contract rather than expand. These diffusion coefficients make a
small contribution to the way a blob will diffuse. Particles will diffuse in the streamwise direction because
as they move upward or downward, they will experience larger positive or negative velocities according to
how far they are away from the origin. And that displacement is randomly positive or negative because it is
determined by dispersion in the cross-streamwise direction. So, it is this process that makes the blob stretch
in the streamwise direction. The −ve diffusion coefficients reduce this process but never reverse it.
Figure 2.29 shows a picture of the concentration contours and the mean particle velocities at a time on an
integral timescale after they were released from the center of the shear where the mean velocities are almost
β–1 = 1, S = 1, αt = 1
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Figure 2.29
Concentration contours and particle mean velocity for St = 1 and normalized strain rate S =1, at (a) t = 1 and
(b) t = 6, where t is in units of the integral timescale. Concentration contours represent a constant fraction f of
the concentration at the center of the shear, f = 1 − 0.02n, n = 1, 2, …, k.
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radial and later where they have rotated to align with the velocities of the shear during which time the
contours have expanded. As noted earlier, the mean concentration contours at any given time are expanding
ellipses possessing the same principal axes centered at the origin, which rotate first anticlockwise and then
clockwise until the major principal axis aligns with the streamwise direction. The rotational component of
the particle mean velocity follows a similar behavior though the changeover from anticlockwise to clockwise
is much more gradual. Although one of the principal strain rates of the mean particle velocity field becomes
compressional during the approach to equilibrium, the divergence of the mean particle velocity field is
always positive, ensuring the mean particle concentration decreases everywhere and for all time consistent
with the second law of thermodynamics. See Figure 2.29 for the corresponding concentration and mean
velocity vectors during the dispersion.
The possibility of this occurring has been noted earlier for passive scalar diffusion.
2.5.4 Continuum Equations and Constitutive Relations
for the Dispersed Phase (without Collisions)
Continuum equations refer to the equations that describe the net transport of mass, momentum, and kinetic
stress of the particle phase and can be generated from the pdf equations for 〈P〉 or 〈W〉 by multiplying
them by an appropriate power of mv i¢pv ¢jqv k¢r … and then integrating over all u and v (for 〈P〉) and over all
v (for 〈W〉), where m is the mass of a particle (assuming that all the particles for the sake of simplicity have
the same mass m) and v′ is the fluctuating value of v relative to its mean density-weighted value v . Thus, the
following equations are derived:

ò

Mass (árñ) = m áP ñ(v ,u , x )dvdu

(2.230)

ò

(2.231)

ò

(2.232)

Momentum ár ñv i = m áP ñ(v ,u , x )v idvdu

Kinetic stress árñv iv j = m áP ñ(v ,u , x )v i¢v ¢jdvdu

So, the quantities v j and v i¢v j¢ are the particle mass density-weighted mean and covariance* of the particle
velocities at (x, t). The continuum equations are from Equation 2.202:
¶árñ ¶
+
árñv i = 0
¶t
¶x i

(2.233)

árñ

Dp
¶
vi = árñv i¢v ¢j + árñb(áui ñ - v i ) + bárñui¢¢
Dt
¶x j

árñ

Dp
¶
¶vi
¶v j
ári ñ + árñv ¢j v k¢
+ árñv i¢v k¢
v i¢v ¢j = ¶x k
¶x k
¶x k
Dt

(

{

- árñb 2v ivj¢ - v i¢u¢j + vj¢ui¢

})

(2.234)

(2.235)

where Dp/Dt is the particle substantial derivative, that is,
Dp ¶
¶
= + vj
¶x j
Dt ¶t

* Alternatively the particle kinematic kinetic stresses.
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So, we require closed expressions for
1. u¢, the average fluid velocity relative to 〈u〉 encountered by a particle
2. uk¢ v ¢j , the carrier–particle velocity covariances
3. árv k¢ v ¢j v i¢ñ, the turbulent kinetic energy flux
Note the distinction here between variables ui¢¢ and ui¢ . Here and throughout, we will use superscripts ″ and ′
to refer to random variables relative to 〈u〉 and particle density-weighted averages, respectively, for example,
v ¢¢ = v - u ; v ¢ = v - v .
2.5.4.1 Constitutive Relations Based on Kinetic Model

Using the kinetic Equation 2.202 with Equation 2.204, together with the simpler LHDI forms for the phase
space dispersion coefficients given in Equation 2.210 and suitably integrating Equation 2.202 over all particle velocities to form transport equations for the particle phase momentum and particle kinetic stresses and
then comparing the resulting equations with Equations 2.234 and 2.235, we obtain the following identities:
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ui¢¢árñ = -

¢¢
¶
( Dx j (x ,t | 0)áui¢¢(x ,t )ñárñ ) - Dx j (x ,t | 0) ¶¶xui árñ
¶x j
j

ui¢vj¢ = á Dv j (x ,t | 0)ui¢¢(x ,t )ñ -

¶v j
á Dx m (x ,t | 0)ui¢¢(x ,t )ñ
¶x m

(2.236)

(2.237)

where
the displacements Δv and Δx refer to all particle trajectories arriving at x at time t irrespective of their
velocity
áui¢¢(x ,t )Dv j (x ,t | 0)ñ is the fluid–particle velocity diffusion coefficient
áui¢¢(x ,t )Dx j (x ,t | 0)ñ is the fluid–particle spatial diffusion coefficient
It is noticeable from Equation 2.236 that the turbulent interfacial momentum transfer term bu¢¢árñ will contribute an interfacial surface force to the particle phase momentum equation that combines with the particle
Reynolds stresses to give a pressure tensor p whose components are expressible in terms of an equation of
state, namely, at x
pij
= ávi¢vj¢ ñ + bá Dx j (x ,t | 0)ui¢¢(x ,t )ñ
árñ

(2.238)

where v′ is the particle velocity fluctuation relative to the mean velocity v at (x, t). Equation 2.238 in turn
encapsulates a fundamental relationship between the components of p and a set of coefficients εij :
pij
= bεij†
árñ

(2.239)

εij = b-1 áv i¢v ¢j ñ + áui¢¢(x ,t )ñ Dx j (x ,t |0)

(2.240)

where εij† is the transpose of εij . Expressing the RHS in the way we have done earlier demonstrates a close relationship to the particle diffusion coefficients associated with particle dispersion in generic flows like those
considered in Section 3. We note that it is these coefficients that are the analogue of temperature, not the
particle kinetic energy. These results have also been derived independently using the Clausius virial theorem
of the classical kinetic theory (Reeks, 1991).
2.5.4.1.1 Particle Momentum Equation Interpreted as an Advection–Diffusion Equation It is clear from
the momentum equation that when the inertial term Dv i /Dt is small compared to the other terms, the
transport is described by a simple advection gradient diffusion equation with the components of the particle
mass flux j:
ji = -εij
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¶árñ
+ vD
¶x j

(2.241)
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in which the diffusion coefficients εij are identical to those given in Equation 2.239 and the convection
velocity is given by
v D =+
u vd

(2.242)

ö
ü æ ¶
ì¶
×Dx (x ,t | 0) ÷u¢¢(x ,t )
v d = -b-1 í ×v ¢v ¢ý - ç
ø
þ è ¶x
î ¶x

(2.243)

The first term on the RHS of Equation 2.243 has been referred to as the turbophoretic velocity (Reeks, 1983);
the additional contribution from the second term is entirely due to the structure of the flow. It should be
zero for inertialess particles that follow the flow (Bragg et al., 2012a). According to this approach, gradient
diffusion is always the case for particles that follow the flow: indeed, the set of diffusion coefficients εij reduce
to the local average
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εij = áui¢¢(x ,t )Dx j (x ,t |0)ñ

(2.244)

In the case of statistical stationary homogeneous turbulence, advection–diffusion applies to the case for
inertial particles in the long term for dispersion in an unbounded flow when βt ≫ 1 or when the particles
are confined and the system approaches equilibrium, in which case ∂ρ/∂x → 0. In this case, substituting the

ò

¥

formulae v ¢i v ¢j = b e -bsui¢¢(0)u¢¢(s )ds and Dx j (x ,t | 0 |) =
0

ò

¥

0

(1 - e -bs )u¢¢j (s )ds into the formula for εij in Equation

2.240, we would obtain the result in 2.225 for statistically stationary isotropic homogeneous turbulence.
It is very interesting to point out that similar arguments were used by Einstein (1905) to evaluate the diffusion coefficient of Brownian particles. Here, we have an almost identical particle equation of motion except that
the driving force (due to the turbulence carrier flow) in our case is not limited to white noise as it is in the case
of Brownian motion due to molecular bombardment of the suspended particles. What Einstein recognized was
that the momentum equation (in his case the balance of the pressure gradient with the weight of the particles)
implies a diffusion equation for the suspended particles as they approached their long-term equilibrium state
and in particular as the gradient of the average particle concentration ∇〈ρ〉 → 0. So, instead of an isothermal
system, what we have is a statistical stationary homogeneous isotropic turbulent flow and we consider an equilibrium state in which there is a balance between the pressure gradient and a body force acting on the particles,
the obvious one being the weight of the particles. So in effect we are considering the weight of an elemental
volume of particles balanced by the pressure gradient acting across it as Einstein did.
We note, however, that the coefficients εij defined in general in Equation 2.240 are not the same as the diffusion coefficients εijS for particle dispersion in a simple linear shear flow referred to in Equation 2.229 except
in the case of inertialess particles that follow the flow β−1 = 0. In general,
εijS = áv i¢¢x j ñ

(2.245)

The reason for the discrepancy between εij and εijS for particles with inertia is that while the process is still diffusive (for particles released from the center of the shear), the inertial acceleration term Dv i /Dt in the particle
momentum in Equation 2.234 also makes a finite contribution to εijS along with normal gradient diffusion
term in the momentum equation from which εij is derived.
2.5.4.1.2 Particle–Carrier Velocity Covariances Referring to the transport equation Equation 2.235 for
the particle kinetic stresses (which includes the particles’ turbulent kinetic energy), the particle-carrier flow
velocity covariances are given in KM by

ui¢vj¢ = áui¢¢(x ,t )Dv j (x ,t |0)ñ - áui¢¢(x ,t )Dx m (x ,t |0)ñ
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¶v j
¶x m

(2.246)
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where the displacements Δv and Δx refer to all particle trajectories arriving at x at time t irrespective of their
velocity. Substituting these expressions for the carrier flow–particle velocity covariances into the transport
equation (2.235) for the particle kinetic stresses gives
árñ

é ¶v n
D
¶
¶v m ù
v m¢ v n¢ = á rv i¢vm¢ v ¢n ñ - árñ ê
plm +
pln ú + 2árñb mSmn - v m¢ v n¢
Dt
¶
x
¶
x
¶x i
l
ë l
û

{

}

(2.247)

where mSmn refers to the components of the symmetric part of μ = 〈u″(x, t)Δv(x, t|0)〉.
So, we refer to the terms on the RHS of the aforementioned equation:
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1. The first term is a third-order velocity moment of the particle pdf, which can be referred to as the
turbulent kinetic stress flux, which for m = n includes the turbulent kinetic energy flux and is a
term that requires closure. In this case, one can use the methods developed in kinetic theory to
approximate this term. In particular, applying the Chapman–Enskog (C–E) approximation gives
the following relationship involving the gradients of the velocity covariance and the particle diffusion coefficients εij , a result obtained by Swailes et al. (1998), among others:
v i¢v ¢j v k¢ = -εli

¶
¶
¶
v ¢j v k¢ - εlj
v i¢v k¢ - εlk
v i¢v ¢j
¶x l
¶x l
¶x l

(2.248)

Compare their result with the form used for third-order moment in single-phase flow by Daly
and Harlow (1970). The answers to the questions how accurate it is and how important it is to
take it into account are illustrated by the two graphs in Figure 2.30, giving a comparison with the
results from tracking many particles in a channel flow and then averaging. Figure 2.30a shows the
particle tracking result for the triple moment in the normal streamwise direction by comparing
that obtained from the C–E approximation and those based on an approximation derived from
a transport equation for the triple moments where fourth-order moments are closed, assuming a
Gaussian distribution known as the quasi-normal approximation. The C–E approximation does
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Figure 2.30
Simulation (particle tracking) and kinetic method predictions using Chapman–Enskog approximation in
Equation 2.248 for turbulent pipe flow. (a) Particle triple correlation, (b) particle kinetic stresses.

160

2. Computational Methods

well but underpredicts the maximum. The center of the channel is at R = 1 and the walls at R = 0.
Figure 2.30b shows the contribution the triple correlation makes to the particle velocity covariance or kinetic stresses, thus clearly indicating the significant contribution they make near the
walls.
2. The second term in brackets represents “viscous”* losses from the action of surface forces p (as defined
in Equation 2.239) in changing the shape and size of an elemental volume of the dispersed flow as it
moves through the mean shear gradients of that flow. So, this term acts as a source of production of
turbulent kinetic energy for the suspended particles. We recall that in the case of particle dispersion
in a simple shear flow, the particle rms velocity in the streamwise direction (in the direction of the
straining flow) is greater than that in the cross-streamwise direction by an amount that is proportional to the strain rate (see Figure 2.28a).
3. The third and fourth terms are net loss and production terms arising from an internal volume dissipative force −βv′ and a driving force β · u″(x, t), respectively. Here, v′ = |v′|. We note that at equilibrium in homogeneous turbulence
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v ¢2 = áu¢¢(x ,t ) × Dv (x ,t |0)ñ
with all other terms being zero. Using the appropriate form for Δvi(x, t|0) gives the correct analytic
form of Equation 2.227:
¥

ò

v ¢2 = b e -bs u¢¢(0) ×u¢¢(s ) ds
0

where vecu″(s) is the fluctuating carrier flow velocity along a particle trajectory;
2.5.4.1.3 Form for Kinetic Stresses for β−1 ≪ 1 The particle kinetic stresses depend explicitly on the shearing of the dispersed phase (the term in square brackets in Equation 2.247) and the shearing of the carrier
flow (the terms involving áui¢¢(x ,t )Dv n (x ,t | 0)ñ in Equation 2.247).
To illustrate this behavior still further, let us refer to 〈u″(x, t)Δv(x, t|0)〉 by z composed of a part z (0) (as if the
flow was uniform and independent of the shearing of the carrier flow) and a deviatoric part δz that is linear in
the local shearing of the carrier flow. Likewise, we divide the particle kinetic stress into similar components.
Consider thus the case when β−1 is very small (almost fluid point motion). Only a balance of the terms of order
β is important in the kinetic stress equation so that we have
-2dv n¢ v m¢ + {dzmn + dznm } - εmi

(0)
¶v n
¶v m
0)
0)
= 2v n¢ v m¢ - z(mn
- εni
+ z(nm
¶x i
¶x i

{

}

The terms on the LHS contain all the deviatoric terms and the terms on the RHS all the homogeneous
terms. The whole equation must express the fact that in this limit, the particle velocity covariances are the
same as the carrier flow covariances: this is consistent with the bracketed terms containing all the homogeneous forms and the deviatoric terms being both zero. The implication for the sum of the deviatoric
terms being zero is that
dv n¢ v m¢ = -εmi

¶
¶
(v n - un ) - εni
(v m - um ) b-1 ® 0
¶x i
¶x i

(2.249)

That is, the particle deviatoric kinetic stresses in the limit of very small particles are linear in the relative
shearing between the carrier and dispersed phases. For the case of very large particles, the contribution from
the interfacial momentum transfer term to the deviatoric particle Reynolds stresses drops to zero with no
explicit dependence on the shearing of the carrier flow: the contribution is entirely viscous.
* Equivalent to viscous losses; increases the temperature in a flowing gas.
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2.5.4.2 Constitutive Relations Based on GLM

The closure expressions in this case are transport equations for u¢¢ and uk¢ v ¢j , which are derived from the GLM
pdf equation for 〈P〉, that is, Equation 2.219. Multiplying Equation 2.219 by ui and integrating over all v
and u, we have
¶áu j ñ ü
¶
¶
ì
árui ñ +
árv jui ñ = í f i (x ) - aij u¢¢j + (v k - uk )
ý árñ
¶t
¶x j
¶x k þ
î
Recognizing that we can rewrite the LHS as
D
D
¶
¶
¶
árui ñ +
árv jui ñ = árñ p áui ñ + árñ p ui¢¢ +
v ¢jui¢árñ
¶t
¶x j
Dt
Dt
¶x j

(2.250)

and that from Equation 2.215 to 2.201
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æ ¶
æ Df
¶ ö
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ç + uj
÷áui ñ =+
ç
¶
¶
¶
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j ø
è
è

ö
÷áui ñ
ø

and using the relationship given in Equation 2.214, we finally derive the following transport equation for ui¢¢:

árñ

üï
ìï ¶áu ñ
Dp
¶
¶
ui¢¢ = v ¢jui¢árñ + árñ
u¢¢jui¢¢ - í i + aij ýu¢¢j árñ
¶x j
¶x j
Dt
ïî ¶x j
ïþ

(2.251)

A transport equation can also be obtained for uk¢ v ¢j by transforming the GLM pdf equation into an equation for P(v′, u′, x, t), multiplying the resulting equation by ui¢v ¢j , and then integrating over all u′ and v′.
This gives

árñ

Dp
¶u
¶
¶u¢¢ æ
¶v j
ui¢v ¢j = árñui¢v ¢j v k¢ - árñv ¢j v k¢ i - çç árñui¢v k¢
+ v ¢juk¢ j
Dt
¶x k
¶x k è
¶x k
¶x k

ö
¢ ¢
¢ ¢ ¢ ¢
÷
÷- árñb uiv j - uiu j + árñ aik uk v j
ø
(2.252)

(

)

2.5.4.2.1 Fluid–Particle Velocity Correlation Models The general form of α in Pope’s GLM model is
assumed to be linear in the local strain rates of the carrier flow, that is,
aij =+
aij(0) b2

¶ui
¶x j

(2.253)

where aij(0) is the homogeneous (strain rate independent) component and β2 a constant whose value is
obtained from measured values of one-point statistics. In the case of the SDM model, the values of aij(0) are
dependent on the particle itself since they refer to fluid timescales viewed by the particle. In particular, SDM
account for the influence of crossing trajectories by choosing the following form for aij(0):
é 1
dij
1 ù
aij(0) =+
ú ni n j
ê
t pf ,^ ë t pf , t pf ,^ û
where τpf,⊥ and τpf,∥ are the turbulent characteristic timescales of the fluid velocity fluctuations viewed by the
particles in the direction normal and parallel to the mean relative velocity vector Vr between particle and
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carrier flow that has direction cosines ni. Thus, by adopting the same approach as that of Csanady (1963) for
gravitational settling, τpf,⊥ and τpf,∥ are given by
t pf , =+
t f (1 Czr2 )-1/2 t pf ,^ =+
t f (1 4Czr2 )-1/2
where

z =
2
r

3 Vr

2

áu¢ × u¢ñ
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and C is a given parameter characterising the Eulerian to Lagrangian integral time scale ratio.
For the closure of the transport equation for the fluid–particle covariances in Equation 2.252, we need
finally a closed expression for the fluid–particle velocity rui¢v ¢j v k¢ for the particle fluid covariance flux. In the
case of the scalar particle fluid covariance 〈u′ · v′〉, Simonin (1996a) has used a Boussinesq approximation
áru¢ ×v ¢vi¢ñ = -árñ ntpf

¶
áu¢ ×v ¢ñ
¶x i

where ntpf is referred to as the fluid–particle turbulent viscosity written in terms of the timescale of the fluid
along a particle trajectory τpf, namely,
1
ntpf = áu¢ ×v ¢ñ t pf
3
Using this gradient approximation of the particle fluid velocity fluxes and the expressions for αij, the
transport equation can, in principle, be solved for the linear form for αij in Equation 2.253. Fevrier and
Simonin (1998), from a computational point of view, have derived an algebraic model for the off-diagonal
particle–fluid covariances, which they then use in conjunction with a transport model for the scalar
fluid–particle covariance 〈u′·v′〉. This algebraic model is derived from Equation 2.252, assuming equilibrium of the fluid–particle turbulent velocity correlation tensor in single-phase flow, namely,
éd
ù
éd
ù
áum¢ v m¢ ñ ê áui¢v ¢j ñ - Dij ú = áui¢v ¢j ñ ê áum¢ v m¢ ñ - Dmm ú
dt
dt
ë
û
ë
û
where Dij refers to the diffusive component (gradient of the fluid–particle velocity flux) in the transport equation for the fluid–particle covariance. Then from the fluid–particle correlation transport (Equation 2.252),
one obtains the following models:
2.5.4.2.2 Algebraic Model
ìï
¶v
¶u üï
1 é
1
1
áu¢ ×v ¢ñ é
ù
áui¢v ¢j ñ = áu¢ ×v ¢ñ dij +
áui¢u¢j ñ - áu¢2 ñ dij ú áu¢ ×v ¢ñ íáui¢v k¢ ñ j + (1 - b2 )áui¢v k¢ ñ j ý
2
2 ê
ê
3
3
áu¢ ñ ë
¶x k
¶x k ïþ
û 2báu¢ ñ êë
ïî
ì
¶u ü
¶v
- áui¢v ¢j ñ íáum¢ v n¢ ñ m + (1 - b2 )áv m¢ un¢ ñ m ý
¶x n þ
¶x n
î

(2.254)

where 〈u′2〉 = 〈u′ · u′〉. For practical application, this algebraic expression may be used with the transport equation of the fluid–particle covariance 〈u′ · v′〉 obtained directly from Equation 2.252. Fevrier and
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Simonin (1998) go further and derive an even simpler model than the algebraic model by assuming that
the fluid–particle covariance tensor anisotropy is small so that, for instance, certain ratios in the algebraic
model equation can be replaced by their local quasi-homogeneous value. Thus,
bt f
áu¢ ×v ¢ñ
=
áu¢2 ñ
1 + bt f
This sort of approximation gives a Boussinesq or eddy viscosity model for the fluid–particle velocity covariance as follows:
2.5.4.2.3 Eddy Viscosity Model
v tpf
bt f ì
1
1
ü
áui¢v ¢j ñ = áu¢ ×v ¢ñ dij +
íáui¢u¢j ñ - áu¢ ×v ¢ñ ý 3
1 + bt f î
3
þ 1 + bt f

ìï ¶v j 1
- div v
í
ïî ¶x i 3
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æ ¶u d
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è ¶x j 3
ø

(2.255)

In Section 2.5.4.3, we compare the predictions for the dispersion of particles in a particle-laden jet and a
vertical channel flow.
2.5.4.3 Comparison of Predictions with Experimental Results
for Nonuniform Unbounded Flows

Here, we briefly consider the application of the pdf approach for predicting the concentration, mean velocity,
and velocity covariances of a dilute suspension of particles in nonuniform flows where near-wall behavior is
not a feature. In particular, in Figure 2.31, we show the predictions of Simonin and Fevrier (1996a,b) using
a particle kinetic stress transport model of the particle mean and rms velocities in a vertical channel flow
and in a turbulent round jet in comparison with the experimental measurements of Rogers and Eaton (1963)
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Figure 2.31
(a) Particle rms velocity predictions of Simonin (1996b) using kinetic stress transport compared to experimental measurements
in a vertical channel flow. (From Rogers, C.B. and Eaton, J.K., Int. J. Multiphase Flow, 16(5), 819, 1963.) and (b) a turbulent round
jet. (From Hishida, K. and Maeda, M., Turbulent characteristics of gas-solid two-phase confined jet: Effect of particle density, in
Fifth Workshop on Two Phase Flow Predictions: Proceedings, Erlangen, Germany, March 19–22, 1990.)
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for the vertical channel flow and that of Hishida and Maeda (1990) for the round jet. The results show the
significant difference between the streamwise and normal streamwise rms particle velocities in the case
of channel flow and between the axial and radial rms velocities for the round jet. You can see the greatest
difference near the walls in the vertical channel flow where the shear stresses are greatest and also near the
nozzle in the case of the round jet. In both cases, this is due to the work done by the kinetic stresses as the
mean shearing of the particle flow compresses or dilates the particle flow in the streamwise direction or
axial direction (see the terms proportional to the mean shearing (Equation 2.235), which are responsible
for the difference). Note that in the case of the jet, the kinetic stress transport model gives slightly better
predictions for the radial rms velocities than the quasi-homogeneous model due to the contribution of the
gradients of the triple correlation. This is one of the many examples where comparison between model predictions and experimental measurements has been made. However, it does provide very good examples of
the application of the transport equation for the particle kinetic stresses (Equation 2.232) where the work
done by the mean shear of either phase introduces a significant anisotropy into the particle velocity covariance as is also the case of dispersion in a simple shear.
Figure 2.32 shows the axial and radial particle rms velocities for the turbulent round jet as a function of radial location for a range of axial distances from the jet nozzle. While showing the same anisotropy in the axial and radial rms velocities as in Figure 2.32, the figure also indicates the contribution of
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Figure 2.32
Turbulent round jet. Further generalized Langevin method probability density function predictions versus
experimental measurements of the radial and axial particle rms velocities as a function of radial location for
a range of axial distances (Simonin [1996a]).
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the particle fluid covariances based on the algebraic model (Equatin 2.254) and the eddy viscosity model
(Equation 2.255). Application of the algebraic model accurately predicts the values in the particle velocity
fluctuations in both the axial and radial directions for all measured axial locations. The fluid–particle eddy
viscosity model is reasonably accurate in predicting the radial velocity fluctuations but clearly underpredicts the axial values.

Downloaded by [Cornell University] at 04:29 25 October 2016

2.5.5 Particle–Wall Interactions and Transport in Turbulent Boundary Layers
Not only does the pdf approach provide a formal way of deriving the continuum equations and constitutive
relations of the dispersed phase, but it also correctly deals with the near-wall behavior and particle–wall
interactions that form the natural bc’s of the dispersed phase. Applying bc’s to the continuum equations
themselves, as is done for the continuous-phase two-fluid modeling, is inappropriate because such bc’s
imposed are artificial. In reality, the natural bc’s have to do with the particles’ response to the surface molecular forces that, for an impacting particle at a solid surface, express a relationship between the distribution
of particle velocity before and after impact and the possible deposition/absorption and subsequent resuspension of the deposited particles sometime later. So while the velocity distribution at the wall is an important
feature of the bc’s, it is not known a priori but is an intrinsic part of the calculation.
In this section, we briefly review the work of Swailes et al. (Swailes and Reeks, 1994, Darbyshire and Swailes,
1996, Reeks and Swailes, 1997, Devenish et al., 1999) on the application of the pdf approach to near-wall behavior in a turbulent boundary and the influence of natural bc’s. We note that the steep change in the level of turbulence at the wall means that only for very small particles are the two-fluid equations (mass, momentum, and
energy) likely to apply, that is, the particle distribution of velocities at any position within the turbulent boundary layer will not be locally related to the turbulence: depending on its size, a particle will retain some memory
of its behavior in the far wall or bulk flow. More precisely, this depends on the variation of the turbulence over a
particle mean free path, which is defined as the distance a particle travels in a time equal to its correlation time
ε v ¢: the same sort of conditions apply in a gas at low pressure when the dimensions of the container are comparable to the molecular mean free path. Under such circumstances, the so-called continuum theory no longer
applies. It is to be noted that even without the steep change in turbulence, the bc’s at the wall are in themselves
likely to cause a lack of validity of two-fluid model equations simply because the particle–wall distribution will
be so very much different from the distribution away from the wall (one mean free path away) and far from the
assumption that it is close to Gaussian.
However, to begin with, we consider particles whose inertia is sufficiently large that their transport through
the turbulent boundary layer is ballistic, that is, they are unaffected by the turbulent boundary layer adjacent to
the wall and the effective mean free path of the particles is comparable to the dimensions of the containment.
We consider first the interesting case of particles settling out under gravity with partial absorption and diffuse
reflection at the wall with inelastic collision for those particles that rebound. All this is a valuable precursor
to our consideration of the way the pdf method deals with the most challenging case of transport of particles
through a turbulent boundary where the transport through the boundary layer rate limits the particle deposition at the wall. It is a case where inhomogeneity of the flow and the nonlocal nature of the transport and the
particle–surface interactions (through impact and absorption followed by resuspension) all play an equally
important role.
2.5.5.1 General Boundary Conditions at the Wall

Referring to Figure 2.33, the general bc for a particle impacting at a wall at x with velocity u and rebounding
with a range of possible velocities v is the flux condition
vP (v , x ,t ) =

ò uP(u, x ,t )Q(v | u)du

(2.256)

u ×n £ 0

where
n is the direction normal to the wall at x
Θ(v|u) is the transition or scattering probability density that a particle will rebound with a velocity v after
impacting the surface with velocity u
u and v are related deterministically (specular reflection) or stochastically (diffuse scattering as in the case
of a microscopically rough surface). Swailes and his coworkers (Swailes and Reeks, 1994, Swailes, 1997,
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Particle impact and rebound velocities at a rough wall.

Reeks and Swailes, 1997, Devenish et al., 1999) have obtained solutions for the pdf equation for simple
flows in these cases. Both cases involve duct flow in which the turbulence is regarded as homogeneous with
uniform mean velocity in the streamwise direction. In these cases, therefore, the particle’s response time
is sufficiently large that it does not respond to the spatial variations in the mean flow and the turbulence
especially near the wall. In these cases, it is the bc’s themselves that determine the near-wall behavior where
the continuum equations are inappropriate and the behavior can be well approximated by a simple steadystate solution of the pdf equation in 1D in x and in v. The conditions for particle response times are consistent with the spatial gradients flux term in Equation 2.204 being set to zero as well as the body force due
to inhomogeneity in the flow. In this case, the pdf equation can be normalized in a universal form under
steady conditions as (Reeks and Swailes, 1997)
æ ¶
¶
¶
¶2 ö
- v +g
+ 2 ÷áW (y , x ,t )ñ = 0
çv
¶v ¶v ø
è ¶y ¶v

(2.257)

where y is the normal distance from the wall (y = 0) and positive velocities are directed toward the wall,
particles are acted upon by a gravitational force g directed toward the wall, and velocities and distances are
normalized on the particle rms velocity at equilibrium (perfectly reflecting walls) and on the particle mean
free path ε v ¢.
In the simple flows considered by Swailes et al., the flow is divided into a far-wall region, which acts as a
constant source of particles entering the near-wall region. The interface is set at some distance ϒ from the
wall in particle mean free paths where the spatial distribution of the particles is uniform. It follows from
Equation 2.257 that this distribution will be Gaussian:
w (0, v ) = ( 2p )

-1/ 2

æ 1 ö
exp ç - v 2 ÷ for v > 0.
è 2 ø

(2.258)

2.5.5.1.1 Method of Solution The pdf equation is solved numerically using a spectral expansion in terms of
Hermite polynomials, looking for solutions in the form
N

w (y , v ) »

å f (y )y (v )
n

n

(2.259)

n =0

where ψn are the orthonormal functions based on the Hermite polynomials Hn. They are
1/ 2

æ b
ö
æ 1
2ö
yn (v ) = ç n
÷ exp ç - 2 (bv ) ÷H n (bv )
2
p
n
!
è
ø
è
ø

(2.260)

The inclusion of the scaling factor b allows the placement of a set of collocation points vj (j = 0, 1, …, N) to
be optimized. At these collocation points, the approximation in Equation 2.259 is exact. In this problem,
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the collocation points are taken to be the zeros of the function ψN+1 which provide discrete orthonormal
properties for ψn(vs). Substituting the approximation in Equation 2.259 into 2.257 and making it exact at
these collocation points give a system of first-order equations:
d
W = AW
dy

(2.261)

where
W is the column vector whose elements are the values of the pdf at the collocation points
A is a matrix whose elements are functions of yns .
The bc’s given by Equations 2.256 and 2.258 are discretized at the points vj. If we define N* to be the integer
such that vj < 0 for j < N* and vj ≥ 0 for j ≥ N*, then the bc at the interface y = ϒ can be written as
N

åz w
jn

n

= 1, j ³ N *

(2.262)
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n =0

where wn = w(vn,ϒ) and
1/ 2
æ1 ö
z jn = d jn ( 2p ) exp ç v 2j ÷ j ³ N *
è2 ø

(2.263)

The bc at the wall y = 0 is
N

åz w
jn

n

=<
0, j N *

(2.264)

n =0

where
N

z jn =+
d jnv n hn-1

åy I

n
m m

(v j ) j ³ N *

(2.265)

m =0

with
¥

ò

I m (v j ) = ym (u)uQ(v j |u)du

(2.266)

0

The interface and wall bc’s represent standard two-point bc’s for the solutions of Equation 2.261 and can be
solved by a standard numerical method. Figures 2.34 and 2.35 show some of the results obtained by Reeks and
Swailes (1997), for particle deposition at a wall with or without gravity for specific examples of the wall scattering function Θ(vj|u). In each case, results are compared with those obtained from a random walk simulation
that simulates the system precisely. In this case, it was assumed that upon impact there was an energy loss
that was conveniently described by defining a critical impact velocity vc below which a particle adhered upon
impact but above which a particle will rebound with a prescribed rebound velocity v = Θ(u). Thus, Θ(v|u) for
specular reflection is
ì0
Q=í
îd(v - q(u)

for 0 < v £ v c
for v > v c

(2.267)

Modeling the dependence of v = θ(u) from a constant energy loss upon impact as
v = - u 2 - v c2
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for u > v c

(2.268)
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Figure 2.34
Velocity distribution P(v) for particles settling under gravity in a homogeneous turbulent flow, impacting at a
wall with partial absorption: vc = 5, vg = 5 (in normalized units). Impact velocities are for v > 0.
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Figure 2.35
Wall distribution for specular reflection: γ = 0°, vc = 1.

gives the simple form
áW (v , 0)ñ = áW (u , 0)ñ for u > v c

(2.269)

where υ and u are related by Equation 2.268.
We note that vc = 0 no absorption and no energy loss give the perfect reflection bc condition 〈W(v, 0)〉 = 〈W(−v, 0)〉,
while letting vc → ∞ gives the perfect absorption case 〈W(v, 0)〉 = 0, v < 0. Results were obtained for a range of values
of the gravitational settling velocity vg and critical impact velocities vc. Figure 2.34 shows the results of solving the
pdf Equation 2.257 with those obtained from the simulation for the velocity distribution at the wall for the specific
case of a partially absorbing wall with vc = 5 and vg = 5 (in normalized units). Note there are two peaks: one centered
at v = vg and the one with its center slightly displaced from the origin. The relative heights of these peaks depend
upon the ratio of vc/vg: for vc/vg = 0 (zero absorption), the latter peak has a maximum value v = 0, with no contribution from the peak at v = vg. In contrast, the reverse is the case when vc/vg → ∞.
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2.5.5.1.2 Diffuse Reflection with Deposition As an illustration, we suppose that particles arriving at the
surface are still reflected with a deterministic speed, but now the velocity vector is directed at some random
angle α to the surface. Since we are concerned only with particle transport in the direction normal to the
wall, we may consider the rebound velocity to be v = −r cos α, where, as in Equation 2.268, the deterministic
speed is r = u 2 - v c2 . If u < vc, then the particle is considered to adhere.
A variety of distributions Θ(v|u) can be constructed depending on the prescribed distribution of α. For
the purpose of illustration, Darbyshire and Swailes (1996) considered the simple case where the reflection
angle α is uniformly distributed on (−γ, γ) in which case
-1 2
2 -1/ 2
ïì g (u - a )
Q(v | u) = í
îï0

for a £ u £ c
otherwise

(2.270)
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where a(v ) =+
v c2 v 2 sec 2 g .
v c2 v 2 and c (v ) =+
Predictions for the velocity distribution at the wall compared with those obtained from random walk
simulations are shown in Figure 2.36 for γ = 75°. Compare this distribution with that for specular reflection
with the same critical impact velocity shown in Figure 2.35, which illustrates the essential effect of diffuse
reflection, namely, the reduction near the wall of the normal component of the particle rms velocity, the
effect becoming more pronounced with increasing γ. These features are accompanied with an increase in
particle–wall concentration as γ increases.
2.5.5.2 Transport and Deposition in Turbulent Boundary Layers

There has been intensive research over the last 20 years on the near-wall behavior of particles suspended in
a turbulent flow (see, e.g., recent review by Li and Ahmadi, 1992), in particular how particles interact with
near-wall structures and how are they transported and deposited at the wall. In this regard, DNS has been
particularly useful in simulating the behavior of the fluid motion. Much of our understanding comes from
particle tracking in these flows. Of particular note is the work of Soldati (2009) in illuminating the transport
mechanisms and in developing models for the particle deposition that has been the major preoccupation
from a practical point of view. The problems here have been in formulating an appropriate transport equation to account for the influence of the severe changes in the turbulence intensity in the near-wall region
that in general makes the particle transport entirely nonlocal, that is, far from local equilibrium. In this
regard, the pdf approach has been particularly successful. While the two-fluid equations are inappropriate
near the wall, the solution of the pdf equation itself still provides a valid description. Furthermore, the bc’s
arising from the particle–wall interactions are only expressible in terms of bc’s for a pdf equation since as
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Figure 2.36
Wall distribution for diffuse reflection: γ = 75°, vc = 1.
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we have said they involve changes in the velocity distribution at the wall. Traditional fluid modeling is inappropriate because the bc’s imposed are artificial. We note that advection–diffusion models for deposition
are implicit in the particle momentum equation derived from the pdf equations where the inertial term is
ignored (Reeks, 1993):
j = árñv d - ε ×

¶árñ
¶x

(2.271)

where
v d = -t p

¶
¶
× ávv ñ + k ×l
¶x
¶x

(2.272)
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The drift velocity vd is composed of essentially two terms that are of different origins. The first term arises
from the gradients of the kinetic stress and reflects a balance between a drag force and the gradients of a
stress, while the remaining terms are derived from body forces that arise directly from spatial inhomogeneous in the flow. The first term has often been referred to as turbophoresis (Reeks, 1983).
2.5.5.3 Particle Deposition in Turbulent Boundary Layers

Deposition of particles in turbulent pipe flow has a huge literature associated with it (see Li and Ahmadi,
1992)—there have been many attempts at predicting the deposition as a function of particle size or response
time. The problem as we have seen is the rapid decay of turbulence near the wall and the way the particles
respond to that decay and the lack of local equilibrium with the flow. The particles may start out in local
equilibrium far away from the wall, but their inability to follow the steep changes in the fluid velocity means
that at any point the particles have some memory of their previous history—their velocity has more to do
with where they came from than what is happening to the fluid motion locally. The continuum equations
break down. Not only that, we have to deal with the problem of bc’s if we use continuum equations because
perfect absorption at the wall means that the only bc is that there are no particles at the wall with velocities
away from the wall. There is no means of fitting that behavior into a traditional no slip at the wall bc. pdf
equations are ideally suited for this type of problem—first, they take account of the naturals bc’s, and second, they take account of the influence of particle inertia and the steep turbulence gradients. They uniquely
handle both effects together which traditional models are incapable of doing. It is useful to show some
features of the near-wall behavior before considering what the deposition looks like. The results are taken
from the recent analysis of van Dijk and Swailes (2012) based on the solution of the GLM pdf model using
a discontinuous Galerkin method of solution. Figure 2.37a shows the concentration ratio as a function of
distance y+ from the wall (denoted by x2 in the Figure 2.37) for a range of values of the particle inertia or
particle response time in wall units τ+ equivalent to the Stokes number. You can see a significant peaking of
the concentration near the wall as τ+ reduces from very large values where the motion is basically ballistic
(no response at all to the near-wall turbulence). Figure 2.37b shows the ratio of the rms of the particle–wall
normal velocities v2 to the local fluid rms of the fluid u2 as a function of distance from the wall, indicating
that this ratio ≫ 1 as you approach the wall because of the particles’ inertia and the much higher velocities
they have attained further away from the wall where the gradients of the turbulence are much less.
Figure 2.37c for the particle pdf p(v2, x2) shows that particles enter the domain at x2 = 100 for v2 < 0 and
subsequently move toward the wall via, mainly, a diffusive mechanism; the pdf remains close to the local
equilibrium state over a large part of the spatial domain. Closer to the wall, at about x2 = 20, the fluid rms
velocity decreases rapidly. The effect of this is that the particles are no longer driven by diffusion, but start
moving in free flight. Most of the heavy particles (τ+ = 300, see Figure 2.37) have enough momentum to
reach the wall, even those that have a relatively low speed. Only very slowly moving particles get trapped
near the wall and slowly drift toward adhesion at x2 = X0. This results in a small buildup near the wall of
particles with low velocity. For lighter particles (τ+ = 10, Figure 2.37c), only the fast particles reach the wall
in free flight, while most will be trapped. Hence, they are only ones that can get to the very sharp peak in the
pdf around zero particle velocity. This feature would not be picked up in the particle tracking because of the
requirement of a very high resolution. This results in a strong buildup in a concentration that is also clearly
visible in Figure 2.37a, where the particle concentration, ρ, in the boundary layer is shown. In fact, recent
work suggests that there is threshold velocity of τ+ below which particles are trapped in the region of almost
stagnant f luid near the wall and never get deposited (see the recent analysis of Sikovsky, 2013).
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Figure 2.37
Particle near-wall behavior as a function of distance from wall y + and particle response time τ+ (both in wall
units) (van Dijk and Swailes, 2012). σp2 is the local particle equilibrium rms velocity in the wall-normal direction.
(a) Near-wall particle concentration ρ, (b) near-wall particle normal rms normal velocities, (c) near-wall pdf
ρ(v2,x2) for τ+ = 10, (d) particle velocity distribution for τ+ = 10 at “wall” (one particle radium from wall).

Similar features have been observed in particle pair collisions in homogeneous isotropic turbulence
(Wang et al. 2000). The normalized particle velocity distribution, which is presented in Figure 2.37d,
illustrates this process as well: the distribution for τ+ = 300 has a significant tail, while for τ+ = 10 the
distribution is strongly localized near v2/σp2 = 0.
Finally, Figure 2.38 shows the predictions of the particle deposition velocity j+ (in wall units) as a function of particle response time τ+ obtained by Zaichik et al. (2010) compared to a range of experimental and
DNS results. In particular, Zaichik’s predictions were obtained by solving a closed set of moment equations
derived from the pdf–kinetic equation. The closure is based on a quasi-normal assumption for the fourthorder moments of particle velocity and local equilibrium closure for third-order moments (neglecting their
advection). The method of solution has thus much in common with the RANS approach in CFD involving
Reynolds stress transport equations. Given the experimental error is very large, the pdf solutions predicts
the huge changes in deposition velocity from 10−1 to 10−5 for a change in τ+ from 10 to 10−1, which reflects the
role of particle inertia on the deposition.
2.5.5.4 Particle Resuspension

Pdf equations and their solutions play an important role in deriving a formula for the rate constant for
the removal of particles from a surface by aerodynamic forces. The process is similar to the desorption of
molecules from a surface, and the rate constant for removal is very similar to the Arrhenius formula for the
molecular desorption rate. Because the near flow is turbulent, it is necessary to take account of the contribution of the fluctuating removal forces as well as the mean forces. This means that the process is stochastic rather than a force balance between the adhesive forces holding the particles onto the surface and the
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Particle deposition in turbulent pipe flow. (From Zaichik, L.I. et al., Int. J. Heat Mass Transfer, 53, 154, 2010.)

aerodynamic removal forces. More particularly, the removal process is described by a probability per unit
time of a particle being removed from a surface or equivalently a rate constant. So, if the rate constant for
removal is p, the fraction of particles f R(t) remaining on a surface at time t is given by
f R (t ) = exp(- pt )

(2.273)

Figure 2.39a shows the aerodynamic removal forces acting on a spherical particle on a smooth surface in a
turbulent boundary layer together with the van der Waals adhesive force holding the particle onto the surface. It shows the spherical particle to be deformed in the contact area between particle and surface (much
exaggerated in Figure 2.39) indicating the presence of elastic restoring forces that balance the adhesive force
when the particle is sitting on a surface in static equilibrium (in the absence of external forces). We can represent the dependence of the surface forces (adhesive and elastic forces) and a mean removal lift force upon
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Figure 2.39
Removal of a particle from a surface by aerodynamic forces in a turbulent boundary layer. Note the deformation of the sphere
in the region of contact with the surface that is exaggerated in (a). (a) Aerodynamic and surface intermolecular adhesive forces
derived from a sphere in smooth contact with a surface, (b) surface adhesive potential well derived from the mean aerodynamic forces and adhesive forces in (a).
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surface deformation by a surface potential well, a typical profile being shown in Figure 2.39b. This shows
a position of stable equilibrium, A, where the adhesive force balances the repulsive elastic restoring force
and a constant mean lift force and a position of instability, B, where the attractive adhesive force balances
the mean lift force. Increasing the mean lift force reduces both the width of the potential well and the
height of the potential barrier of B above A, Q, which a particle has to overcome before it can be detached
from the surface. We suppose that the number of particles on the surface is sufficient to form an ensemble
of all realizable states of a single particle in a constant potential well. The fluctuating removal force will
cause the particle–surface deformation y(t) to oscillate randomly about the point of minimum potential
at A until a particle derives enough energy from the fluctuating forces (the turbulence) to escape over the
potential barrier at B and detached from the surface. The objective therefore is to use the pdf equation to
calculate the flux of particles out of the well at B, and this quantity divided by the number of particles in
the well is the probability per unit time of a particle escaping from the well, that is, the resuspension rate
constant.
In using the pdf equations to evaluate the rate constant, we recognize that the phase space dispersion
coefficients μ and λ are functions of the particle–surface deformation y. In the case of a harmonic potential, the displacement Δy(t) in Equation 2.274 determines the dispersion coefficients corresponding to the
solution of a very stiff, lightly damped harmonic oscillator. Thus, for a particle of mass m, the deformation
displacement Δy(t) at time t, about the point of minimum potential, A, is obtained from
y (t ) + bD y (t ) + w2 Dy (t ) = m -1 f L (t )
D

(2.274)

where f L(t) is the random fluctuating component of zero mean associated with the total aerodynamic lift
force
FL =+
FL f L (t )

(2.275)

where
〈FL〉 is the mean lift force that in this instance is assumed independent of time
ω is the natural frequency based on the harmonic approximation for small deformations about A
β is the fluid and mechanical damping term
Reeks et al. (1988) show that the rate constant p can be written as
p=

æ -Q
w0
exp ç
ç PE
2p
è

ö
÷
÷
ø

(2.276)

where
〈PE〉 is the average potential energy of the particles in the potential well
ω 0 is a frequency for particle motion in the well
Both these quantities reflect a process of energy transfer from the turbulence to a particle in the potential
well, the particle being resuspended when it has accumulated enough vibrational energy to detach itself
from the surface. This is the basis of the kinetic model of RRH (Reeks et al., 1988) that allows for the possibility of resonant energy transfer when the forcing frequency of the lift force fluctuations is not too different
from the natural frequency of vibration of the particle–surface deformation. Under such circumstances, a
particle is removed much easier from a surface than applying the same lift force quasi-statically (which is the
basis of the simple force balance approach). It is a more general model than the so-called force balance model
because it admits the possibility of resonant energy transfer. When this transfer is zero, then the formula
for the resuspension rate constant reduces to the form appropriate to a force balance. That is, the motion
of the particle/surface deformation is approximated by a quasi-static balance between the instantaneous
aerodynamic lift force and the adhesive force at each location/deformation in the adhesive surface potential
well. This implies a functional relationship between the particle deformation and the removal force at each
instant of time. Both resonant energy transfer and quasi-static removal are two extremes in the value of ω 0
1/ 2
and 〈PE〉 depending on the value n, forcing frequency f 2
, so for n ≪ ω, ω → n, n → ω, and ω → ω
f2

(

)

0

0

with corresponding values for 〈PE〉 at these limiting frequencies.
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The situation of smooth contact of a sphere with a surface represented in Figure 2.39 is somewhat idealized. In reality, microscopic roughness significantly reduces the adhesion between particles and surface even
in the case of particle contact with a polished surface. Contact with the surface is made by surface asperities
so that the area of contact and hence adhesion are much reduced from that for perfectly smooth contact. In
this case, experiments have shown that particles are removed from surfaces by rolling where the drag force
plays a much more significant role than the lift force. Even so, the formula in Equation 2.276 still applies if
the potential energy is based on the rocking and rolling of particles about surface asperities, and equivalent
forces, involving the drag force, are used rather than lift forces normal to the surfaces as in Figure 2.39a. We
refer to Reeks et al. (Reeks and Hall, 2001, Zhang et al., 2013a,b) for the way these models have been developed
and applied to the resuspension of monolayer and multilayer coverages of particles on a rough surface.
2.5.6 Pdf Approach for Particle Pair Mixing and Dispersion
In this part, we examine and assess the way the pdf approach has been used to describe the motion of particle pairs in turbulent flows and, in particular, how it has been used to quantify interparticle collision rates
and the influence they have on the continuum equations and constitutive relations for a particle suspension
in a turbulent gas.
We also consider how the pdf approach can be used to quantify the demixing or segregation of particles
at the small scales of turbulence through the calculation of the distribution of particle pairs as a function of
their separation. The segregation influences the collision rates since it brings particle pairs closer together
to begin with, and this in turn causes droplets to coalesce and solid particles to agglomerate. In the case of
agglomeration, it is necessary to also consider whether particles stick or bounce upon collision or whether
they detach from one another some time later. There is an obvious parallel here with similar processes of
deposition and resuspension of particles to surfaces in a turbulent boundary layer.
The calculation of binary collision rates, which interests us here, and the issues that surround it necessitates the use of a two-particle pdf P2(v1, x1; v2, x2, t), where subscripts 1 and 2 refer to particles 1 and 2. The
net collision rate of an individual particle with surrounding particles depends upon the relative velocities
v2 − v1 between particle pairs and their concentration at their separation x2 − x1 upon collision. The influence of both on the collision rates is reflected in the value of the collision kernel Γ that we will define and
formulate in terms of the two-particle pdf and discuss its dependence on the particle response to the small
and large scales of the turbulence.
When considering a suspension of monodisperse particles, there are essentially two mechanisms that
influence and control the collision between individual particles. The first is due to the random shearing of
the flow and is associated with the small dissipating eddies of the turbulence. This gives rises to a velocity
difference for colliding particles arising from the difference in carrier turbulent velocities encountered by
particle pairs at the point of collision (the separation of the centers of two colliding spheres being known as
the collision radius). This difference in particle velocities will also depend upon the particle response to the
shearing itself measured by the particle’s Stokes number StK defined as the ratio of the particle response time
12
τp to the typical shear rate ~ ( ε v ) . The influence of particle inertia defined in terms of StK is similar to that
of particle inertia defined in terms of t+p for particles deposited at a wall in a turbulent boundary layer where
the velocity of depositing particles and local concentration have more to do with the history of their motion
than their response to the local fluid motion. So, it is the same in this case with regard to the difference in
fluid velocity experienced by a particle pair as a function of separation as the particles approach collision
with some memory of the greater separation of velocities from encounters with small scales at earlier times
and greater separation. Accompanying this is the process of segregation or clustering observed at the small
scales, which leads to an increase in the particle concentration in the neighborhood of individual particles
and enhances their collision rate with other particles. We will discuss this process and how the pdf approach
can be used to capture and quantify both aspects of this mechanism in more detail later on.
The second mechanism is due to the lack of correlation of the particle motion with the local fluid motion
and is entirely dependent upon the particle inertia, in which this time it is defined in terms of the Stokes
number as the ratio of the particle response time to the large and inertial range of turbulent scales. For these
particles, though they may partially or approximately follow the large scales, they are ballistic on the scale of
the small-scale motion and the difference in velocities imposed by the shearing of the large scales is virtually
zero. It is due to the influence of these particles with stop distances (spatial correlation) comparable to the
integral length scale of the carrier flow that influences the mass, momentum, and energy equations of the
dispersed phase, and it is necessary to add an extra term to the pdf equation to account for their collisions.
This term is precisely analogous to the Boltzmann collision integral in the Maxwell–Boltzmann equation
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but accounting for the correlative motion of particle and fluid. This feature highlights the invalidity of the
molecular chaos assumption for particle collisions in turbulent flows except for very inert particles when
particles and fluid motion are uncorrelated.
In the following sections, we discuss both these mechanisms in detail but we begin first with the formulation of the collision kernel in terms of the two-particle pdf.
2.5.6.1 Particle Collision Kernel

The particle collision kernel Γ(x1) is the net collision rate z of an individual particle at position x1 with
surrounding particles normalized by their average number concentration n of particles within a control
volume where the number of particles remains constant in time (or more correctly the average concentration sufficiently far away from the individual particle at x1 that is constant)*. More precisely, the collision
rate is the integrated influx j+ of surrounding particles colliding with an individual particle integrated over
the total collision surface formed by the colliding particles. In terms of the particle pair distribution pdf
P2(v1, x1; v 2, x2, t) for arbitrary shaped particles and size, z is therefore given by

ò

z =+
P2 (v1 , x1 ; v 2 , x1 rc ,t )(v 2 - v1) ×dS(rc )dv1

(2.277)
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dS ×(v 2 -v1 )1

where
rc defines the point of contact between an individual particle at x1 and a neighboring particle at x1 + rc,
dS(rc) is an elemental surface area whose normal is along the line of centers of the colliding particles at
the point of contact.
So, rc defines the location of the collision surface for all possible particle pair collisions. In the case of two
small colliding spherical droplets of radii r 1 and r 2 , the collision surface is a sphere of radius rc = r 1 + r 2 ,
and for collisions in isotropic homogeneous turbulence, the distribution of relative velocities wr along the
line of centers ϕr(wr) is spherically symmetric (independent of ϕ, θ) and independent of v1 and x1. So, if we
consider a collision with a single particle,
z = 4 prc2n(rc )

ò

1
w r f(w r )dw r
2

(2.278)

where n(rc) is the number concentration of surrounding particles at rc. The factor of 1/2 reflects the condition on the velocities for a collision in Equation 2.277 and to account for the fact that half the particles are
moving toward a surface as they are moving away, considering that the surface is perfectly reflecting. So, we
write explicitly
G=

z
= 2prc2 g (rc ) w r
n

(2.279)

where g (rc ) = n(rc )/n is known as the radial distribution function (Sundaram and Collins, 1997) and accounts
for the enhancement of collision rates due to clustering or segregation. n may also be interpreted more precisely as the value of n(r) at a sufficiently large distance r ≫ rc from an individual particle that the concentration of surrounding particles is effectively constant and equivalent to the fully mixed concentration. w r is
the net velocity toward any individual particle of the neighboring particles at the collision radius along their
line of centers.
2.5.6.2 Influence of the Particle–Fluid Velocity Correlation on Particle Collisions

The way particle pairs close together interact with a coherent fluid structure increases the correlation of the
velocity of each of the particles with the local fluid velocity and in turn the correlation between them. In so
doing, it reduces the relative velocity between particle pairs and the rate of collision over the lifetime of the
coherent stricture (see Zhou et al., 1998, for a simple 1D model). This can easily be seen in the expression

* Compare this definition with that of the deposition velocity of particles in a surface exposed to a turbulent flow.
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2
for the mean square relative velocity v12
between particle pairs in terms of the associated velocities of the
individual particle pair velocities v1 and v2, namely,
2
v12
=+
v12
v 22 - 2 v1 × v 2

for which wr is the resolved component of v12 along the line of centers. Following Lavieville et al. (1995,
1997), Simonin et al. (2002) and Zaichik and Alipchenkov (2003), we can see the influence of the fluid–
particle velocity correlation on the particle pair pdf, P2(v1, x1; v 2 , x2 , t), if we introduce the joint two-point
pdf of particle and fluid velocities v, u, respectively, namely, P2(v1, u1, x1; v 2 , u2 , x2), given in terms of
conditional probabilities, as
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P2 ( v1 ,u1 , x1 ; v 2 ,u2 , x 2 ) = P1(v1 , x1 u1)P1(v 2 , x 2 | u2 )P2 (u1 ,u2 )

(2.280)

where
P1(v1, x1|u1) means the conditional probability density for a particle velocity v1 measured at x1 conditional
upon there being a fluid velocity u1 at the same position x1
P2(u1, u2) is the joint probability distribution of carrier flow velocities u1 and u2 encountered by particles
1 and 2 at x1 and x2, respectively
We have
P1(v1 , x1 u1) =

P1(v1 ,u1 , x1)
P1(u1)

and similarly for P1(v2, x2|u2), where P1(u1) is the probability distribution of carrier flow velocities observed
by particle 1 at x1.
From the two-point particle–f luid velocity distribution P 2(v 1, u1, x 1; v 2 , u 2 , x 2), we can calculate
P 2(v 1, x1; v 2 , x2) from

ò

P2 (v1 , x1 ; v 2 , x 2 ) = P2 ( v1 ,u1 , x1 ; v 2 ,u2 , x 2 )du1du2

(2.281)

using the relationship in Equation 2.280 and assumed formulae for the conditional probabilities. Lavieville
et al. (1995), in the case of statistical stationary homogeneous isotropic turbulence, assumed a Gaussian for
the conditional probabilities that involve the particle–fluid velocity correlation coefficient ξ at a fixed point
in space and at equilibrium, that is, for an isotropic turbulent flow, namely,
u ×v

x=
v

/
2 12

u2

1/ 2

(2.282)

where, for example, 〈v2〉 = 〈v · v〉. The implicit assumption is that this correlation is the same as the Lagrangian
correlation, which, because of homogeneity, is independent of position, that is,
v (x ,t ) ×u(x ,t ) =
v (x , 0 | t ) ×u(x , 0 | t ) t ®¥ =
b-1m¥
For the Stokes drag assuming an exponential autocorrelation for the flow velocity along a particle trajectory,

(

x = v2

u2

)

1/ 2

=

1
(1 + St L )1/2

(2.283)

where StL is the particles Stokes number 1/βTL in which TL is the Lagrangian integral timescale of the
fluid motion (in the case of Lavieville’s model (Lavieville et al., 1995, 1997) TL is associated with the
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large-scale motion). The form for P2(u1, u2) in Equation 2.280 used in the evaluation of P2(v1, x1; v 2, x2) in
Equation 2.281 is based on a two-point particle-joint Gaussian distribution for the components of u1 and
u2 involving the longitudinal and lateral velocity correlation F(r) and G(r), respectively, where r is the distance between the two points. This gives rise to a Gaussian distribution in the particle velocities v(x1), v(x2),
which, when transformed to a distribution P1(w) for the relative velocities w between particle pairs, implies
a similar Gaussian distribution for the fluid velocities but with values for the radial and normal component
velocity correlation F(r) and G(r) scaled by ξ2. Thus, the radial distribution P(0)(wr) is given by

(

P1(w r ) = 2p w r2

)

-1/ 2

(

exp -w r2 /2 w r2

)

(2.284)

where, at the point of contact between colliding particles,
w r2 = 2 v 2 (1 - x2F (rc ))

(2.285)

and, that with reference to the collision kernel Γ defined in Equation 2.279,
1/ 2
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æ2
ö
w r = ç w r2 ÷
èp
ø

(2.286)

So, the formula in Equation 2.285 accounts for both the effects of the induced correlation of particle motion
and that of the local fluid for each member of the particle pair and the spatial correlation between particle
pair velocities arising from the spatial correlation of fluid velocities themselves. Zaichik et al. (2008) have
used these formulae to obtain expressions for Γ in both the large-scale, intermediate inertial subrange and
small-scale viscous dissipating (Kolmogorov) range of scales considering both the influence of particle pair
separation and fluid–particle correlation and its dependence on particle inertia. In particular, using the formula for w r2 and 〈|wr|〉 into Equation 2.279 for Γ and ignoring segregation, that is, we have
G = 4 p1/2rc2 v 2

1/ 2

(1 - x2F (rc ))1/2

(2.287)

While the results reproduce the conclusion made by Saffman and Turner (1956) for the collision kernel of
inertialess passive scalar particles in the viscous small-scale dissipating range and that of Abrahamson (1992)
for the large-scale large inertia StL ≫ 1, the approach implicitly assumes a local equilibrium between particles and fluid, which is inappropriate for collision at the small scale. The approach does not take account of
the memory and history of the particle pair separation and the relative fluid velocities the particles encounter throughout the entire particle pair history before they collide. It assumes furthermore that particles are
fully mixed and that any particles have a uniform concentration of the particles surrounding it. The process
we may see is precisely analogous to the way particles are transported through a turbulent boundary layer,
where there is a concentration buildup near the wall and nonlocal particle velocities at the wall. A number
of deposition models in a turbulent boundary exploit this memory though the concept of free flight to the
wall, which is missing from this local equilibrium approach. We will also see that using a solution of the pdf
equation for relative particle motion, this feature is accounted for in a way similar to the way the solution of
the pdf equation accounts for these features for particle transport in a turbulent boundary layer discussed
in Section 2.5.5.3 and in particular the results of van Dijk and Swailes (2012).
2.5.6.3 Contribution of Interparticle Collisions to the Dispersed Phase Continuum Equations

In this section, we consider the transport of particles in a turbulent flow and the influence interparticle collisions have on the continuum equations of the dispersed particle phase. We will approach this in a similar
way to the approach we used to obtain the continuum equation due to the turbulence acting alone. That is,
we consider the way the collisions affects the pdf–kinetic equation for a single particle as an additional term
that represents the rate of change ∂P/∂t due to particle collisions within and outside an elemental volume
in particle phase space. Using the analogy of solid particle collisions with those of gas molecules, following
the work of Lavieville et al. (1995), Simonin (1996), Zaichik and Simonin (2003, 2006), Lavieville (1997), we
evaluate the Boltzmann collision integral for the collisions of inelastic solid spheres. As in kinetic theory,
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we assume that the particle suspension is sufficiently dilute that only binary collisions are significant. We are
specifically interested in cases where the particle’s response time β−1 ~ the integral timescale TL , StL ~ 1. We
note that experiment and numerical simulations have indicated that inert particle collisions have a measurable influence on coarse particle transport properties in gas–solid turbulent flows, even for small values
of the dispersed phase volume fraction, α ~ 10−2. Neglecting hydrodynamic interaction between colliding
particles, hard sphere kinetic theory can be used to account for interparticle inelastic collisions in a pdf
approach to particle flows.
Thus, referring to Figure 2.40 for an inelastic collision between two identical spherical particles labeled
1 and 2,
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1
(1 + e c )(v 21 ×nˆ )nˆ
v1* =+
v1
2
1
v 2* = v 2 - (1 + e c )(v 21 ×nˆ )nˆ
2

(2.288)

where v1* and v 2* are the velocities of particles 1 and 2 after the collision related to the velocities v1 and v2
before the collision, involving the coefficient of restitution ec, the unit vector n̂ directed from the center of
the first colliding sphere to the center of the second at impact, and v12 is the relative velocity of particle 2 with
respect to that of particle 1 at impact. Note that there is no interparticle friction.
While there are certain obvious similarities between molecular collisions and particle collisions in a
turbulent flow, there are, as we have pointed out earlier, however fundamental differences, that is, in the
kinetic theory of dilute gases, the statistics of binary collisions are derived by assuming that the velocities
and positions of any two particles are independent of each other (the molecular chaos assumption), whereas
in gas–solid flow, the probable positions and velocities of colliding particles will definitely be correlated
through their interaction with the same surrounding turbulent flow. In this section, we describe the original
approach due to Simonin (He and Simonin, 1993) that ignores this correlation and then the approach proposed by Lavieville et al. (1995) that attempts to take it into account. The detailed description of the modeling approach can be found in studies by He and Simonin (1993), Lavieville et al. (1995), and more recently
Simonin et al. (2002).

2

v21

v2

1
v1

2
n

v2*

1

2
v1*

1
Figure 2.40
The collision of two spherical particles labeled 1 and 2 with velocities v1, v2 before impact and v*2 , v*2 after
impact, respectively.
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2.5.6.3.1 Boltzmann Collision Integral for a Suspension of Particles in a Turbulent Flow If particle-toparticle interactions in which more than two particles take place are assumed to be negligible in number
and effect, the collisional pdf rate of change may be written in terms of the particle–particle pair probability distribution function P2(v1, x1; v 2, x2, t) for particle 1 with velocity v1 at position x1 and particle 2
with velocity v 2 at position x2 for which special closure assumptions are needed. The net rate of change of
the number of particles within an elemental volume of phase space dv1dx1 at v1, x1 due to collisions with
particles at x1 + dpn̂ is made up of two contributions: The first contribution is the rate of loss directly due
to collisions of particles within the phase space volume dv1dx1 with particles at x1 + dpn̂ over the collision
surface for all particles with relative velocities directed toward the collision surface. Referring to Figure
2.40, we can write this explicitly as
¶P - (v1 , x1 ,t )/¶t = -d p2

ò ò

nˆ ×v12P2 (v1 , x1 ; v 2 , x1 +d pnˆ ,t )dnˆ dv 2

(2.289)

v 21×n
n̂ > 0
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The second contribution is a positive increase arising from the collision of particles within the phase space
volume dv1+dx1 at v1+ , x1 with velocities v 2+ at x1 + dpn̂ and ending up after collision in the elemental phase
space volumes dv1dx1 at v1, x1 and dv2dx1 at x1 + dpn̂. The total collision rate is then an integration of the
collision arrival flux over the collision surface and over all v 2+ similar to that in the expression for the rate of
loss in Equation 2.289, namely,

ò ò

+
dv1+dx1¶P + (v1+ , x1 ,t )/¶t =×
dv1+dx1d p2
nˆ v12
P2 (v1+ , x1 ; v 2+ , x1 + d pnˆ ,t )dnˆdv 2+

(2.290)

v 21×nˆ > 0

For v1+ , v 2+ ® v1v 2 after collision
v1+ =+
v1

1 + ec
1+e
(v 21 ×nˆ ) v 2+ = v 2 - c (v 21 ×nˆ )
2e c
2e c

(2.291)

which implies that
¶(v1+ , v 2+ ) 1
1
+
; v12
==
v12
¶(v1 , v 2 ) e c
ec
Using these relations in Equation 2.290, we obtain
æ ¶P (v1 , x1 ,t ) ö
= ¶P + (v1+ , x1 ,t )/¶t + ¶P - (v1 , x1 ,t )/¶t
ç
÷
t
¶
è
øcollisions

ò ò

=×
d p2
d nˆ dv 2 v12+ DP2 ( v1 , x1 ; v 2 , x1 + d p ,t )

(2.292)

v 21×nˆ > 0

where
DP2 =+
e c-2P2 (v1+ , x1 ; v 2+ , x1 d pnˆ ,t ) - P2 (v1 , x1 ; v 2 , x1 + d pnˆ ,t )
The mean collisional rate of change for some property ψ, for example, kinetic energy, is the integral over all
possible binary collisions of the change in ψ in a particular collision multiplied by the probable frequency of
such a collision, which can be written as
C (y) = d p2

òò ò

(y*2 - y 2 )P2 (v1 , x ; v 2 , x + d p k ,t )v 21 ×nˆ d nˆdv 2dv1

(2.293)

v 21 ×nˆ >0

where ψ2 = ψ2(v1, v2) and y*2 = y 2 (v1* , v *2 ).
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2.5.6.3.2 Collision Models Using the molecular chaos approach adopted in kinetic theory, the pair distribution function in the collision integral is simply written in terms of the single distribution function,
assuming that colliding particle velocities are completely independent, namely,
P2 (v1 , x1 ; v 2 , x1 + d p ,t ) =
P1(v1 , x1 ,t )P1(v 2 , x 2 + d p ,t )
t p  te (eddy liifetime)

(2.294)
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This has been retained in the derivation of the collision integral used by Simonin (1991) and is referred to
as the random collision model. This is also the assumption used implicitly by Oesterle and Petitjean (1993)
and Sommerfeld (1995). However, the molecular chaos assumption is valid only when the particle response
time is much larger than the eddy–particle interaction time, that is, when the particle motion is ballistic.
However, as we have pointed out in Section 2.5.6.2 that when the particle response time is of the same order
or smaller than this interaction time, the approaching particle velocities will be correlated through interaction with the same eddy and this needs to be taken account of.
2.5.6.3.2.1 Particle–Fluid-Correlated Collision Model We refer to Equation 2.280 and the particle pair
probability density involving the particle position, velocity, and flow velocity encountered by the particle
P2(v1, u1, x1; v2, u2, x2). For two colliding particles, the collision radius is so small compared to the length
scale of the energy containing eddies that we may safely assume that both particles encounter the same fluid
velocities u, so we may write this probability density as
P1(v1 , x1 u , x1)P1(v 2 , x1 + d p | u , x )P1(u1 , x1)
= P1(v1 ,u , x1)P1(v 2 ,u , x1 + d p )/P1(u , x1)
where we have assumed that since the colliding particles are separated by a distance comparable to the integral length scale and that P1(u, x1) ≅ P1(u, x1+dp),

ò

P2 (v1 , x1 ; v 2 , x 2 + d p ) =
duP1(v1 ,u , x1)P1(v 2 ,u , x1 + d p )/P1(u , x1)

(2.295)

2.5.6.3.2.2 Third-Order Moment Expansion (Grad’s Theory) Following Grad’s theory of rarefied gases
(Grad, 1949), the distribution function in the collision term may be approximated by its third-order expansion in Hermite polynomials:
aij
aijk
aijj ù 0
é
P (v , x ,t ) =+
ê1 2T 2 v i¢v ¢j + 6T 3 v i¢v ¢j v k¢ - 2T 2 v i¢ ú P (v , x ,t )
ë
û

(2.296)

where using q2 to denote the mean particle turbulent kinetic energy per unit particle mass
2
2 2
T ==
q ; aij v i¢v ,¢j - q 2dij ; aijk = v i¢v ¢j v k¢
3
3
We recall that ( ..... ) denotes a particle density-weighted average*.
P0 (v, x, t) is the equilibrium pdf given by a Maxwell (Gaussian) distribution for the particle velocities, that is,
-3/2

æ 4 pq 2 ö
P (v , x ,t ) = ç
÷
è 3 ø
0

æ v ¢2 ö
exp ç - 2 ÷
è 4q /3 ø

(2.297)

* T is referred to as the granular temperature in granular flows.
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Using the hard sphere collision model, Jenkins and Richman (1985) derived the following collisional terms
æ1
ö
in the transport equations for the particle mass (m), momentum (mvi), and kinetic stresses ç mv ¢2 ÷ and
è2
ø
kinetic stress flux (mv i¢v ¢j v k¢ ) , respectively,
(2.298)

C (mv ) = 0

(2.299)

ö
sc æ
1ì 1
2 ü
2
ç v i¢v ¢j - í1 - (1 - e c )ý v ¢ dij ÷
tc è
3î 3
þ
ø

(2.300)

5
x
a pr p c ( 9aijk - aill d jk - a jll dik - amll dij )
12
tc

(2.301)

C (mv i¢v ¢j ) = -a pr p
C (mv i¢v ¢j v k¢ ) = -

C (m) = 0
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where
ρp is the particle material density
αp is the local volume fraction of the dispersed particle phase
τc is the time between particle collisions, σc = (1 + ec)(3 − ec)/5, and ξc = (1 + ec)(49 − 3ec)/100
The collisional term in the kinetic stress transport equation is written as a return to isotropy term analogous
to the Rotta term in the Reynolds stress transport turbulence modeling approach. Elastic collisions (ec = 1)
lead to a destruction of the off-diagonal correlations and redistribution of energy among the various normal
stresses without modifying the total kinetic energy. The extension to inelastic collisions leads to a linear dissipation rate in the kinetic stress transport equations proportional to the collision frequency and a function
of the coefficient of restitution ec.
Extending the approach of Jenkins and Richman (1985), Lavieville et al. (1997), Simonin et al. (2002),
and more recently Zaichik and Alipchenkov (1997), Zaichik et al. (2008), Grad’s theoretical approach for
particle–fluid-correlated collisions is used by performing a Hermite polynomial expansion on the fluid–
particle-joint pdf. This eventually leads to the following generalized form for the collisional source term in
the kinetic stress transport equation:
C (mv i¢v ¢j ) = -r p

sc
a p ,ij + x4a f ,ij - x2a pf ,ij
tc

(

)

(2.302)

where
1
1 ì 1
ü
a p ,ij = v i¢v ¢j - v ¢2 í1 - (1 - e c2 )ý dij a f ,ij = ui¢u¢j - u¢2dij
3 î 3
3
þ
S
1
a pf ,ij = ui¢v ¢j - x2 u¢2dij
3

ξ is the particle fluid velocity correlation defined in Equation 2.282
τc is the interparticle collision time
S
ui¢v ¢j is the symmetric part of ui¢v ¢j
We note that when ξ = 0, the collision terms reduce to the forms given by Jenkins and Richman.
Following a similar approach, Zaichik et al. (2008) evaluated the collisional terms for the third-order
moment Cijk as

Cijk = -
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3(1 - x2 )
180tc
v i¢v ¢j v k¢ ; tc 2 =
tc 2
(1 + e c )(49 - 33e c )

(2.303)
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so that the influence on the C–E approximation for the third-order moment given in Equation 2.248 becomes

(1 + (1 - x )t /t )
v ¢v ¢v ¢ =
2

i j k

p

-1

c2

3

¶
¶
ö
æ ¶
ç εli ¶x v ¢j v k¢ - εlj ¶x v i¢v k¢ - εlk ¶x v i¢v ¢j ÷
l
l
l
ø
è

(2.304)

2.5.6.3.2.3 Interparticle Collision Time Referring to the definition of collision rate in terms of the collision kernel and using the form of the collision kernel defined in Equation 2.287 with no segregation and
F(rc) = 1, we can write
tc = tkc (1 - x2 )-1/2

(2.305)

where tkc is the standard kinetic theory interparticle collision time based on the molecular chaos assumption
and given explicitly by

(t )
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k
c

-1

= npd p2

32 2
v
12p

1/ 2

where n is the particle number density.
The aforementioned equations show that the effective interparticle collision rate based on the correlated
collision model is always smaller than the one given by standard kinetic theory and decreases with respect to
the ratio of the eddy–particle interaction time to particle relaxation time as a result of the increase in correlation coefficient ξ12. This behavior was observed by Lavieville et al. (1997) in LES/Lagrangian simulations in
homogeneous isotropic turbulent flows showing that neighboring particles have correlated turbulent velocities. The following were also noted: the inclusion of interparticle collisions and the coupling with carrier
flow turbulence, its effect on the continuum equations and the constitutive relations, and the influence of
collisions on particles kinetic stresses and isotropy.
2.5.6.4 The Effect of Particle Collisions on Turbulent Stresses in a Homogeneous Shear Flow

As an important validation of the correlated collision model, we present the results of Moreau et al. (2003,
2004), who considered perfectly elastic collisions (in the absence of gravity) of spherical particles suspended
in an evolving uniform shear flow whose turbulent characteristics were obtained by Lagrangian simulation
of individual particle trajectories based on a Langevin equation for the carrier phase using data obtained
from an LES. The initial flow conditions corresponded to isotropic turbulence and the particle volume fraction ~1.25 × 10−2. Figure 2.41 shows the time evolution of normal turbulent stresses in the dispersed phase
8
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Figure 2.41
Time development of particle kinetic stresses in a developing simple turbulent shear flow showing the influence of particle collisions. (a) Comparison of model predictions against Lagrangian tracking with correlated
collisions (filled symbols), without collisions (open symbols), and decorrelated collisions (dashed symbols). (b)
Results based on direct particle simulation (DPS) with an LES of the shear flow symbols as in (a).
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Time development of the fluid-particle velocity correlation. Comparison between Monte Carlo simulation
results and model predictions based on the moment method GLM model without collisions (empty symbols),
with decorrelated collisions (dashed symbols), and with correlated collisions (filled symbols). (a) DPS/LES
results (on the right) without collision effect (empty symbols) and with collision effect (filled symbols). Note:
streamwise components u1¢v 1¢ : circles; transverse components: u2¢v 2¢ : squares and u 3¢ v 3¢ : diamonds; shear
stress components: u2¢v 1¢: triangles up and u2¢v 2¢ : triangles down). (Taken from Moreau, M. et al., Stochastic
Lagrangian modelling and Monte Carlo simulation of collisions in gas-solid homogeneous shear turbulent
flows, in Fifth International Conference on Multiphase Flow (ICMF2004), Paper no. 426, Yokohama, Japan,
May 30–June 4, 2004.)

under the action of the rate of shear, the carrier and dispersed phases evolving from an isotropic the equilibrium state. The results obtained by solving the momentum and kinetic stress equations with and without
the collision terms given in Equations 2.302 and 2.303 are given in Figure 2.41. The data obtained by DPS in
the presence and in the absence of particle collisions are depicted by solid and open symbols, respectively.
Turbulent kinetic stresses of the dispersed phase are normalized by the initial kinetic energy of particles
and the correlations of velocity of the continuous and dispersed phases by the initial kinetic energy of these
correlations.
Figure 2.41 reveals a strong anisotropy of particle velocity fluctuations in the absence of collisions. This
anisotropy manifests in a significantly higher intensity of the longitudinal component as compared to the
transverse components. Here, there are two mechanisms responsible for the generation of the longitudinal
component of velocity of the dispersed phase: via the average velocity gradient and via the interaction of
particles with the turbulent eddies of the continuum. On the other hand, fluctuations in the transverse
direction are generated only via the interaction of particles with the turbulent fluid. Collisions tend to equalize the intensities of particle fluctuations in different directions, decreasing the intensity of the longitudinal
component of velocity fluctuations and increasing the intensities of the transverse components; in other
words, the net effect of collisions is the isotropization of the turbulent characteristics of the dispersed phase.
As one can see from Figure 2.42, the theoretical model with collisions based on particle-fluid velocity correlations concurs with the numerical simulation data predicting an increase in u1¢v1¢ due to collisions. The
effect of collisions on u1¢v1¢ manifests through the dependence of the duration of particle interactions with
the turbulence on the time interval τc. A comparison of model predictions with the data obtained by Moreau
et al. (2004) shows that this model reproduces all the essential features of the dependence of the character of
dispersed phases velocity fluctuations as well as correlations of velocity between the two phases on particle
collisions between particle collisions.
Figure 2.43 shows the model predictions for the collision times based on Equation 2.305 and the computation of the particle fluid velocity correlation £ from the moment equations. Also shown for comparison are
the average particle relaxation time and the Stokes relaxation time together with the eddy particle interaction time.
2.5.6.5 Particle Segregation and Demixing

It is by now well known that turbulence, contrary to traditionally held views, can demix a suspension of
particles (see, e.g., Fessler et al., 1994). The process of demixing often referred to as particle segregation,
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Figure 2.43
Time development of the particle relaxation time and the collision time in homogeneous turbulent shear flow
with particle–particle collision influence. Symbols are the stochastic simulation results: mean particle relaxation time tFpf (filled triangles), collision time (cross), eddy particle interaction time tFpf (circle), Stokes relaxation
time (empty triangles) and the lines are predictions from the moment method. (Taken from Moreau, M. et al.,
Monte Carlo simulation of colliding particles suspended in gas-solid homogeneous turbulent shear flows, in
Proceedings of FEDSM034TH ASME-JSME Joint Fluids Engineering Conference, Honolulu, HI, Paper FEDSM200345736, July 6–10, 2003.)

clustering, or preferential concentration depends upon the ratio of the particle response time to the timescale of the turbulent structures in the flow (i.e., the Stokes number, St). Early experiments and simulations
(e.g., Crowe et al., 1993) have shown that the demixing reaches a maximum when the particle response
time is approximately equal to the timescale of the turbulent structures (i.e., St ~ 1) and in particular
those associated with the highest strain rate in the flow, the suspended particles being observed to segregate into regions of high strain rate in between the regions of high vorticity. This feature is best illustrated
graphically in Figure 2.44, which shows the segregation patterns arising from an initially fully mixed
suspension of particles diffusing in a 2D random array of counterrotating vortices. The figure shows the
segregation pattern at a given value of time t = 20 (in units of the integral timescale) from the initial fully
mixed state for three values of the particle Stokes number St = 0.05, 0.5, and 5. It is clear that maximum
segregation occurs for the case of St = 1. What this figure does not show however is the fact that the segregation evolves continuously in time, the patterns becoming more and more filamental as time progresses.
Whatever their Stokes number that all particles will segregate, it is just that the greater the Stokes number,
the longer the process it takes to achieve a given level of segregation. This is contrary to what many have
thought that the segregation reaches an equilibrium state. Particles will continue to segregate until they
touch. In fact, what happens is that the segregation forms a network of filamental caustics similar to the
patterns of light obtained at the bottom of swimming pools as shown in Figure 2.44d, where within these
filamental networks it is observed that the light beams cross one another. Similarly, in the case of particle
segregation in a turbulent flow within the filamental caustics, particle trajectories are also observed to
cross. The formation of caustics in particle demixing processes was first recognized by Wilkinson and
Mehlig (2007), and this crossing of trajectories within a caustic is intimately related to the occurrence
of random-uncorrelated motion (RUM) in flow fields that are spatially random but smoothly varying
(Falkovich et al., 2002, Fevrier et al., 2005).
In recent years, the process of segregation of inertial particles has been studied from different viewpoints
when the Stokes number is relatively small. On the one hand, Chen et al. (2006) demonstrated a strong correlation between the positions of small inertial particles and the locations of zero-acceleration points in the
carrier flow. On the other hand, Balkovsky et al. (2001) carried out a theoretical analysis based on the assumption that the velocity of inertial particles can be directly related to the carrier flow velocity. By doing so, they
were able to show that the segregation of particles continues indefinitely in the course of time, and they
showed that the concentration of inertial particles in a turbulent flow is highly intermittent, so the particles
are distributed uniformly over space. A similar approach was chosen by Chun et al. (2005) who demonstrated
that the time-converged solution of the radial distribution function is of the form g(r) ~ r−χ, where χ is proportional to St K2 in which StK is measured in terms of the particle response to the small dissipating scales of
2.5 Pdf Models for Particle Transport Mixing and Collisions in Turbulent Flows
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Figure 2.44
(a–c) Positions of 10 4 particles after time t = 20 in a nonisotropic random straining flow, for St = 0.05 (a), St = 0.5
(b), and St = 5 (c). (d) Caustic patterns observed at the bottom of a swimming pool.

the turbulence. In addition, they confirmed this by showing results from the DNS of statistically stationary
homogeneous isotropic turbulence. Most importantly, the pdf–kinetic approach has been used by Zaichik
(Zaichik and Alipchenkov, 2003, 2007) to obtain a similar result. We will discuss these features in more detail
in Section 2.5.6.7 on segregation when we will consider the application of two-particle pdfs for calculating
segregation using the pdf–kinetic equation for particle pair dispersion derived by Zaichik and his coworkers.
However, before doing so, we will first consider in more detail the mesoscopic and RUM components
associated with the particle velocity field and how these components depend upon the particle Stokes
number.
2.5.6.6 Formulation of RUM and Mesoscopic Eulerian Particle Velocity Fields

Segregation and RUM are related to the occurrence of interparticle collisions as follows from the seminal
work of Sundaram and Collins (1997) and Zhou et al. (1998) in which they demonstrate the following: (1) segregation enhances the particle concentration of certain regions of the flow and (2) RUM, that is, the decorrelation of velocity between particles, causes two nearby particles to collide and possibly to agglomerate.
Segregation is well known to manifest itself especially for particle with St ~ 1, whereas the effect of RUM
is almost invisible for small particles and becomes increasingly important for larger St. Since the interplay
between these two effects determines the collision rate in a turbulent flow, it is essential to quantify segregation and RUM as accurately as possible as a function of the Stokes number and some typical flow properties
in order to correctly predict the rate of interparticle collisions.
Fevrier et al. (2005) observed that the velocity of suspended particles subject to Stokes drag in the DNS
of homogeneous isotropic turbulence consisted of two components: a passive scalar component resulting from transport in a smoothly and continuously varying carrier flow velocity field that accounts for all
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Figure 2.45
Random-uncorrelated motion (RUM): (a) Instantaneous fluid and particle velocity vectors from a single plane of a direct numerical simulation of forced isotropic turbulence with Lagrangian particle tracking. (b) RUM and mesoscopic Eulerian particle velocity field contribution to the particle kinetic energy as functions of Stokes number, StK .

particle–particle and fluid–particle two-point spatial correlations, which they referred to as the mesoscopic
Eulerian particle velocity field (MEPVF), and a spatially uncorrelated component, which we have referred
to as RUM, the contribution of which to the particle kinetic energy increases as the particle inertia also
increases. FSS attribute this feature to the ability of the particles with inertia to retain the memory of their
interaction with very distant and statistically independent eddies in the flow field. This feature had also been
observed by Falkovich et al. (2002), which they referred to as the “sling effect.”
The presence of RUM in a particle-laden turbulent flow is illustrated in Figure 2.45a taken from FSS
(Fevrier et al., 2005), which shows the instantaneous velocity vectors of particles and carrier flow suspended
in an isotropic turbulent flow. You can see that a majority of the particle velocity vectors are correlated with
a smooth vortex pattern associated with the underlying carrier flow field at that instant of time. But you will
notice there are a number of particles whose vectors are randomly oriented and not part of this vortex pattern.
It is the motion of these particles that constitutes RUM.
More precisely, Fevrier et al. (2005) quantified the contribution of MEPVF and RUM to the velocity v mp (t )
of a single particle m by partitioning it into a mesoscopic component derived from the MEPVF (x ,t , Hf )
(where x is the position in the flow field) and a residual velocity component dv mp (t ) by
v mp (t ) =+
(x m (t ),t , Hf ) dv mp (t )

(2.306)

where Hf refers to a single realization of the continuously varying carrier flow velocity field. They pointed
out that the MEPVF is defined in an Eulerian frame of reference and therefore may be considered as a
velocity field shared by all particles of the dispersed system. In contrast, the total particle velocity vp(t) and
the residual component δvp(t) are Lagrangian quantities defined along trajectories of individual particles
xp(t). The decomposition of the particle velocity given by Equation 6.29 is unique, decomposing the particle
velocity into contributions that take into account the spatial structure of the particle velocity field in the first
MEPVF term and the spatially uncorrelated motion in the second RUM term (FSS referred to this originally
as the quasi-Brownian velocity distribution).
Figure 2.45b shows the contribution of the MEPVF and RUM to the turbulent particle kinetic energy kp as
a function of Stη, the particle Stokes number defined in terms of the Kolmogorov length scale ηK associated
with the viscous dissipating length scales of the turbulence for the DNS isotropic homogeneous turbulent
flow from which the particle and fluid velocity vectors, as shown in Figure 2.45a, have been extracted. Thus,
k p =+
kp dk p
2.5 Pdf Models for Particle Transport Mixing and Collisions in Turbulent Flows
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where kp and δkp are the MEPVF and RUM components of the particle turbulent kinetic energy kp. Figure 2.45
shows the RUM part starting at zero for zero Stokes number Stη and reaching 100% for Stη ≫ 1, when the
particle motion is ballistic (with random velocities in any small volume of the particles). The reverse is the
case for the mesoscopic part as a function of Stη.
FSS used the statistics of the particle velocity distribution to evaluate both the Lagrangian temporal correlation and the Eulerian two-point (spatial) correlation, which in this case involves contributions from the
MEPVF and RUM. The Lagrangian velocity correlations are defined classically along particle trajectories as
RLp (t) =+
1/3 v p ,i (t )v p ,i (t t)

(2.308)
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and obtained by averaging over all realizations of the flow for any given particle. This is shown in Figure 2.46a
as a function of time t normalized on the fluid Lagrangian integral timescale TL (along a particle trajectory) for a range of values of the particle Stokes numbers τp/TL . It shows the well-known effect of particles
becoming less correlated with their initial velocity with increasing time but becoming more persistent with
increasing particle inertia.
The two-point velocity correlation of any two (separate) particles labeled m and n of the system is defined
in terms of the two-particle pdf and expressed as
(2.309)

Rijpp (x , x + r ,t ) =
v (pm,i )(t )v (pn, )j (t ) x =+
x (pm )(t ); x r = x (pn )(t )

The dependence on the separation r normalized on the longitudinal integral length scale LfF of the carrier
flow turbulence is shown in Figure 2.46b for the same values of the particle inertia as in Figure 2.46a. An
important result revealed in these spatial correlations is that in the limit r /LfF ® 0 this correlation does
not → 1, indicating that there is a portion of the particle velocity distribution that is not correlated in time
or space, that is, the RUM component and analogous to the molecular distribution in kinetic theory of dilute
gases. FSS note that if particle motion was completely analogous to molecular motion in a dilute system,
the particle positions (in addition to the velocities) would be uncorrelated and the velocity distribution
would be Gaussian. For a dilute particle-laden turbulent flow, this component satisfies the molecular chaos
assumption.
In the seminal paper of FSS and in the subsequent work of Masi et al. (2010, 2011), a mesoscopic Eulerian
formalism (MEF) involving contributions from the MEPVF and RUM has been developed and applied to
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Figure 2.46
Influence of particle inertia on (a) Lagrangian particle velocity correlations and (b) the particle longitudinal
spatial correlation function of particles suspended in isotropic turbulence. o, τp/TL = 0.05; +, τp/TL = 0.3; ◻,
τp/TL = 1.47; Δ, τp/TL = 3.4; ⁎, τp/TL = 4.83.
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dispersed flows in more complex turbulent shear flows with heat transfer. In particular, the transport equations that describe the evolution of the MEPVF and RUM components have been derived and used to shed
light on the properties of the particle velocity and temperature fields. In this regard, MEF has much in keeping with LES where the filtered equations for the large-scale and residual small-scale turbulent motion in
LES are analogous to the MPVF and RUM components in MEF. So, for instance, the momentum equations
for the MEPVF contain a contribution from the RUM component of the kinetic stress tensor. This tensor
represents diffusion and pressure corresponding to the important physical characteristic that within any
volume (with dimensions comparable to or smaller than the smallest length scales of the turbulence), separate particles will possess different velocities because of the separate fluid interaction histories. This is the
case shown in Figure 2.46a.
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2.5.6.7 Pdf Equation and solutions for particle pair dispersion

In this section, we show the way the pdf approach for two-particle dispersion quantifies segregation and RUM
and provides a method for calculating particle collision kernel of colliding particles, reflecting the contribution of both processes to the collision rate. We recall the formula in Equation 2.287 that provides an analytic
expression for the collision kernel, which, in principle, can be used over the entire range of the scales of turbulence from the large-scale to the small-scale Kolmogorov dissipating scales. We recall, however, recall that it
assumes the particles are fully mixed (zero segregation) and that particle velocities are dependent on particle
fluid velocity correlations based on a local equilibrium between particle and fluid at the same location. So
while this approach is quite valid for the large scales of the turbulence where there is an absence of shear, in
the small scales where the shearing of the flow is greatest, the memory of encounters with fluid elements at
higher separation and hence higher relative velocities makes a significant contribution to the collision rate.
It is of course encounters of this sort for particles transported in a turbulent boundary layer that gives rise to
the buildup of particle concentration near the wall and higher wall impact velocities, the combination of both
having a profound influence on particle–wall collision rates.
So, we consider a kinetic equation for the particle pairs P(r, w, t), where w is the relative velocity between
identical particle pairs a distance r apart for which the corresponding relative fluid velocity experienced
by the particle pair is Δu(r, t). The statistical properties of Δu(r, t) are expressed in terms of its statistical
moments that for the small scales of turbulence have spherical symmetry (independent of (θ, ϕ)) dependent
only on the distance of separation r. These, therefore, are the structure functions of which the most rel2
evant here are the second-order structure functions Dur2 (r ) , Duq2 (r ) ~ (r /hK ) for r /hk  1. The equation
of motion for w for identical particle pairs is exactly the same as that for the individual particles, so the pdf
equation is identical to Equation 2.204 with w, r, Δu replacing v, x, u. Thus,
¶
¶
¶
æ ¶
ö
×w ÷P (w ,r ,t ) = -b
×DuP
ç +w × -b
¶r
¶w
¶w
è ¶t
ø

(2.310)

Using the LHDI or Furutsu–Novikov-based closures, similar to Equations 2.204 and 2.210, we have
¶
æ ¶
ö
bDuP (r , w ,t ) = - ç l +
×m - k ÷P (r , w ,t )
¶w
è ¶r
ø

(2.311)

with similar expressions for λ, μ, and κ as those given in Equation 2.205 (Furutsu–Novikov closure) or
Equation 2.210 (LHDI) (with velocities and displacements replaced by relative velocities and displacements
and the fluctuating force f replaced by βΔu(r, t), noting that for the small-scale turbulence 〈Δu(r, t)〉 = 0.
To consider the kinetic equation used by Zaichik and Alipchenkov (2003), we can write Equation 6.311
alternatively as
¶
æ T ¶
ö
bDuP (r , w ,t ) =×
- mT × × +k - Ñ ×l ÷P (r , w ,t )
ç -l
¶r
¶w
è
ø
Zaichik and Alipchenkov (2003, 2007, 2009) assume that
k -Ñ ×l = 0
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which is only true in homogeneous turbulence without body forces. It ignores therefore the extra drift that
arises because of particle segregation in inhomogeneous flows. However, bearing this in mind, we will
consider the results Zaichik obtained from the specific solutions of the moment equations obtained from
Equation 2.310 using 2.311 with the drift term set equal to zero and using specific forms for Dur2 (r ) , Duq2 (r ) .
The momentum equations are similar to those in the 1D case (appropriate for the boundary layer) except
that now with spherical symmetry (θ, ϕ) independence, there is a contribution from centrifugal forces. Thus,
at equilibrium and for an isotropic stationary flow, using Equation 2.312,
-(S2p + lT ) × Ñ árñ - árñÑ ×S2p =
0

(2.313)

where S2p (r ) is shorthand for 〈w(r, t)w(r, t)〉. Again, if we multiply this equation by β−1, this can be interpreted
as an equation representing a balance between diffusion and what we have called turbophoresis.
Referring to Equation 2.247, we have the transport equation for S2p as
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1 S
S2p =×á
m - Ñ rñS3p
b

(2.314)

where S3p = w (r ,t )w (r ,t )w (r ,t ) . We note, however, that in this case we have spherical symmetry (independent
of orientation) and consider only variation along the particle pair separation r, in which the turbophoretic drift,
termed in Equation 2.313, along the line of centers of the particle pairs contains an effective component arising from the centrifugal force. Thus, using the same notation as that of Zaichik and denoting w r2 (r ) by S2,p ll (r )
and w q2 (r ) by S2,p nn (r ), the longitudinal component of the turbophoretic velocity (along the line of centers w r )
is given by
æ 2(S p - S p ) dS p ö
w r = b-1 ç 2,nn 2,ll - ll ÷
r
dr ø
è
which then gives the following equation upon combining this term with the radial component of the first
term in Equation 2.313:
2(S2p,nn - S2p,ll ) dSllp
d lnárñ
- (lll + S2p,ll )
=0
r
dr
dr

(2.315)

If we define ⟨ρ⟩ = 1 for r → ∞, then ⟨ρ⟩ becomes the radial distribution g(r). A separate equation for S2,p ll and
S2,p nn based on Equation 2.314 using the C–E approximation for S3p (see Equation 2.248), together with the
p
longitudinal momentum balance Equation 2.315, gives a final set of closed equations for g(r), Sllp (r ), Snn
(see
Zaichik and Alipchenkov, 2003, 2009) that can be solved with appropriate boundary conditions using measured forms for the longitudinal and transverse structure functions for turbulence and integral timescales.
These equations in principle, encompass both the large and small scales of the turbulence. The empirical
forms used by Zaichik cover both the dissipating range and subinertial range with pair separation scaling as
the Kolmogorov length scale ηK and the Kolmogorov timescales τK. β−1 then becomes the Stokes number StK =
(βτk)−1. Interestingly, Bragg and Collins (2014a,b) show that ignoring the influence of the divergence terms in
1
Equation 6.314 with S2p = mS gives a +ve value for w r indicating that the inward −ve drift responsible for
b
clustering arises entirely from the divergence term associated with the third-order moment in Equation
2.314. Furthermore, a +ve drift would suggest that the net outward–inward radial pressure gradient is outweighed by the centrifugal force.
Figure 2.47 illustrates the influence of particle inertia measured by the value of Stokes number StK (associated with the small-scale turbulence) on the mean absolute relative velocity ⟨|wr|⟩ over a wide range of Stokes
numbers StK, ⟨|wr|⟩ being defined in terms of the particle longitudinal structure function using the formula
1/ 2

1/ 2

ö
æ2 ö
æ2
w r = ç áw r¢2 ñ ÷ = ç Sllp ÷
p
ø
èp ø
è
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Influence of particle inertia StK on the mean relative velocity magnitude ⟨|wr|⟩ in units of (νε)1/4 for r/ηK = 1: 1–3,
predictions with rC/η = 0; 4–6, predictions with rC/η = 1; 7–9, direct numerical simulation (Wang et al., 2000); 1, 4,
7, Reλ = 45; 2, 5, 8, Reλ = 58; 3, 6, 9, Reλ = 75.

which assumes a Gaussian distribution for wr. As is clear, both the predictions and the numerical simulations follow the same trend and indicate a pronounced maximum of ⟨|wr|⟩ as a function of StK. The initial
rise in ⟨|wr|⟩ is attributable to a decrease in the correlation of particle velocities with StK manifested as RUM.
The subsequent decay of ⟨|wr|⟩ beyond the maximum results from a decrease in the particle fluctuating
velocities, since the particles become more sluggish and less responsive to the fluid turbulence. Note the
similarity to the deposition velocities k+ as a function of τ+ for particle deposition in turbulent pipe flow (see
Figure 2.38). From Figure 2.47, it is also seen that the predictions with rc/ηK = 1 overestimate the DNS data
at small Stokes numbers. The predictions that correspond to ghost particles lead to slightly smaller values
of mean relative velocities at small StK. However, a difference in the mean relative velocities of zero-size and
finite-size particles takes place only for relatively small Stokes numbers and vanishes at large StK.
Figure 2.48a shows the influence of Stokes number StK on the radial distribution function (RDF) g(r)
for the separation r = r /hK and Reynolds numbers Re λ , corresponding to the DNS measurements of
Wang et al. (2000). As expected, in the limiting cases of zero-inertia and high-inertia particles, the concentration field is statistically uniform, and so g(r) = 1. In accord with the computations, the predicted
RDF passes through a peak as StK increases. Thus, there exists a critical StK that results in a maximum
preferential concentration as simulations demonstrate (see Figure 2.44). Figure 2.48a shows a qualitative
agreement between the predicted and simulated RDFs at particle contact, although the predicted effect
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Figure 2.48
(a) RDF as a function of StK for rc/ηK = 1: 1–4, predictions; 5–8, direct numerical simulation (Wang et al., 2000);
1, 5, Reλ = 24; 2, 6, Reλ = 45; 3, 7, Reλ = 58; 4, 8, Reλ = 75. (b) RDF g(r) as a function of particle pair separation
r = r /hK : 1–3, predictions; 4–6, DNS (Salazar et al., 2008); 7–9, experiments (Salazar et al., 2008); 1, 4, 7, StK = 0.21,
Reλ = 108; 2, 5, 8, StK = 0.4, Reλ = 134; 1, 4, 9, StK = 0.6, Reλ = 147.
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of Re λ is not as strong as it was in simulations and the maxima of g(r) with StK are slightly shifted toward
particles with larger inertia.
2.5.6.8 Analytic Forms for S2p and RDF for Inertial Particles

Figure 2.48b shows good agreement of Zaichik and Alipchenkovs’ (2009) (Z&A) predictions for the RDF of
finite-size particles with low-inertia particles StK ≲ 1, with both the experimental measurements and DNS
calculations of Salazar et al. (2008). In addition, Zaichik and Alipchenkov (2009) have obtained analytic
expressions for the particle second-order structure functions S2,p ll (r ) , S2,p nn (r ) and the RDF g(r) as a function of StK for low-inertia particles StK ≲ 1 with rc/ηK ≪ 1 as solutions of their closed set of equations for the
momentum and kinetic stresses for the relative motion of particle pairs. In this case, the set of equations
for ghost particles (overlapping spherical particle pairs) in the vicinity of the origin r = 0 are solved without
regard for bc’s and the solutions are expressed in the form
S2p,ll ==
al r ; S2p,nn an r ; g (r ) = C g r c

(2.316)
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p
in which the S2,p ll ,Snn
coefficients αl and αn as well as the RDF exponent χ are functions StK and Reλ .
Figure 2.49* compares the exponent χ with DNS data for Reλ = 47 and for Reλ = 83, as well as with
experimental and numerical data obtained in the range of Reλ from 108 to 149. As is seen in Figure 2.49, the
αl coefficient and χ are well approximated if StK < 0.6 and Reλ > 30 by

al =

1
+ 0.16St K - 0.21St K2 + 0.18St K3
15

c = -6St 2 + 9.8St 3 - 6.2St 4
C g = 1 + 12St K2

(2.317)

The predicted values of χ are in excellent agreement with DNS results (Chun et al., 2005), but they markedly
overestimate those obtained by Salazar et al. (2008) and underestimate those given in Falkovich and Pumir
(2007) for relatively large Stokes number.
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Figure 2.49
Effect of the Stokes number StK on the power-law exponent of the RDF: 1 and 2, solutions to momentum and kinetic
stresses (Equation 2.315) (for Reλ = 30 and ∞); 3, 4, and 5, approximation equations (Zaichik and Aliphenkov,
2009; Chun et al., 2005) and (Derevyanko et al., 2008); 6, direct numerical simulation (DNS) (Chun et al., 2005);
7, DNS (Falkovich and Pumir, 2007); 8, experiment (Salazar et al., 2008); 9, DNS (Salazar et al., 2008).
* As Z&A point out, of great interest is the derivation of analytic solutions to the problem of preferential concentration of low-inertia
particles at large Reynolds numbers as these exist in atmospheric conditions, because to date it is not possible to reach the atmospheric Reynolds number using DNS. Furthermore, the values of Stk and the particle size related to the Kolmogorov length scale for
typical atmospheric aerosols and rain droplets are less than those realizable in both direct simulations and laboratory experiments.
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Shown in Figure 2.49 is the theoretical dependence derived by Chun et al. (2005) for StK ≪ 1, namely,
c = -6.56St K2

(2.318)

and the approximation obtained by Derevyanko et al. (2008) using the DNS data of Falkovich and Pumir
(2004, 2007), namely,
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c = -0.75St K2 /(0.1 + St K3 )

(2.319)

As can be observed, the dependences in Equations 2.316 and 2.317 correlate quite well with those given by
Equations 2.316 at StK < 0.1 are significantly greater when StK > 0.1.
It is worth commenting on the agreement between the model predictions of Chun et al. (2005) in Equation
2.317 and that of Z&A’s pdf results based on Equation 2.316, since the two approaches are seemingly very
different and in the past have been the source of some controversy (Bragg and Collins, 2014a, Devenish et al.,
2012). Only until recently has this agreement and lack of similarity in approach been properly explained
[Bragg and Collins 2104a,b]. The probabilistic approach of Chun et al. (2005) is strictly limited to St ≪ 1,
which in essence treats the particles as passive scalars transported by their own velocity field v(r, t) (in the
case of two-particle dispersion, it is the relative particle velocity field between particles a distance r apart).
The collision flux is modeled as the sum of two parts, namely, a shear diffusion flux qD, which depends on the
mean concentration gradient of the satellite particles surrounding a target primary particle and a drift flux
qd that depends upon the local mean concentration of satellite particles and the compressibility of the relative particle velocity field. Explicitly for small Stokes numbers, where the concentration gradient is a small
perturbation on the uniform concentration for passive tracers,
¶árñ
; Dij
q = -Dij
¶rj
D
i

t

ò áv (r ,t )v (r ,t |t ¢)dt ¢
i

j

-¥

where
vj(r, t|t′) is the velocity of a particle at time t′ that arrives at r at time t
Dij is the dispersion coefficient for relative dispersion
and
t

ò

q d = - áv (r ,t )Ñ × v (r p (r ,t |t ¢),t ¢)dt ¢árñ

(2.320)

-¥

which explicitly involves the divergence ∇ · v(rp(r, t) of the relative particle velocity field along a particle
trajectory rp(r, t|t′) that arrives at r at time t. We note that the form for the drift flux is the same as the form
proposed by Maxey (1987) for the enhancement of drift due to gravity and the form derived by Reeks (2012)
for particle dispersion in an inhomogeneous compressible flow field. In cases when StK ≪ 1, the particle pair
equation of motion may be used to approximate w by
w = Du - St K tK w ×Ñw

(2.321)

Then substituting this in Equation 2.319, we obtain
1
wT = - St K tK r S 2 (x p (t ),t ) - R 2 (x p (t ),t )
3

(2.322)

where S2 is shorthand for S: S,S(x, t) being the local symmetric strain rate tensor and similar R 2 for R: R R
being the rotation tensor. From the force balance equation of Zaichik, we have:
wT = -St hth árñÑ × S2p
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Bragg and Collins (2014a) have shown that using the energy equation for S2p and associated closure for S3p as
Zaichik and Alipchenkov (2009) have done leads to the same expression as in Equation 2.321.
2.5.6.9 Collision Kernel Predictions

We recall the formula for the collision kernel given in Equation 2.279 that indicates the dependence upon
two multiplicative factors, the RDF g(r) (due to segregation/preferential concentration) and the collision
speed ⟨|wr|⟩, both of which are enhanced by the dependence on particle Stokes number StK from their fluid
tracer values, that is, g(r) due to segregation and ⟨|wr|⟩ due to inertial impaction at the collision surface, both
peaking around StK ~ 1. Assuming a Gaussian distribution of velocities wr at the collision radius rc and substituting the formulae given in Equations 2.315 for Sllp and g(rc), we obtain
G = r ( 8pal ) C g ( rc )
1/ 2

-c+3

æ h3K
ç
è tK

ö r
÷=
ø hk

(2.323)
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Figure 2.50 shows the behavior of the collision rate predicted by the formula for Γ in Equation 2.322 as a
function of the Stokes number StK < 0.6 and collision radius rc/ηK ; in each case, Γ(StK) rises monotonically
from the Stuart and Turner value at St = 0 for a passive scalar. The Z&A predictions compare favorably with
the DNS results of Wang et al. (2001) for low-inertia particles. Figure 2.50 also shows the collision rate of
Derevyanko et al. (2008), which accounts for segregation and singularities in the particle concentration
(referred to as sling effects). In (60), the RDF exponent is specified by (43).
2.5.6.10 Particle Pair Dispersion RUM and Caustics

In this section, we examine in more detail the relationship between caustics and RUM and the way they have
been quantified. In this regard, we refer specifically to the recent work of Bragg and Collins (2014b) who compared the pdf model of Zaichik and a more recent pdf model of Gustavsson and Mehlig (G&M) (Gustavsson
and Mehlig, 2011) with DNS results in a Stokes number regime where the formation of caustics and the presence of RUM made a significant contribution to the particle pair structure function Sllp (r ). In Section 2.5.6.6,
we described the observation first made by Fevrier et al. (2005) that the particle velocity field associated with
a suspension of inertial particles in a turbulent flow could be split into two parts: a smoothly varying component (the mesoscopic particle velocity field, MEVPM) that was responsible for the finite spatial and temporal
correlations of the particle motion and a totally RUM component. The extent to which these components
contributed to the overall particle motion and in particular to the particles’ kinetic energy that depended
upon the particles Stokes number: for St = 0 the particle velocity was all derived from the MEPVF and for St
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Figure 2.50
Effect of the Stokes number on the collision kernel Γ of low-inertia particles: 1 and 2, Equation 2.322; 3 (Saffman
and Turner, 1956); 4 and 5 (Derevyanko et al., 2008); 1, 4, 6, 8, and 10, rc/ηk = 1; 2, 5, 7, 9, and 11, rc/ηK = 0.5;
6–11, direct numerical simulation (Zhou et al., 1998); 6, 7, Reλ = 45; 8 and 9, Reλ = 59; 10 and 11, Reλ = 75. Particle
diameter dp = rc .
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→ ∞ it was all RUM. It meant that the particle velocity at any one point in the field was not single valued, and
particle trajectories could cross. Simonin et al. (2006) recognized that these features could be explained quite
easily by a two-point statistical pdf approach. Thus, in the frame of reference of a moving particle, the RUM
component represented the distribution of velocities that existed at point ignoring the fact that particles have
a finite radius and could overlap (such particles being referred to as ghost particles). It is this RUM component
that is responsible for particle collisions. Thus, according to this formalism, the total kinetic energy of the
particulate phase is represented as the sum of the relevant contributions
k p =+
kp dk p
where k p =+
kp dk p and δkp are the mesoscopic-correlated and random-uncorrelated energy components.
These two parts of the particle kinetic energy are expressed in terms of the second-order particle structure
function Sllp as
S (0) - Sii (¥)
S (0) - Sii (¥)
kp = ii
k p = ii
4
4
p

p

p

(2.324)

Figure 2.51 shows the influence of StK on the correlated (MEPVF) and uncorrelated (RUM) energy components as fractions of the total particle kinetic energy. As is clear, the model predictions obtained from the
formulae in Equation 2.323 are in good agreement with the results of numerical simulations and follow
the predicted asymptotic behavior with StK. Compare these results with those shown earlier in Figure 2.45.
We recall that RUM and the formation of caustics are intimately related. As an illustration we refer back
specifically to the filamental network of caustics shown in Figure 2.44, where we remarked that within a
caustic envelope particle trajectories cross one another. It happens because in any caustic there is a folding
over of the particle phase space v, x manifold so that particle trajectories double back on themselves, retracing their paths but in opposite directions similar to the motion of many particles distributed uniformly
in a simple harmonic potential where at any one point there exists at least two velocities arising from
particles traveling in opposite directions along the same trajectory. This feature is illustrated explicitly in
Figure 2.52b showing a 2D caustic within which the particle velocities at any one point are multivalued.
Outside of the caustic, the particle flow field is single valued corresponding to the smoothly varying mesoscopic velocity field (MEPVF) of FSS (Fevrier et al., 2005). The boundary between the single and multivalued flow fields defines the caustic envelope. The particle velocities within any one particular caustic are not
random but are related to one another. It is only because the caustics themselves are randomly distributed
in space and time that the particle motion associated with the caustics becomes random and uncorrelated
at any one point fixed in space, that is, RUM. The RHS of Figure 2.52 shows the corresponding concentration of particles within the caustic where in the vicinity of the caustic envelope it is significantly enhanced.
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Effect of particle inertia on the mesoscopic Eulerian particle velocity field (1–3, 7–9) and random-uncorrelated
(4–6, 10–12) components of the particle kinetic energy: 1–6, predictions; 7–12, direct numerical simulation
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Figure 2.52
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(a) Multivalued velocities of particles suspended in a 2D random flow with finite StK . The orientation of the
velocity is that of the arrow. All arrows have the same length (the magnitudes of the velocities are not shown).
The blue line delineates the position of the caustics in the x–y-plane. The region of multivalued velocities ends
in a cusp that is only approximately resolved. (b) Corresponding particle density in the x−y-plane, showing
significantly enhanced particle number density in the vicinity of the caustic line. Black corresponds to high
density and white to low density.

Indeed, the caustic envelope is a line of singularities in the particle concentration being the points at which
the particle trajectories are at their extremities and turn back on themselves. The particle trajectories in
these circumstances are nonlocal, with the particles possessing a memory of their history of the previous
encounters with turbulent eddies. Bragg and Collins (2014b) refer to this as “scale breaking,” the particle
motion being more associated with the scaling of the inertial subrange and to dependence on Re λ rather
than the dissipating scales in the vicinity of the collision surface. It is this feature that greatly enhances the
possibility of particles colliding with one another.
Further insights into the occurrence of caustics on the way they scale and depend on StK can be inferred
from the form of the particle structure function Sllp (r ) as a function of separation based on the predictions
by Bragg and Collins (2014b) using Zaichik’s pdf model shown in Figure 2.53 for three different Stokes
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Figure 2.53
The predictions of Bragg and Collins (2014b) on Zaichik’s probability density function model predictions of the
particle velocity structure function.
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numbers Stk. We note that for each value of StK, S2p,ll ³ S2f ,ll (the fluid structure functions corresponding to
StK = 0) for r/ηk ≲ 10, which must be entirely due to nonlocal effects of the particle pair relative motion
arising from the contribution of the gradient of the third-order energy flux moment in Equation 2.314. In
the case of StK = 1.5, there are clearly two distinct regions for S2,p ll , a power-law region for r/ηK > 0.3 and a
plateau region at smaller separations that follows, resulting in a nonzero intercept for S2,p ll in the limit r →
0. This is similar to the behavior of depositing particles in a turbulent boundary layer where we recall that
particles may start out in local equilibrium far away from the wall but their inability to follow the steep
changes in the fluid velocity means that at any point the particles have some memory of their previous
history—their velocity has more to do with where they came from than what is happening to the fluid
motion locally. The region over which S2,p ll (r ) is roughly constant and significantly different from its local
is roughly constant is known as the free flight to the wall region in the particle–wall deposition models.
At larger separations, S2p,ll £ S2f ,ll , implying that the particle’s relative motion is growing increasingly local
with increasing separation, the form of Δu becomes statistically independent of separation at the integral
scales of the turbulence. Moreover, at large separations, the particles become independent of each other,
causing the structure function to approach twice the kinetic energy of the particles, a decreasing function
of the particle Stokes number due to the filtering effect of particle inertia (Fevrier and Simonin, 1998,
Fevrier et al., 2005). Note that all of these trends qualitatively match those found in the DNS study of
Salazar and Collins (2012).
Bragg and Collins (2014b) have compared their DNS results based on Zaichik’s kinetic equation–based
model predictions with that of the theory of G&M (Gustavsson and Mehlig, 2011), which focuses on the
existence of caustics and the link they have between RUM and the smoothly varying mesoscopic component and the particle structure function. They use a pdf equation for the particle pair separation and relative velocity; however, Δu is approximated so that the pdf equation they derive is a classical Fokker–Planck
equation (λ = 0, in the kinetic equation of Zaichik) and is therefore only strictly valid for SK ⋙ 1. From
this, they construct approximate analytical expressions for the moments of the pdf in the dissipation range
of the form
N + D2 -1

d -1

æ r ö
æ r ö
mN =+
fN ç
gN ç
÷
÷
è hK ø
è hK ø

(2.325)

where
the subscript N refers to the order of the moment
D2 is the phase space correlation dimension
d is the physical space dimension (i.e., d = 3 for a 3D flow)
The first term on the rhs of Equation 2.325 describes the smooth part of the relative velocity moment
and the second term describes the caustic (RUM) contribution, that is, that associated with the nonlocal particle dynamics. The theory is unclosed since f N (StK) and g(StK) are unknown functions (as in D2),
although they state that their numerical results imply that gN (StK) is of an activated form (i.e., modeled
using an Arrhenius rate expression, in which the Stokes number plays the role of temperature in the classical expression). The influence of Re λ in the G&M theory would be contained in its effect upon the unspecified variables f N, gN, and D 2. The particle second-order structure function is found from Equation 2.325
by S2p,ll = m2 /m0 and for small r/ηK m0 (r ) µ r d2 , where d2 = min,[D 2,d] is the configuration space correlation
dimension, which then gives
2

S2p,ll =

d -d 2

f2 æ r ö g 2 æ r ö
ç
÷+ ç
÷
f 0 è hK ø
f 2 è hK ø

(2.326)

In comparing the two theories for caustics and clustering, the case for St = 1 is revealing. The results in Bec
et al. (2011) (for d = 3) show that d2(StK = 1) ≈ 2.3, which implies that for St = 1 both contributions in (2.325)
tend to zero as r → 0. In other words, this does not allow for the simultaneous existence of small-scale clustering (i.e., d < d) and finite relative velocities at r/nK = 0. This is in contrast to Zaichik’s model predictions
and the DNS results (Salazar and Collins, 2012) (Figure 2.50).
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In light of this, Zaichik’s pdf kinetic equation can be considered to describe S2p S2,p ll (r/ηK) in three
regions, which depend upon StK). The first two regions are qualitatively similar to those in the G&M
model: a region of large separation where the effect of inertia is perturbative and locally dependent on
Δu(r/ηK) so that S2p,ll /S2f ,ll is independent of r and then at smaller separations a smooth transition to a
nonsmooth region with S2p,ll (r /hK ) µ (r /hK )-2 . However, Zaichik’s pdf model, unlike the G&M model, predicts that at sufficiently small r/ηK a third region exists in which the particle motions are entirely ballistic
and S2pll » constant (this is the region that gives rise to the scale break). Bragg and Collins suggest that a
possible explanation for this difference between the theories is that in the derivation of the G&M model
equation, G&M make an a priori assumption that the clustering is always fractal, thus ruling out the possibility of a scale break at small r/ηK by definition. In fact, it is possible to show that Zaichik’s model gives
the same scaling predictions as that of the G&M model under the a priori assumption that g (r ) µ r d2 -d
(Bragg and Collins, 2014b).

References

Downloaded by [Cornell University] at 04:29 25 October 2016

Abrahamson, J., Collision rates of small particles in a vigorously turbulent fluid, J. Chem. Eng. Sci., 30, 1371–
1379, 1992.
Balkovsky, E., Falkovich, G., and Fouxon, A., Intermittent distribution of inertial particles in turbulent
flows, Phys. Rev. Lett., 86, 2790–2793, 2001.
Bec, J., Biferale, J.L., Cencini, M., Lanotte, A.S., and Toschi, F., Spatial and velocity statistics of inertial particles in turbulent flows, Phys. Conf. Ser., 333–345, 2011.
Boelle, A., Balzar, G., and Simonin, O., Second-order prediction of the particle-phase stress tensor of inelastic spheres in simple shear dense suspensions, Proc. 6th Int. Symp. on Gas-Solid Flows, ASME FED,
Vol. 228, pp. 9–18, 1995.
Bragg, A., Swailes, D.C., and Skartlien, R., Particle transport in a turbulent boundary layer: Non-local
closures for particle dispersion tensors accounting for particle-wall interactions, Phys. Fluids, 24,
103304, 2012a.
Bragg, A., Swailes, D.C., and Skartlien, R., Drift-free kinetic equations for turbulent dispersion, Phys. Rev.
E, 86, 056306, 2012b.
Bragg, A.D. and Collins, L.R., New insights from comparing statistical theories for inertial particles in turbulence: II. relative velocities, New J. Phys., 16, 055014, 2014a.
Bragg, A.D. and Collins, L.R., New insights from comparing statistical theories- for inertial particles in turbulence: I spatial distribution of particles, New J. Phys., 16, 055013, 2014b.
Buyevich, Y., Statistical hydromechanics of disperse systems. part 1. physical background and general equations, J. Fluid Mech., 49, 489–507, 1971.
Buyevich, Y., Statistical hydromechanics of disperse systems. part 2. solution of the kinetic equation for
suspended particles, J. Fluid Mech., 52, 345–355, 1972a.
Buyevich, Y., Statistical hydromechanics of disperse systems. part 3. pseudo-turbulent structure of homogeneous suspensions, J. Fluid Mech., 56, 313–336, 1972b.
Chen, L., Goto, S., and Vassilicos, J.C., Turbulent clustering of stagnation points and inertial particles,
J. Fluid Mech., 553, 143–154, 2006.
Chun, J., Koch, D.L., Rani, S., Ahluwalia, S., and Collins, L.R., Clustering of aerosol particles in isotropic
turbulence, J. Fluid Mech., 536, 219–251, 2005.
Corrsin, S., Limitations of gradient transport models limitations of gradient transport models in random
walks and in turbulence, Adv. Geophys., 18(A), 25–60, 1974.
Crowe, C.T., Chung, J.N., and Troutt, T.R., Particle dispersion by organized structures, Chapter 18, in M.C.
Roco (Ed.), Particulate Two-Phase Flow, Heinemann, Oxford, U.K., Vol. 626, 1993, pp. 1–1.
Crowe, C.T., Schwarzkopf, J.D., Sommerfeld, M., and Tsujii, T., Multiphase Flow with Droplets and Particles,
CRC Press, 2nd edition, Taylor and Francis group, 2012.
Csanady, G.T., Turbulent diffusion of heavy particles in the atmosphere, J. Atmos. Sci., 2, 201–208, 1963.
Daly, B.J. and Harlow, F.H., Transport equations in turbulence, Phys. Fluids, 13, 2634, 1970.
Darbyshire, K.F.F. and Swailes, D.C., A pdf model for particle dispersion with stochastic particle-surface
interactions, fed-236, gas-solid flows, in FED-236, Gas-Solid Flows, ASME, Hilton Head S. Carolina,
USA, 1996, pp. 51–56.
Derevich, I. and Zaichik, L., Particle deposition from a turbulent flow, Fluid Dynamics, 23(5), 722–729, 1988.

198

2. Computational Methods

Downloaded by [Cornell University] at 04:29 25 October 2016

Derevich, I.V., Statistical modelling of mass transfer in turbulent two-phase dispersed flows 1. model development, Int. J. Heat Mass Transfer, 43, 3709–3723, 2000.
Derevich, I.V. and Zaichik, L.I., An equation of probability density of velocity and temperature of particles in
a turbulent flow modeled by a random gaussian field, Appl. Math. Mech., 54, 631–637, 1990.
Derevyanko, S., Falkovich, G., and Turitsyn, S., Sling effect in collisions of water droplets in clouds, New J.
Phys., 10, 075019, 2008.
Devenish, B.J., Bartello, P., Brenguier, J.-L., Collins, L.R., Grabowski, W.W., Ijz-ermans, R.H.A., Malinowski, S.P.
et al., Droplet growth in warm turbulent clouds. Quart. J. R. Meteorol. Soc., 138(667), 1401–1429, 2012.
Devenish, B.J., Swailes, D.C., and Sergeev, Y.A., A pdf model for dispersed particles with inelastic particlewall collisions, Phys Fluids, 11(7), 1858–1868, 1999.
Einstein, A., On the theory of brownian motion, Ann, d. Physik, IV, 549, 1905.
Falkovich, G., Fouxon, A.S., and Stepanov, M.G., Acceleration of rain initiation by cloud turbulence, Nature,
419, 151–154, 2002.
Falkovich, G. and Pumir, A., Intermittent distribution of heavy particles in a turbulent flow, Phys. Fluids,
16(7), L47–L50, 2004.
Falkovich, G. and Pumir, A., Sling effect in collisions of water droplets in turbulent clouds, J. Atmos. Sci.,
64, 4497–4505, 2007.
Fessler, J.R., Kulick, J.D., and Eaton, J.K., Preferential concentration of heavy particles in a turbulent channel
flow, Phys. Fluids, 6(11), 3742–3749, 1994.
Fevrier, P. and Simonin, O., Constitutive relations for fluid-particle velocity correlations in gas-solid turbulent flows, in Third International Conference on Multiphase Flows, ICMF’98, Lyon, France, June 8–12,
1998.
Fevrier, P. and Simonin, O., Statistical and continuum modelling of turbulent reactive particulate flows.
Part 2: Application of a two-phase second-moment transport model for prediction of turbulent gasparticle flows, in Theoretical and Experimental Modeling of Particulate Flows, Lecture Series 2000-06,
von Karman Institute for Fluid Dynamics, Rhode Saint Genèse (Belgium), 2000.
Fevrier, P., Simonin, O., and Squires, K.D., Partitioning of particle velocities in gas-solid turbulent flows
into a continuous field and a spatially uncorrelated random distribution; theoretical formalism and
numerical study, J. Fluid Mech., 533, 1–46, 2005.
Furutsu, K., On the theory of radio wave propagation over inhomogeneous earth, J. Res. Natl. Bur. Stand.,
Sect. D, 67, 39–62, 1963.
Grad, H., On the kinetic theory of rarefied gases, Commun. Pure Appl. Math., 2(4), 331–407, 1949.
Gustavsson, K. and Mehlig, B., Distribution of relative velocities in turbulent aerosols, Phys. Rev. E, 83,
045304, 2011.
Haworth, D.C. and Pope, S.B., A generalized langevin model for turbulent flow, Phys Fluids, 29, 387–405,
1986.
He, J. and Simonin, O., Non-Equilibrium prediction of the particle-phase stress tensor in vertical pneumatic
conveying, in Gas-Solid Flows-1993, ASME FED, Vol. 166, pp. 253–263, 1993.
Hishida, K. and Maeda, M., Turbulent characteristics of gas-solid two-phase confined jet: Effect of particle
density, in Fifth Workshop on Two Phase Flow predictions: Proceedings, Erlangen, Germany, March
19–22, 1990.
Hyland, K.E., Reeks, M.W., and McKee, S., Derivations of a pdf kinetic equation for the transport of particles
in turbulent flow, J. Phys: Math Gen., 32, 6169–6190, 1999a.
Hyland, K.E., Reeks, M.W., and McKee, S., Exact analytic solutions to turbulent particle flow equations,
Phys. Fluids, 11, 1240–1261, 1999b.
Jenkins, J.T. and Richman, M.W., Grad’s 13-moment system for a dense gas of inelastic spheres, Arch. Ration.
Mech. Anal., 87, 355–377, 1985.
Lavieville, J., Numerical simulations and modelling of interactions of turbulence dragging and inter-particle
collisions applied to gas-solid two phase flows, These de Doctorat de l’Universite de Rouen, Rouen,
France, 1997.
Lavieville, J., Deutsch, E., and Simonin, O., Large eddy-simulation of interaction between colliding particles
and a homogeneous isotropic turbulence field, in Proceedings of the Sixth International Symposium on
Gas-Particle Flows, ASME FED, San Francisco, USA, Vol. 8, pp. 347–357, 1995.
Lavieville, J., Simonin, O., Berlemont, A., and Chang, Z., Validation of inter-particle collision models based
on large-eddy simulation in gas-solid turbulent homogeneous shear, in Proceedings of the Seventh
International Symposium on Gas-Particle Flows, ASME Fluids Engineering Division Summer Meeting,
FEDSM97, Vancouver, Canada, 1997, pp. 3623–3627.

References

199

Downloaded by [Cornell University] at 04:29 25 October 2016

Li, A. and Ahmadi, G., Dispersion and deposition of spherical particles from point sources in turbulent
channel flow, Aerosol Sci. Tech., 16(4), 209–226, 1992.
Li, Y. and Zhou, Z.X., A k-e model for simulating gas-particle flows, in M. Sommerfeld (Ed.), Sixth ErlangenMerseburg Workshop on Two-Phase Flow Predictions, Merseburg, Germany, May 1996.
Masi, E., Theoretical and numerical study of the modeling of unsteady non-isothermal particle-laden turbulent flows by an eulerian-eulerian approach, PhD thesis, Institut National Polytechnique de Toulouse
(2010). http://ethesis.inp-toulouse.fr/archive/00001256/01/masi.pdf, 2010.
Masi, E., Riber, R., Sierra, P., Simonin, O., and Gicquel, L.Y.M., Modeling of the random uncorrelated velocity stress tensor for unsteady eulerian simulation in turbulent flows, Proceedings of the 7th International
Conference on Multiphase Flow (ICMF). Tampa, FL, May 2010.
Masi, E., Simonin, O., and Bedat, B., The mesoscopic eulerian approach for evaporating droplets interacting
with turbulent flows, Flow Turbul. Combust., 86, 563–583, 2011.
Maxey, M.R., The gravitational settling of aerosol particles in homogeneous turbulence and random flow
fields, J. Fluid Mech., 174, 441–465, 1987.
Moreau, M., Fede, P., Simonin, O., and Villedieu, P., Monte carlo simulation of colliding particles
suspended in gas-solid homogeneous turbulent shear flows. Proceedings of FEDSM034TH ASMEJSME Joint Fluids Engineering Conference, Honolulu, HI, July 6-10,2003, paper FEDSM200345736, 2003.
Moreau, M., Fede, P., Simonin, O., and Villedieu, P., Stochastic lagrangian modelling and monte carlo simulation of collisions in gas-solid homogeneous shear turbulent flows. 5th International Conference on
Multiohase Flow, Paper no 426, ICMF2004 Yokohma, Japan, May 30–June 4, 2004.
Novikov, E.A., Functional and the random-force method in turbulence theory, Soviet Phys. JETP, 20, 1290–
1294, 1965.
Oesterle, B. and Petitjean, A., Simulation of particle-to-particle interactions in gas-solid flows, Int. J.
Multiphase Flow, 19, 199–211, 1993.
Pandya, R.V.R and Mashayek, F., Probability density functions modeling of evaporating droplets dispersed
in isotropic turbulence, AIAA J., 29(1), 561–568, 2001.
Pozorski, J. and Minier, J.-P., Probability density function modelling of dispersed two-phase turbulent flows,
Phys. Rev. E, 59(1), 855–863, 1998.
Reeks, M.W., On the dispersion of small particles in an isotropic turbulent flow, J. Fluid Mech., 83, 529–546,
1977.
Reeks, M.W., Eulerian direct interaction applied to the statistical motion of particle, J. Fluid Mech., 83,
529–546, 1980.
Reeks, M.W., The transport of discrete particles in inhomogeneous turbulence, J. Aerosol Sci., 14(6), 729–739,
1983.
Reeks, M.W., On a kinetic equation for the transport of particles in turbulent flows, Phys. Fluids, 15,
446–456, 1991.
Reeks, M.W., On the continuum equations for dispersed particles in non uniform flows, Phys. Fluids, 446,
1290–1303, 1992.
Reeks, M.W., On the constitutive relations for dispersed particles in nonuniform flows. i: Dispersion in a
simple shear flow, Phys. Fluids, 5(3), 750–761, 1993.
Reeks, M.W., On probability density function equations for particle dispersion in a uniform shear flow,
J. Fluid Mech., 522, 263–302, 2005.
Reeks, M.W., Particle drift in turbulent flows: The influence of local structure and inhomogeneity, arXiv:
1205.2731v3, 2012.
Reeks, M.W., The transport of discrete particles in inhomogeneous turbulence, J. Aerosol Sci., 14(6), 729–739,
1983.
Reeks, M.W. and Hall, D., Kinetic models for particle resuspension in turbulent flows: theory and measurement, J. Aerosol Sci., 32, 31–39, 2001.
Reeks, M.W., Reed, J., and Hall, D., On the resuspension of small particles by a turbulent flow, J. Phys D: App.
Phys., 21, 574–589, 1988.
Reeks, M.W. and Swailes, D.C., The near wall behaviour of particles in a simple turbulent flow with gravitational settling and partially absorbing wall, J. Fluid Mech. Res., 22(2), 31–39, 1997.
Rogers, C.B. and Eaton, J.K., The behavior of solid particles in a vertical turbulent boundary layer in air,
Int. J. Multiphase Flow, 16(5), 819–834, 1963.
Saffman, P.G., and Turner, J.S., On the collision of drops in turbulent clouds, J. Fluid Mech., 1(1), 16–30, 1956.
Salazar, J.P.L.C. and Collins, L.R., Inertial particle acceleration statistics in turbulence: effects of filtering,
biased sampling and flow topology, Phys. Fluids, 24, 083302, 2012.
Salazar, J.P.L.C., de Jong, J., Woodward, S.H., Meng, H., and Collins, L.R., Dissipation rate estimation from
piv in zero-mean isotropic turbulence, J. Fluid Mech., 600, 245–256, 2008.

200

2. Computational Methods

Downloaded by [Cornell University] at 04:29 25 October 2016

Sikovsky, D.P., Singularity of inertial particle concentration in the viscous sublayer of wall-bounded
turbulent flows, in International Conference on Turbulence Heat and Mass Transfer 2012, Palermo,
Italy, 2013, pp. 51–56.
Simonin, O., Prediction of the dispersed phase turbulence in particle-laden jets, in Gas-Solid Flows-1991, ASME
FED, Vol. 121, pp. 197–206, 1991.
Simonin, O., Statistical and continuum modelling of turbulent reactive particulate flows part I: Theoretical
derivation of dispersed phase eulerian modelling from probability density function kinetic equation, in
Combustion and Turbulence in Two- Phase Flows, 1995–1996 Lecture Series Programme, von Karman
Institute for Fluid Dynamics, Belgium, Europe, 1996a.
Simonin, O., Statistical and continuum modelling of turbulent reactive particulate flows part II: Application
of a two-phase second-moment transport model, in Combustion and Turbulence in Two-Phase Flows,
1995–1996 Lecture Series Programme, von Karman Institute for Fluid Dynamics, Belgium, Europe,
1996b.
Simonin, O., Deutch, E., and Minier, J.-P., Eulerian prediction of the fluid/particle correlated motion in turbulent two-phase flows, Appl. Sci. Res., 51, 275–283, 1993.
Simonin, O., Février, P., and Laviéville, J., On the spatial distribution of heavy-particle velocities in turbulent
flow: From continuous field to particulate chaos, J. Turbulence, 3(40), 2002.
Simonin, O., Zaichik, L.I., Alipchenkov, V.M., and Fevrier, P., Connection between two statistical
approaches for the modelling of particle velocity and concentration distributions in turbulent flows:
The Mesoscopic Eulerian Formalism and the two-point PDF method, Phys. Fluids, 18, 125107 (9
pages), 2006.
Soldati, A., Physics and modelling of turbulent particle deposition and entrainment: Review of a systematic
study, Int. J. Multiphase Flow, 35(9), 827–839, 2009.
Sommerfeld, M., The importance of inter-particle collisions in horizontal gas-solid channel flows, in
Procedings of the Sixrh International Symposium on Gas-Solid Flows, ASME FED, Vol. 228, 1995,
pp. 335–345.
Squires, K.D. and Eaton, J.K., Measurements of particle dispersion obtained from direct numerical simulations of isotropic turbulence, J. Fluid Mech., 226, 135, 1991.
Stock, D.E., Particle dispersion in flowing gases-1994 freeman scholar lecture, J. Fluids Eng., 30, 4–17, 1996.
Sundaram, S. and Collins, L.R., Collision statistics in an isotropic particle-laden turbulent suspension.
part 1. direct numerical simulations, J. Fluid Mech., 335, 75–109, 1997.
Swailes, D.C. and Darbyshire, K.F.F., A generalised fokker-planck equation for particle transport in random
media physica, Phys. A, 242, 38–48, 1997.
Swailes, D.C., Derbyshire, K.F.F., and Reeks, M.W., Analysis of particle dispersion using a pdf equation;
results for simple shear and rotating flows, in Gas-Particle Flows ASME Summer Meeting, ASME FEDVol. 228, Hilton Head Island, SC, August 1995, pp. 257–263.
Swailes, D.C. and Reeks, M.W., Particle deposition from a turbulent flow: A steady-state model for high
inertia particles, Phys. Fluids, 6, 3392, 1994.
Swailes, D.C., Sergeev, Y.A., and Parker, A., Chapman–enskog closure approximation in the kinetic theory
of dilute turbulent gas-particulate suspensions, Phys. A: Stat. Mech. Appl., 254(3–4), 517–547, 1998.
van Dijk, P. and Swailes, D.C., Hermite-dg methods for pdf equations modelling particle transport and
deposition in turbulent boundary layers, J. Comp. Phys., 231(14), 4094–4920, 2012.
Wang, L.P., Wexler, A.S., and Zhou, Y., Statistical mechanical description and modelling of turbulent collision of inertial particles, J. Fluid Mech., 415, 117–153, 2000.
Wang, L.P., Wexler, A.S., and Zhou, Y., Modelling turbulent collision of bidisperse inertial particles, J. Fluid
Mech., 433, 77–104, 2001.
Wells, M.R. and Stock, D.E., The effects of crossing trajectories on the dispersion of particles in a turbulent
flow, J. Fluid Mech., 136, 31–62, 1983.
Wilkinson, M., Mehlig, B., Östlund, S., and Duncan, K.P., Unmixing in random flows, Phys. Fluids, 19,
113303, 2007.
Zaichik, L.I., Simulation of particle diffusion, segregation, and intermittency in turbulent flows,
in Eighth International Symposium on Turbulent Shear Flows, Technical University of Munich,
Munich, Germany, 1991, pp. 10-2-1–10-2-6.
Zaichik, L.I., Modelling the motion of particles in non-uniform turbulent flow using the equation for its
probability function, Appl. Math. Mech., 61, 127–133, 1997.
Zaichik, L.I., A statistical model of particle transport and heat transfer in turbulent shear flows, Phys. Fluids,
11, 1521–1543, 1999.
Zaichik, L.I. and Alipchenkov, V.M., Simulation of transport of colliding particles suspended in turbulent
shear flows, in Proceedings of the Second International Symposium on Turbulence, Heat and Mass
Transfer, 1997, pp. 823–832.

References

201

Downloaded by [Cornell University] at 04:29 25 October 2016

Zaichik, L.I. and Alipchenkov, V.M., Pair dispersion and preferential concentration of particles in isotropic
turbulence, Phys. Fluids, 15(6), 1776–1787, 2003.
Zaichik, L.I. and Alipchenkov, V.M., Refinement of the probability density function model for preferential
concentration of aerosol particles in isotropic turbulence, Phys. Fluids, 19, 113308, 2007.
Zaichik, L.I. and Alipchenkov, V.M., Statistical models for predicting pair dispersion and particle clustering
in isotropic turbulence and their applications, New J. Phys., 11, 103018, 2009.
Zaichik, L.I., Drobyshevsky, N.I., Filippov, A.S., Mukin, R.V., and Strizhov, V.F., A diffusion-inertia model
for predicting dispersion and deposition of low-inertia particles in turbulent flows, Int. J. Heat Mass
Transfer, 53, 154–162, 2010.
Zaichik, L.I., Oesterle, B., and Alipchenkov, V.M., On the probability density function model for the transport of particles in anisotropic turbulent flow, Phys. Fluids, 16, 1956–1964, 2004.
Zaichik, L.I. and Simonin, O., Connection between two statistical approaches for modelling of particle velocity and concentrations distributions in turbulent flow: The mesoscopic eulerian formalism and the twopoint probability density function method, Phys. Fluids, 18, 125107, 2006.
Zaichik, L.I., Simonin, O., and Alipchenkov, V.M., Two statistical models for predicting collision rates of
inertial particles in homogeneous isotropic turbulence, Phys. Fluids, 15(10), 2995–3005, 2003.
Zaichik, L.I., Simonin, O., and Alipchenkov, V.M., Collision rates of bidisperse inertial particles in isotropic
turbulence, Phys. Fluids, 18, 035110 (13 pages), 2006.
Zaichik, L.I., Sinaiski, E.G., and Alipchenkov, V.M., Collisions of particles in turbulent flow, Chapter 4, in
Particles in Turbulent Flows, Wiley-VCH, 2008.
Zhang, F., Reeks, M., and Kissane, M., Particle resuspension in turbulent boundary layers and the influence of non-gaussian removal forces, J. Aerosol Sci., 58, 103–128, 2013.
Zhang, F., Reeks, M.W., Kissane, M., and Perkins, R.J., Resuspension of small particles from multilayer deposits in turbulent boundary layers, J. Aerosol Sci., 66, 31–61, 2013.
Zhou, Y., Wexler, A.S., and Wang, L.P., On the collision rate of small particles in isotropic turbulence, ii.
finite inertia case, Phys. Fluids, 10(10), 1206–1216, 1998.

2.6 Euler–Lagrange Methods
Martin Sommerfeld and Santiago Lain

2.6.1 Introduction
Particle-laden confined two-phase flows are widely found in the processing industries; typical examples are
pneumatic conveying, pneumatic mixing devices, fluidized beds, and particle separation equipment, such
as gas cyclones. Pneumatic conveying is widely used in these areas for transporting fine powders within a
production process over large distances and to convey pulverized coal in power plants. Depending on the
application, different conveying regimes are used, such as dense- and dilute-phase conveying. Essential for
the design of such systems is the pressure drop as a function of superficial gas velocity. This pressure drop
is composed of the gas-phase pressure drop, which is quite well known already for different pipe elements,
and the additional pressure drop due to particle transport. The single-phase pressure loss depends on the
wall friction coefficient and hence on the flow Reynolds number and the wall roughness. For an entire pipe
system, the contributions of the different elements (e.g., straight pipes, pipe bends, and/or constrictions)
have to be added. For the additional pressure loss of the particles also, different contributions may be identified, namely, pressure loss caused by particle–wall friction (i.e., resulting from the momentum loss due
to particle–wall collisions), pressure loss due to particle lifting in vertical conveying, and pressure loss due to
particle acceleration upon injection or after a bend; hence, the particle contribution is strongly governed
by the pipe geometry considered. In addition, the particle-phase pressure drop remarkably depends on
pipe material and diameter, particle size, shape and material, wall roughness (since it is strongly correlated
with the particle–wall collision frequency, see Sommerfeld, 2003), as well as particle-phase mass loading η,
defined as the ratio between the particle mass flow rate and the gas mass flow rate. As a result of this complexity, universal correlations for the pressure drop as a function of conveying velocity are not available and
normally experiments are required to develop such correlations as emphasized by Siegel (1991) resulting in
an empirical design of pneumatic conveying systems. Quite often, phase diagrams are used to correlate the
pressure drop with the superficial gas velocity and the particle mass loading as a parameter. Such experimental phase diagrams unfortunately depend on parameters such as pipe diameter, particle size, or size distribution, which implies that conveying of another type of particles requires conducting new measurements.
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Another important design issue for dilute-phase pneumatic conveying systems is the temporal and spatial
homogeneous delivery of gas particle mixtures, for example, to the burners of a coal-fired power plant. From the
bunker to the burner, however, numerous pipe systems such as bends and branches have to be used, which yield
a strong segregation of the mixture due to inertial effects. Consequently, in front of the burner, pipe inserts may
be used to homogenize the mixture again, which of course is associated with additional pressure drop. Also, this
issue has been experimentally assessed for many years.
Consequently, an experimental design and layout of pneumatic conveying systems is rather tedious and
costly. Therefore, during the past two decades, numerical methods based on computational fluid dynamics (CFD) were developed for facilitating the understanding and design of pneumatic conveying systems. The
continuous phase computations were mainly based on Reynolds-averaged conservation equations (mostly
termed Reynolds-averaged Navier–Stokes [RANS] equations) in connection with an appropriate turbulence
model (e.g., k–ε turbulence model or Reynolds stress models). For describing such a particle-laden confined
flow, both the two-fluid approach, often termed as Euler–Euler method and the Euler–Lagrange method,
were commonly used. For dense gas–solid flows, for example, in a vertical riser, the two-fluid approach was
preferred (e.g., Dasgupta et al., 1998, Hidayat and Rasmuson, 2005) although not all details occurring on
the particle scale can be described and modeled. The Euler–Lagrange approach, on the other hand, allows
a very detailed description of the discrete particle behavior, including all relevant fluid dynamic forces acting on the particles, the rotation of particles mainly induced by wall collisions, interparticle collisions, and
collisions of particles with rough walls. This, however, makes computations of large pneumatic conveying
systems quite time consuming. The largest benefit in the application of the Euler–Lagrange method is that
a particle size distribution, which is normally present in all applications, can be considered with marginal
computational effort. The treatment of a particle size distribution in the two-fluid approach requires the
solution of a number of conservation equation sets, one for each discretized particle size class. Therefore,
this method also becomes computationally expensive.
As a result, dilute-phase pneumatic conveying was in the past mainly computed using the Euler–Lagrange
approach with more or less sophisticated modeling. A big challenge for many years was the computation of
powder rope formation in a bend and its disintegration in a downstream located vertical pipe (Bilirgen and
Levy, 2001, Yilmaz and Levy, 2001, Kuan et al., 2007, Tian et al., 2008, Lain and Sommerfeld, 2012a,b, 2013,
Sommerfeld and Lain, 2015).
2.6.2 Euler–Lagrange-Approach
The numerical scheme adopted to calculate the considered particle-laden two-phase flows was the fully
coupled Euler–Lagrange approach as described in detail by Lain and Sommerfeld (2008). The fluid flow
was calculated based on the Euler approach using a fixed grid by solving the Reynolds-averaged conservation equations (RANS) in connection with the standard k–ε turbulence model. All conservation equations
were extended in order to account for the effects of the dispersed phase, that is, two-way coupling through
momentum exchange and turbulence. The time-dependent 3D conservation equations for the fluid may be
written in the general form (using tensorial notation) as
(rf),t +(rU i f),i =
(Gik f, k ),i + Sf + Sfp

(2.327)

where
ρ is the gas density
Ui are the Reynolds-averaged velocity components
Γik is an effective transport tensor
The usual source terms within the continuous phase equations are summarized in Sϕ, while Sϕp represents
the additional source term due to phase interaction, that is, the influence of the particles on the fluid flow
(see Lain and Sommerfeld, 2008). In the present study, the computations have been done for a stationary
flow situation.
The simulation of the particle phase by the Lagrangian approach is based on tracking a large number of
particles through the beforehand computed flow field. Particles are treated as point masses, and their shape
is assumed to be spherical, which was also the case in the experiments considered for validation. In order
to account for the correct particle mass flow rate, the considered computational particles represent a certain
number of real particles with the same properties, which yields a computationally treatable number of parcels.
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Tracking requires the solution of the equations of motion for each computational particle or parcels. The forces
that were considered include particle inertia, drag, gravity/buoyancy, slip–shear lift force Fls, and slip-rotational lift force Flr (Sommerfeld et al., 2008). The Basset history term, the added mass, and the fluid inertia are
negligible for the considered high ratio of particle to gas densities. The change in the angular velocity along
the particle trajectory due to the viscous interaction with the fluid (i.e., the torque Ti) requires the solution of
additional partial differential equations. Hence, the complete equations of motion for the particles are given by
dx pi
= u pi
dt
mp

(2.328)

 
æ
du pi 3 r
r ö
m pc D (u i - u pi ) u - u P + m pg i ç 1 - ÷+ Flsi + Flri
=
dt
4 Dp
r
p ø
è

(2.329)

dwpi
= Ti
dt

(2.330)

Ip
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where
xpi, upi, and ui are the components of the particle location vector and the instantaneous particle and fluid
velocities, respectively
mp is the particle mass
Ip is the moment of inertia
Dp is the particle diameter
gi is the gravity vector
ρ and ρp are the fluid and particle material densities
The relevant different forces acting on the particles and the respective resistance coefficients allowing the
extension of the equation of motion to higher particle Reynolds numbers have been used according to
Sommerfeld et al. (2008) as well as Sommerfeld (2010). The drag coefficient is obtained using the following
standard correlation:
-1
0.687
ïì24 Re p (1 + 0.15 Re p )
cD = í
îï0.44

Re p £ 1000
Re p > 1000

(2.331)

 

with Re p = rD p u - u p m as the particle Reynolds number.
The slip–shear force is based on the analytical result of Saffman (1965) and extended for higher particle
Reynolds numbers according to Mei (1992):


 
 
(2.332)
Fls = 1.615D pm Re1s /2 c ls éë(u - u p ) ´ wùû
where


w = Ñ ´u isthe fluid rotation
Res = r D p2 w m is the particle Reynolds number of the shear flow
cls = Fls/Fls,Saf f represents the ratio of the extended lift force to the Saffman (1965) force:
ìï(1 - 0.331 b )e - Re p /10 + 0.331 b
c ls = í
îï0.0524 b Re p

Re p £ 40
Re p > 40

(2.333)

where β is a parameter given by β = 0.5 Res/Rep.
The applied slip-rotational lift force is based on the relation given by Rubinow and Keller (1961), which
was extended to account for the relative motion between particle and fluid. Moreover, several authors
allowed an extension of this lift force to higher particle Reynolds numbers. Hence, the following form of the
slip-rotation lift force has been used:

 p
  

Re
Flr = D p3r p c lr éëW ´ (u - u p )ùû
8
Rer
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(2.334)
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with W = 0.5Ñ ´ u - wp and the Reynolds number of particle rotation is given by ReR = rD2P w m. The lift
coefficient according to Oesterlé and Bui Dinh (1998) is given for Rep < 2000 by
æ Re
ö -0.05684 Re0R.4 Re0p.3
c lr =+
0.45 ç r - 0.45 ÷e
Re
è p
ø

(2.335)

For the torque acting on a rotating particle, the expression of Rubinow and Keller (1961) was extended to
account for the relative motion between fluid and particle and higher Reynolds numbers:
 r æ D ö5  
T = ç p ÷ cR W W
2è 2 ø

(2.336)
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where the coefficient of rotation is obtained from Rubinow and Keller (1961) and direct numerical simulations of Dennis et al. (1980) in the following way:
ì 64 p
ï Re
ï R
cR = í
ï 12.9 + 128.4
ReR
îï ReR

ReR £ 32
(2.337)
32 < ReR < 1000

The equations to calculate the particle motion are solved by integration of the differential equations
(Equations 2.326 through 2.328). For sufficiently small time steps and assuming that the forces remain
constant during this time step, the new particle location, the linear and angular velocities are calculated.
The time step for the particle tracking, ΔtL , was chosen to be 50% of the smallest of all local relevant time
scales, such as the particle relaxation time, the integral timescale of turbulence, and the mean interparticle
collision time. This choice guarantees the stability of the numerical integration scheme (Göz et al., 2004).
2.6.2.1 Modeling of Elementary Processes

In order to account for turbulence effects on particle motion, the instantaneous fluid velocity components along the particle trajectory are determined from the local mean fluid velocity interpolated from the
neighboring grid points and a fluctuating component generated by a single-step isotropic Langevin model
described by Sommerfeld et al. (1993). In this model, the fluctuation velocity is composed of a correlated part
from the previous time step and a random component drawn from a Gaussian distribution function. The
degree of correlation depends on the turbulent particle Stokes number StT and is calculated using appropriate time and length scales of turbulence estimated from the k–ε turbulence model.
Especially in wall-bounded flows, as considered here, the modeling of particle–wall collisions needs
special consideration (Sommerfeld, 1992). The applied wall collision model, accounting for wall roughness, is described and validated in Sommerfeld and Huber (1999). The wall roughness seen by a particle is
simulated assuming that the instantaneous impact angle is composed of the particle trajectory angle plus
a stochastic contribution due to wall roughness, drawn from a normal distribution with a standard deviation Δγ that depends on the structure of wall roughness and particle size (Sommerfeld and Huber, 1999).
Corresponding correlations for the restitution coefficient, the friction coefficient, and the roughness angle
are presented by Lain et al. (2002), which are depending on the particle impact angle (Sommerfeld and Lain,
2009). Regardless of particle size, the standard deviation of the roughness angle was assumed to be Δγ = 10°
for all cases considered here, except for one case with low roughness demonstrating this important effect.
Interparticle collisions are modeled by the stochastic approach described in detail by Sommerfeld (2001).
This model relies on the generation of a fictitious collision partner at each time step of tracking a real particle
and accounts for a possible correlation of the translational velocities of colliding particles in turbulent flows.
As model parameters for particle–particle collisions, the restitution coefficient has been taken to be constant
with 0.9 and the static and dynamic friction coefficients were chosen to be 0.4. The convergence behavior for
pneumatic conveying was demonstrated by Lain and Sommerfeld (2012a).
2.6.2.2 Two-Way Coupling Procedure

The source terms for the momentum equations resulting from the exchange between particles and fluid are
obtained on the basis of the Particle-Source-In-Cell concept proposed by Crowe et al. (1977). Hence, the
momentum exchange is calculated by averaging over all parcels traversing a given control volume during
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one Lagrangian calculation. Instead of summing up all fluid dynamic forces acting on the particles, which
is quite cumbersome, the momentum exchange is calculated from the velocity change of the parcels when
traversing the control volume. In this procedure however, the external forces have to be subtracted, yielding
the momentum source in the following form:
SU I p = -

1
Vcv

åm N å íîïï( éëu
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(2.338)

where the sum over n indicates averaging along the particle trajectory (time averaging) and the sum over k is
related to the number of computational particles passing the considered control volume with the volume Vcv.
The mass of an individual particle is mk and Nk is the number of real particles in one computational particle.
ΔtL is the Lagrangian time step that is used in the solution of 2.326 through 2.328.
The source term in the conservation equation of the turbulent kinetic energy, k, is expressed in the
Reynolds average procedure as
(2.339)

Skp = uiSUi p - U i SUi p
while the source term in the ε-equation is modeled in the following standard way:
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e
Sep = c e3 Skp
k

(2.340)

with Cε3 = 1.8 and the sum is implicit in the repeated subindex i.
A converged solution of the coupled two-phase flow system is obtained by successive solution of the
Eulerian and Lagrangian part, respectively. Initially, the flow field is calculated without particle-phase source
terms until a converged solution is achieved. Thereafter, a large number of parcels are tracked through the
flow field (up to 106 computational particles) and the source terms are sampled for each control volume. In
this first Lagrangian calculation interparticle collisions are not considered, since the required cell-based
particle-phase properties are not yet available. Hence, for each control volume, the particle concentration,
the local particle size distribution, and the size–velocity correlations for the mean velocities and the rms
values are sampled. These properties are updated in each Lagrangian iteration in order to allow correct
calculation of interparticle collisions. Additional particle-phase properties and profiles may be sampled for
each transverse cell when the computational particles cross a predefined location. From the second Eulerian
calculation, the source terms of the dispersed phase are introduced using an underrelaxation procedure in
order to facilitate convergence (Kohnen et al., 1994). For the present calculations, typically about 25 to 35
coupling iterations with an underrelaxation factor between 0.5 and 0.1 were necessary in order to yield convergence of the Euler–Lagrange coupling.
2.6.2.3 Conveying Pipe Configuration

The considered configuration of the horizontal to vertical pipe with a 90° bend has an inlet horizontal pipe
and an outlet vertical pipe, both 5 m in length. According to the configuration described in Huber and
Sommerfeld (1994, 1998), the pipe diameters are D = 0.08 and 0.15 m and the elbow radius is 2.54 times the
pipe diameter (i.e., Rbend = 0.203 and 0.381 m). The mean conveying velocity is different for each of the cases
(Table 2.4). These conditions yield the nondimensional parameters summarized in Table 2.4, where the pipe
Reynolds number and the Dean number of the bend flow are determined from
rDpipeU av
Re pipe
Re pipe ==
De bend
m
R bend /R pipe

(2.341)

Table 2.4 Parameters and Nondimensional Properties
of Pipe System (5 m Horizontal, Bend, and 5 m Vertical)
for the Three Standard Experimental Conditions
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Pipe Diameter

0.08 m

0.08 m

0.15 m

Bulk velocity
Mass loading
Repipe
Debend

14 m/s
0.5
74,667
33,144

21 m/s
0.5
112,000
49,716

27 m/s
0.3
270,000
63,890
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Figure 2.54
Size distribution of spherical glass beads (relative number frequency) used in the experiments of Huber and
Sommerfeld (1998).

The considered fluid properties are ρ = 1.2 kg/m3 and μ = 18.0 10−6 N s/m2 (air at room temperature). The
multiblock structured O-type grid is composed of 25 blocks with a total of 568,000 hexahedral control
volumes to discretize the entire pipe system (i.e., 5 m horizontal pipe, a bend, and 5 m vertical pipe). This
resolution was found to be sufficient for producing grid-independent results.
The particles considered in the numerical calculations for all standard cases summarized in Table 2.4
were spherical glass beads (ρp = 2500 kg/m3) with the size distribution shown in Figure 2.54. These particles
were also used in the experiments. The size distribution has a number mean diameter of 40 µm and is rather
wide ranging from about 15 to 85 µm, which was discretized by 7 diameter classes of 10 µm width. It should
be noted that the size of injected particles was sampled from a continuous cumulative distribution, yielding
also a variation of particle size in a given size class.
The particle mass loading (mass flow rate of particles/mass flow rate of air) for the standard cases was
selected according to the experiments (Huber and Sommerfeld, 1994, 1998); see Table 2.4. Besides that, monosized particle with 20, 40, 80, and 135 μm diameter and a binary mixture were considered (see Table 2.5), all
being spherical glass beads with ρp = 2500 kg/m3.
The boundary conditions used for the numerical calculations are as follows. At the inlet of the pipe,
the fluid is injected with a uniform velocity profile (i.e., mean conveying velocity provided in Table 2.4)
and a fluctuating velocity of around 3% of the bulk flow velocity for each component. At the pipe exit,
an outlet condition (i.e., no gradients of the properties in streamwise direction) is applied, while at the
pipe walls, no-slip conditions are adopted. The particle injection velocities are sampled from a normal
distribution with fixed mean and rms velocities. The mean particle velocity is the bulk gas velocity in
the streamwise direction (see Table 2.4), and the mean transverse components are assumed to be zero.
Table 2.5 Summary of Particle Response Characteristics for the Particle Size
Distribution, Different Mono-Sized Particle, and a Binary Mixture
Diameter (μm)

Turbulent Stokesa (−)

Response Distance (mm)

Bend Stokesb (−)

➊ 15–85 (40)
➋ 20
➌ 40
➍ 80
➎ 135
➏ 30 + 60 (40)c

0.169–5.412
0.300
1.199
4.794
13.653
0.674 + 2.697

0.03–30.49
0.093
1.5
23.9
194.0
0.47 + 7.57

0.078–2.515
0.139
0.557
2.228
6.344
0.313 + 1.253

a
b
c

Integral timescale of turbulence in the pipe core TL = 10.3 ms.
Calculated according to Equation 2.331 with Rbend = 0.381 m and U0 = 27 m/s.
Binary mixture with equal number of parcels and mass fractions of w30 = 20% (30 μm) and
w60 = 80% (60 μm) and a number mean diameter of 40 µm (calculations were done for those with
D = 150 mm and U0 = 27 m/s).
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The rms values are 3% of the bulk gas velocity for all three velocity components. These values were
randomly drawn from normal distributions. Regarding the three components of the particle angular
velocities, a mean of zero and a standard deviation of 103 1/s were assumed. For all the particle sizes
considered, the two-phase flow was developed after a conveying distance of 5 m through the horizontal
pipe. Hence, there is no effect of the specified inlet conditions on the pneumatic conveying through the
bend and the connected vertical pipe.
All the numerical computations were done on a quad-core workstation, where the fluid flow was calculated
on one processor and the Lagrangian tracking was done on two processors. With these resources, a four-way
coupled converged result for the 5 m horizontal pipe, the pipe bend, and the 5 m vertical pipe was obtained
after about two weeks with the in-house code FASTEST/Lag3D.
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2.6.3 Results Horizontal to Vertical Pipe System
The particle motion in a horizontal straight pipe is determined by the balance between gravitational settling
and turbulent dispersion. Hence, with increasing particle size (or response time), turbulence is not sufficiently
strong to keep the particles in suspension and hence gravitational settling increases, yielding high particle concentration near the pipe bottom. On the contrary, small particles will be dominantly transported by turbulence
whereby they will be more homogeneously distributed in the pipe cross section. The particle response to turbulence is characterized by the turbulent Stokes number given by StT = τp/TL, where TL is the integral timescale
of turbulence. For the considered monosized particles, StT ranges from 0.3 to 14, that is, from responsive to
inertial particles (see Table 2.5). The particle response distance may be used for identifying the importance of
particle–wall collisions. It is defined as λp = τp · Vs, where Vs is the terminal velocity of particles (Sommerfeld
et al., 2008). In the case λp ≥ D (pipe diameter), the particles are not able to follow the gas flow after a wall
rebound and hence will collide again with the opposite wall of the pipe (see, e.g., Sommerfeld, 2003). For the
considered particle sizes, the 135 μm particles are dominantly affected by wall collisions (Table 2.5).
A particle-laden flow through a bend is characterized by strong segregation of the mixture due to inertial effects and secondary flow, whereby the particles accumulate at the outer wall of the elbow forming a
relatively dense rope, that is, high-concentration region of particles. This rope will be again disintegrated in
the connecting vertical pipe due to interparticle collisions, wall collisions, secondary flow, and turbulence.
The redirection of the two-phase flow from horizontal to vertical also leads, as a result of particles inertia,
to enhanced wall collisions with the outer bend wall followed by a rebound toward the core of the pipe. The
particle response behavior regarding the mean motion through the bend is characterized by the bend Stokes
number being the ratio of the particle response time (here the Stokesian response time is used) to the particle residence time along the centerline of the bend:
tP
rPd 2P U av
r d 2 2U av
St B ==
= P P
tbend 18m C bend,90o 18m pR bend

(2.342)

Here,
Cbend, 90° is the arc of the 90° bend radius measured along the centerline
Rbend is the bend radius (2.54 times pipe diameter)
Uav is the average conveying velocity
This definition of the bend particle Stokes number is more physical than using the bend timescale obtained as
the ratio of pipe radius to the average gas conveying velocity as done in most deposition studies (see, e.g., Crane
and Evans, 1977). The bend Stokes number for the different particle systems is also summarized in Table 2.5.
Expectedly, an increase in this Stokes number is coupled with an increasing wall collision frequency, especially
within the bend, and ultimately a growing pressure drop. The rebound characteristics of the particles are evidently affected by wall roughness and the involved shadow effect (Sommerfeld and Huber, 1999).
The high particle concentration region developing within a bend is of course altering the probability of
interparticle collisions with the result that the distribution of the particles throughout the bend is strongly
manipulated. In addition, the distribution of the particle phase within the bend will determine the local
degree of two-way coupling. As the appearance of the particle concentration distribution within the bend
(i.e., degree of segregation) is depending on the bend Stokes number, also the interparticle collision frequency is somehow coupled to this characteristic nondimensional number (i.e., particle inertia) and of
course determined by the overall mass loading ratio. In case particles with a wide size distribution are conveyed the so-called impact efficiency also becomes of importance. This means that once a small and large
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particle are on a collision trajectory, the small particle still might move around the larger collector particle
with the relative velocity field and hence no collision occurs (Ho and Sommerfeld, 2002, Sommerfeld and
Lain, 2009). In average, this phenomenon reduces the effective frequency of interparticle collisions as shown
by Ho and Sommerfeld (2005) for particle separation in a gas cyclone. However, in the present computations
with particle size distribution, impact efficiency is not considered.
In the following sections, the influence of the particle-phase properties and the elementary processes
described earlier on the pneumatic conveying characteristics, the particle concentration distribution, and
the resulting pressure drop will be discussed.
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2.6.3.1 Validation of the Computations

The modeling approach summarized earlier has been thoroughly validated for different pneumatic conveying systems, that is, for a horizontal channel by Lain and Sommerfeld (2008, 2012a) and for a pipe system along the vertical pipe (Lain and Sommerfeld, 2010, 2011, 2013, Sommerfeld and Lain, 2012). In the
following, the validation is based on results for the 80 mm pipe system, obtained at several cross sections
in the vertical pipe by applying phase-Doppler anemometry (Huber and Sommerfeld, 1994). The average conveying velocity is 14 m/s and the particle mass loading is 0.5 (Table 2.4). Computational results
are shown for both two- and four-way couplings in order to emphasize the importance of interparticle
collisions.
A comparison between measured and calculated profiles for particle concentration and particle number
mean diameter development downstream of the bend exit is shown in Figure 2.55 (please consider 4-way
way results). The first two profiles exhibit a very good agreement, both in curve progression and in magnitude.
Further downstream however, the predictions still show a higher concentration near the outer wall (right-hand
side) than the measurements. Hence, in the experiments, the rope was faster dispersed in the vertical pipe that
is most probably the result of the observed unsteady fluctuating motion of the rope downstream of the bend
exit. The profiles of the calculated particle number mean diameter show a remarkable good agreement with the
measurements, particularly since this property is the result of the size segregation within the bend and requires
a good prediction of the size-dependent particle behavior and hence the local particle size distributions. Only
the first profile shows some larger deviations, indicating a somewhat stronger rebound of the larger particles
in the predictions.
The predicted particle mean velocities (vertical component) and the associated particle rms values are
compared in Figure 2.56. The mean velocities in the first two cross sections are in reasonable good agreement; however, some larger deviations are found in the last profile, which is again associated with the differences in predicting the disintegration of the particle rope (Figure 2.55), being most likely due to the rope
fluctuations observed in the experiments. The predicted particle-phase rms values of the vertical velocity
component are in surprisingly good agreement with the measurements, as this property is affected by all
relevant transport processes, especially the description of turbulence seen by the particles.
As to be expected, when neglecting interparticle collisions (two-way coupling), the rope behavior in
the vertical pipe cannot be predicted properly (see Figures 2.55 and 2.56), and consequently, all the other
particle-phase properties are also not correctly predicted. Here, the particles may be reflected unhindered
from the bend outer wall toward the pipe core yielding the highest particle concentrations near the core of
the pipe after some distance from the bend exit (Figure 2.55a, y = 0.6 and 1.1 m). Hence, interparticle collisions yield a more concentrated dust rope in a bend. As a consequence of the higher inertia of large particles,
the particle number mean diameter left of the pipe axis is remarkably overpredicted when not considering
interparticle collisions (Figure 2.55b). The particle velocity profiles (mean and rms) are naturally coupled
with the particle concentration distribution and deviate in a two-way coupled calculation from those considering also interparticle collisions (Figure 2.56). Consequently, even at this relatively low overall particle
mass loading, correct predictions cannot be expected when neglecting interparticle collisions.
2.6.3.2 Wall Roughness Effects

In order to decouple the problem, first calculations are considered where only the effect of wall roughness
is analyzed by neglecting interparticle collisions, that is, conducting two-way coupled calculations, for
the case with particle size distribution from 15 to 85 μm. For this case (D = 150 mm, Uav = 27 m/s, η = 0.3)
a short inlet pipe of 1 m is used, which results in an almost homogeneous particle concentration distribution at the bend inlet (Lain and Sommerfeld, 2009, Sommerfeld and Lain, 2012). The degree of accumulation of particles at the bend outer wall depends strongly on wall roughness describing the rebound
characteristics of the particles. Two degrees of roughness are considered, namely, Δγ = 1.5° and 10°, and
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Figure 2.55
Profiles of particle concentration (a) and particle mean number diameter (b) downstream of the bend exit; comparison of calculations with experiments (D = 80 mm, Rbend = 0.203 m, U 0 = 14 m/s, η = 0.5, Δγ = 10°, four-way coupling, particle size distribution
15–85 μm, StB = 0.076–2.445).

the resulting computational results are compared with respect to the particle concentration distribution
along bend and vertical pipe (Figure 2.57a). When entering the bend, particles are first driven toward the
bend outer wall mainly due to inertia and to a small extent by the secondary flow. For small roughness,
Δγ = 1.5°, the particle rebound is not very strong (less pronounced shadow effect), and consequently, a
quite dense rope is formed until to the bend exit. In the third cross section within the bend (θ = 60°), a
small nose in the concentration distribution is visible caused by the focusing effect, that is, particles coming almost straight into the bend are reflected at a curved bend outer wall and bounced back toward the
core of the pipe (Lain and Sommerfeld, 2009). Finally, at the end of the bend, particles are only present
near the outer wall of the pipe bend leaving the bend inner region and the core almost without solids
(Figure 2.57 upper block). Near the exit of the bend particles are again rebound from the outer (righthand side) wall toward the core of the pipe (focusing), yielding a strip of high concentration (see magnified section between bend exit and 1 m downstream), which reaches the pipe core after about 1 m. Further
downstream (i.e., at 2 and 3 m), a kind of mushroom-shaped concentration pattern is developed within
the pipe cross section. This phenomenon is mainly the result of particle transport by secondary flow. This
developing high-concentration region is barely dispersed until the exit of the vertical pipe.
The secondary flow structure developing in the bend and the vertical pipe is also shown in Figure 2.57
(upper block, right) for the low roughness case without interparticle collisions. As a result of the particle
rebound from the outer bend wall, the particles are reflected back toward the pipe center. The associated
momentum transferred to the fluid by this focusing (Lain and Sommerfeld, 2009) produces two new counterrotating vortices, clearly visible at bend angles θ of 30° and 60°, which push the two secondary flow vortices
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Figure 2.56
Profiles of vertical particle velocity (a) and the associated rms value (b) downstream of the bend exit; comparison of the calculations with experiments (D = 80 mm, Rbend = 0.203 m, U 0 = 14 m/s, η = 0.5, Δγ = 10°, four-way
coupling, particle size distribution 15–85 μm, StB = 0.076–2.445).

produced as a result of the bend flow toward the inner part of the pipe cross section. Until the exit of the
bend the particle-induced vortices have disappeared again, but the typical single-phase secondary flow structure is completely destroyed. Particle rebound near the end of the bend again introduces momentum to the
fluid so that the two-particle-induced counter-rotating vortices again appear a bit downstream the bend exit.
Eventually, four vortex structures of roughly equal size develop in the pipe cross section that is preserved until
the end of the vertical pipe. Through the associated particle transport, a stem-like and later on mushroomshaped region of high particle concentration is developing in the vertical pipe (Figure 2.57 upper block, left).
Until the end of the vertical pipe element, the regions of high particle concentration have barely disappeared.
In the case of higher roughness, that is, Δγ = 10°, particles rebound from the bend outer wall are farther
reflected back into the core region of the bend flow (Figure 2.57 lower block). This behavior is due to the
shadow effect of wall roughness (Sommerfeld, 2003, Lain and Sommerfeld, 2008) implying that the rebound
angle may become larger than the impact angle if this is relatively shallow (i.e., resulting in an averaged
transfer of wall parallel particle momentum toward the transverse components). Hence, although a more
or less dense rope is formed at the outer wall near the bend exit, the particles are distributed over a larger
portion of the cross section compared to the low roughness case (compare Figure 2.57 left, upper and lower
part). Only near the inner wall there are almost no particles (i.e., this region corresponds to about one-third
of the cross section). The hat-like shape of the region with high particle concentration developing in the bend
is again resulting from the focusing effect, whereby the particles are reflected from the curved bend outer
wall toward the pipe core. Therefore, eventually also momentum is transferred to the gas phase affecting the
secondary flow. The T-shaped regions of high particle concentration at 1 and 2 m downstream the bend exit
are again associated with the focusing effect pushing the particles toward the pipe core in combination with
the developing secondary flow structure. Within the bend, already strong counterrotating vortices develop
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Development of cross-sectional distributions of particle concentration cm (kg/m3) (a) and absolute flow
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due to the particle focusing, yielding in the initial part of the vertical pipe four circulation cells in the pipe
cross section (Figure 2.57 lower block right). As the strength of the particle-induced circulation cells is quite
high, the original circulation cells produced in the bend by the centrifuging effect are eventually completely
entrapped (i.e., from about 3 m). Hence, at the end of the vertical pipe, two circulation cells are only present
with a rotation opposite to that produced initially by the bend flow (i.e., bend angle of 30°).
2.6.3.3 Influence of Interparticle Collisions
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For the following results, the standard case with a 5 m horizontal pipe, a bend, and a 5 m vertical pipe (pipe
diameter 150 mm) is considered and the particles have a size distribution (Figure 2.54, Table 2.5, case ➊).
This implies that the particle-laden flow entering the bend shows already a remarkable gravitational settling whereby the particle concentration at the inlet becomes nonsymmetric. The result obtained for solely
two-way coupled calculations is shown in Figure 2.58a. Compared to the short inlet pipe with the same wall
roughness (Figure 2.57 lower block left), the concentration distribution throughout the bend and in the connecting vertical pipe is remarkably modified. With a long inlet pipe, gravitational settling has altered the
particle concentration distribution at the bend inlet cross section, that is, the maximum of particle concentration is shifted to the lower half of the pipe cross section (Figure 2.58a). This implies that most of the particles
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experience a more gradual redirection, whereby the rebound of particles from the bend outer wall is less
strong. This has the consequence that the pipe cross section within the bend is somewhat less filled with the
particles compared to a homogeneous distribution at the bend inlet (Figure 2.57 lower block left). The shape
of the high-concentration region, however, still indicates the presence of the focusing effect, although it is not
as pronounced than in the case with homogeneous inlet distribution. In this case, only weak counterrotating
vortices are developed in the bend but do not persist for a long distance in the vertical pipe (not shown here).
This is also the reason that the rope formed in the bend is dispersed much quicker in the vertical pipe.
When interparticle collisions are taken into account (i.e., four-way coupling), the particle rope developing in the bend is forced to be more concentrated and the particles are distributed in a smaller part of the
cross section near the outer wall of the bend compared to the result with only two-way coupling (compare
Figure 2.58a and b). This is caused by collisions of particles moving into the bend with those rebounding
from the bend outer wall, which may be called “compression” effect and strongly depends on particle inertia
and the overall mass loading. Hence, the rebound particles are “pushed” back toward the bend outer wall
and will again collide with it (i.e., the resulting enhancement of wall collision rate will be discussed later).
After rebound, they will again collide with other particles within the rope. Consequently, the particles are
“trapped” in the rope due to interparticle collisions and the mean free path between particle collisions is
rather small. Also, the redispersion of the particles in the vertical pipe section is hindered by interparticle
collisions. Instead, a kind of detached closed rope develops near the bend outer wall (i.e., 1 m downstream
the bend exit), which moves upward and is only dispersed 3 m downstream the bend exit (Figure 2.58). The
trapping of the particles in the dust rope also reduces the focusing effect and the associated development of
particle-induced counterrotating vortices (not shown here).
2.6.3.4 Influence of Particle Size

In order to demonstrate the effect of particle size on the conveying through the standard pipe configuration (5 m horizontal pipe, bend, and 5 m vertical pipe), monosized glass beads of 20, 40, 80, and 135 μm
are considered. The particle behavior in the different pipe elements may be first analyzed by considering
the different relevant transport mechanisms. In the horizontal pipe, particle motion is governed by gravitational settling and response to turbulence, that is, gravitational settling may be balanced by turbulence if
the particles are small enough (i.e., their turbulent Stokes number is smaller than one). From the numerical
calculations, the integral timescale of turbulence is estimated to be TL = 0.16 k/ε = 10.3 ms on the center
line of the pipe. With the Stokesian response time of the particles (see Equation 2.332), turbulent Stokes
numbers of 0.3, 1.2, 4.8, and 13.7 are found for the four particle sizes (Table 2.5). This shows that only the
smallest particle size may be considerably affected by turbulence. The other elementary processes strongly
affecting the particle behavior in the horizontal pipe are wall collisions, especially for rough walls and the
involved shadow effect (Sommerfeld and Huber, 1999). Particle–wall collisions become of importance if
their response distance (i.e., product of particle response time and terminal velocity) becomes larger than
the dimension of the confinement (Sommerfeld et al., 2008), here the pipe diameter D:
D < lP =
tP VS =

rPD2P
VS
18m

(2.343)

The particle response distances for the four particle diameters are as follows: 0.093, 1.5, 23.9, and 194.0 mm,
respectively. This clearly demonstrates that the small particles are marginally influenced by wall collisions
including roughness, as they, after rebound, quickly follow the flow again and forget about the wall collision
event. Therefore, the resulting particle concentration distributions in the pipe cross section after the considered conveying distance of 5 m is the result of three competing effects: gravitational settling, turbulence, and
wall collisions. Comparing the vertical profiles of the normalized particle concentration at the bend entrance
(Figure 2.59) and later in this section the respective color-coded concentration fields in Figures 2.61 through
2.64, all obtained with four-way coupling, the following conclusions may be drawn:
1. The smallest particles (20 μm) are unaffected by wall collision phenomena, and gravitational settling is almost entirely balanced by turbulence, yielding virtually constant concentration in the pipe
cross section, except for a small region near the upper wall.
2. For the 40 μm particle, gravitational settling becomes more dominant and cannot be balanced by
turbulence, while wall collisions are still not very important (distinctive concentration maximum
near the bottom at about y/D = 0.15, see Figure 2.59).
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Figure 2.59
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Nondimensional segregation parameter (Equation 2.333) along the pipe system for cases ➊ to ➎ in Table 2.5
(D = 150 mm, Uav = 27 m/s, η = 0.3, Δγ = 10°, bend radius 2.54 pipe diameters, four-way coupling); vertical lines
indicate bend inlet and outlet.

3. The larger particles (80 and 135 μm) are hardly affected by turbulence, and gravitational settling
is more or less balanced by wall collision phenomena (i.e., the shadow effect). Consequently,
the concentration maximum is found near the pipe core. Due to the large response distance
of the 135 μm particles (i.e., λ P = 194 mm), they are most likely bouncing from wall to wall
(Sommerfeld, 2003).
4. With particle size distribution (Figure 2.54, dp, mean = 40 μm), the concentration profile is quite
close to the result for the monosized 40 μm particles; however, due to the presence of smaller and
larger particles in the size spectrum, they are slightly better dispersed (Figure 2.59).
The development of the particle concentration distribution along the pipe system may also be characterized in summary through a nondimensional segregation parameter that is a weighted average of the
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Figure 2.61
Cross-sectional distribution of particle concentration cm (kg/m3) along bend and vertical pipe (5 m horizontal
pipe, bend, 5 m vertical pipe, bend radius 2.54·D, D = 150 mm, U 0 = 27 m/s, η = 0.3, Δγ = 10°, four-way coupling,
monosized 20 μm).

local particle concentration with respect to the radial displacement of the control volume from the pipe
center within each cross section:
R c,max =

1
c av R o Vcross

Ni

åc r V
i i

i

(2.344)

1

where
ci is the particle concentration (kg/m3) in the computational cell
ri is the vector indicating the center of the cell
Vi is its volume
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The product of these three quantities is summarized over all control volumes in one cross section and divided
by the average concentration, cav; the pipe radius Ro; and the total volume of the cross-sectional slice Vcross. In
the present work, ri is defined to be positive if the control volume is located below (horizontal pipe) or to the
right (vertical pipe) of the center line. Hence, the segregation parameter varies in the range −1 < Rc,max < 1.
Therefore, it is possible to identify the location of the maximum particle concentration within the pipe cross
section. A value of Rc,max = 0 corresponds to a completely homogeneous particle distribution or an exactly
symmetric distribution with respect to the center plane, which in the present case is not very likely to occur.
This segregation parameter is plotted versus the nondimensional distance along the pipe centerline s/D
in Figure 2.60, where D is the pipe diameter. In the horizontal pipe (s/D < 0), gravitational settling can be
clearly identified since Rc,max is larger than zero. In the horizontal pipe, the strongest gravitational settling
is found for the monosized particles with 40 μm and those with the size distribution (i.e., Rc,max ≈ 0.2). The
largest particles (135 μm) are clearly very well dispersed due to wall bouncing effects, and the smallest particles (20 μm) are dispersed by turbulence as described earlier.
Within the bend, the behavior of the particles is governed by their response to the mean flow deflection (characterized by the bend Stokes number), secondary flow structure developing throughout the bend,
particle–wall collisions, and finally also interparticle collisions as already demonstrated in Figure 2.58.
Although for the 20 µm particles the bend Stokes number is quite small, they are not able to completely
follow the flow deflection since they are obviously strongly influenced by the secondary flow (Figure 2.61).
Already at a bend angle of 30°, a thin layer of high particle concentration develops at the bend outer wall, and
eventually, all particles are transported out of the pipe core region. They are carried along the lateral walls
of the bend by the secondary flow toward the inner side of the bend, forming at the bend exit a horseshoeshaped concentration field. Along the vertical pipe, these small particles are further transported by the secondary flow, fully mapping the secondary flow structure at the end of the vertical segment. Within the core
of the two counterrotating vortices, almost no particles are present.
For larger particles (i.e., 40 µm), the development of the concentration pattern throughout bend and vertical pipe is completely different (Figure 2.62). Inertial segregation of the particles through the bend is rather
strong, and a quite dense rope is formed at the bend exit, which is supported by the fact, that the bend Stokes
number approaches unity; that is, (StB = 0.557). The dip in the concentration distribution visible at a bend
angle of 60° and at the bend outlet is a result of the particle transport by the secondary flow. More clearly,
the transport of the 40 µm particles by the secondary flow becomes visible 1 m downstream of the bend exit
where the particles start to be carried along the lateral side walls toward the inner side. At the end of the
vertical pipe, the particle distribution in the cross section is still inhomogeneous leaving a core region with
almost no particles. For the 40 μm particles, the degree of segregation is largest throughout the entire pipe
system showing an almost complete segregation at the bend exit (Figure 2.60).
When the particle size is further increased (Figures 2.63 and 2.64), wall collision and inertial effects
become more and more dominating over the developing particle concentration distribution in the pipe
system. Consequently, the region with particles being present in the bend is increasing, which is the result
of a farther rebound of the particles after a collision with the bend outer wall. The 80 µm particles fill about
half the pipe cross section at the end of the bend and the 135 µm particles already more than about 90%.
Consequently, the segregation parameter is lower for the 135 µm particles than for the 80 µm particles
(Figure 2.60). For both particle sizes, the focusing effect is visible at the bend angle of 60°. In the case of the
80 µm particles, the dust rope is being disintegrated rather slowly. Particle transport happens mainly through
secondary flow (Figure 2.63; 1 and 2 m downstream the bend exit). In contrary, the heavy particles (135 μm)
are bounced back from the bend outer wall near the exit and move toward the inner side. Consequently, the
high-concentration region appears left of the vertical center plane (Figure 2.64; 1 m downstream the bend
exit). This results in negative values for the segregation parameter (Figure 2.60).
The evolution of particle concentration throughout the bend and the initial part of the vertical pipe
(i.e., up to s/D = 17, corresponding to 1.8 m) may also be characterized by considering the maximum value
within a cross section normalized with the average concentration (Figure 2.65). From the beginning toward
the end of the bend, the concentration maximum increases rapidly for all particles sizes considered. In the
case of the small 20 μm particles (StB = 0.139) where inertial effects are weak, the maximum concentration
ratio reaches only a value of about 30. Then increasing particle size and approaching a Stokes number of the
order one, the maximum value rapidly increases to about 200 for the 40 μm particles (StB = 0.557), which
show the strongest segregation (see Figure 2.62). Beyond St B = 1 (no results available for this case) particle
inertia becomes more and more important (i.e., particles begin to bounce from wall to wall), whereby the
maximum concentration ratio again drops down and reaches eventually a rather low value for the 135 μm
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Figure 2.62
Cross-sectional distribution of particle concentration cm (kg/m3) along bend and vertical pipe (5 m horizontal
pipe, bend, 5 m vertical pipe, bend radius 2.54·D, D = 150 mm, U 0 = 27 m/s, η = 0.3, Δγ = 10°, four-way coupling,
monosized 40 μm).

particles (i.e., StB = 6.344). From the end of the bend, the concentration ratio continuously decreases for all
size cases indicating the dispersion of the dust rope. However, the 40 μm particles still show a high value,
indicating a remaining strong segregation (see Figure 2.62).
2.6.3.5 Influence of Mass Loading

The influence of particle mass loading on the particle concentration distribution throughout the standard
pipe system is analyzed for the case with particle size distribution (case ➊ in Table 2.5). The result for a
mass loading of 0.3 with consideration of interparticle collisions is shown in Figure 2.58b. Here, a rather
dense rope is formed within the bend filling a segment region of about 40% within the pipe cross section.
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Figure 2.63
Cross-sectional distribution of particle concentration cm (kg/m3) along bend and vertical pipe (5 m horizontal
pipe, bend, 5 m vertical pipe, bend radius 2.54·D, D = 150 mm, U 0 = 27 m/s, η = 0.3, Δγ = 10°, four-way coupling,
monosized 80 μm).

In the vertical pipe, this dense particle region is rather quickly dispersed yielding an almost homogeneous
particle distribution about 3 m downstream of the bend exit. In the case with a mass loading of 1.0, several
phenomena may be observed. First, the gravitational settling of the particles in the horizontal pipe is more
pronounced (Figure 2.66a). The particle rope formed within the bend is more concentrated for higher mass
loading, and at the bend exit, the particles fill only about 30% of the cross section. Of course, the magnitude of particle concentration at the bend outer wall is much higher compared to the low loading case (see
Figure 2.58). For the high mass loading, the concentrated rope formed within the bend is not disintegrating very well within the vertical pipe, even after 5 m conveying; however, the rope is expanding laterally
along the side walls, being caused by the secondary flow in the pipe cross section. This transport of mainly
the smaller particles by the secondary flow is clearly visible in the cross-sectional concentration field 2 m
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Figure 2.64
Cross-sectional distribution of particle concentration cm (kg/m3) along bend and vertical pipe (5 m horizontal
pipe, bend, 5 m vertical pipe, bend radius 2.54·D, D = 150 mm, U 0 = 27 m/s, η = 0.3, Δγ = 10°, four-way coupling,
monosized 135 μm).

downstream the bend exit (Figure 2.66a). Here, the particles are transported by the secondary flow from
the inner side (left) to the outer side of the cross section, just in the middle between the counterrotating two
main secondary vortices. As a result of the strong coupling between the phases and the focusing effect, the
secondary flow is remarkably altered within the bend and in the first part of the vertical pipe (Figure 2.66b).
Counterrotating particle-induced vortices are already visible at a bend angle of 60° and are preserved in the
vertical pipe up to about 1 m downstream of the bend exit. Then they are again entrapped by the two main
vortices and eventually disappear. The fact, that the particle rope is not disintegrated even after 5 m conveying in the vertical pipe, is mainly caused by the entrapment of the particles within the high-concentration
region as a consequence of interparticle collision. Due to the high particle concentration, the mean free path
between particle collisions is remarkably reduced so that the particles are not able to move out of the rope;
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Figure 2.65
Maximum values of particle concentration (in kg/m3) within a cross section normalized with the average
concentration along the bend with inlet and outlet sections in the straight pipes for cases ➊ to ➎ in Table 2.5
(D = 150 mm, Uav = 27 m/s, η = 0.3, Δγ = 10°, bend radius 2.54 pipe diameters, four-way coupling); vertical lines
indicate bend inlet and outlet.

instead, they collide with particles within the rope and bounce back. The cross sections of the streamwise
gas velocity being perpendicular to the planes (color coded) reveal that the air velocity within the particle
rope is remarkably reduced resulting from two-way coupling (Figure 2.66b).
2.6.3.6 Effect of Particles on Flow Structure

In the following section, the secondary flow modification or secondary flow intensity (SFI) that is affected
by two-way coupling and will also be influenced by interparticle collisions is analyzed in some more detail.
First, the cross-sectional distributions of air velocity and secondary flow structure along bend and vertical pipe are considered for the 40 μm monosized particles comparing two- and four-way coupling (see
Figure 2.67). As emphasized earlier, the particle rope formed within the bend is much wider when neglecting interparticle collisions (see Figure 2.58 for the case with size distribution). Accounting for interparticle
collisions, the particle moving into the bend will collide with particles being rebound from the bend outer
wall and hence the region of high particle concentration is “compressed”; that is, the particles are eventually “trapped” in the powder rope that is much more concentrated in this case. This is reflected in the
distribution of the streamwise air velocity along the pipe system originating from two-way coupling. With
two-way coupling, relatively wide regions near the bend and vertical pipe outer wall exhibit low gas velocities (Figure 2.67a), being about 75%–80% of the bulk gas velocity. These regions coincide with those of the
dust rope where the particles have to be reaccelerated and lifted up against gravity, extracting the required
momentum from the gas phase. With interparticle collisions, the dust rope is much more narrow (compare
Figure 2.58), and hence, the regions with low gas velocity near the outer wall (right-hand side) are considerably smaller than without collisions (compare Figure 2.67a and b).
The white lines in Figure 2.67 show the cross-sectional air velocity streamlines. In the case of two-way
coupling only, two counterrotating vortices develop in the region of high particle concentration between the
second and third cross section of the bend and extend into the vertical pipe (Figure 2.67a). These vortices
result from the rebound of particles from the bend outer wall toward the pipe core, whereby momentum
is transferred to the fluid inducing these vortices. This phenomenon was called focusing effect in Lain and
Sommerfeld (2013). The particle-induced vortices extend into the vertical pipe up to about 2 m from the
bend exit. Further downstream, the particle-induced counterrotating vortices again decay, but the overall
structure of the secondary flow is nevertheless strongly altered compared to the single-phase flow. With
interparticle collisions (Figure 2.67b), the dust rope is much more narrow (i.e., particles are trapped within
the rope due to collisions between them) and hence also the region with reduced gas velocity. Therefore,
strong counterrotating vortices do not develop for this condition and can be only identified within the third
cross section of the bend. In conclusion, the flow modification by the particles is much lower in four-way
coupling than in two-way coupling.
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Figure 2.66
Cross-sectional distribution of particle concentration cm (kg/m3) (a) and streamwise air mean velocity VEL (m/s) (color) as well
as secondary flow stream lines; white lines (b) both along bend and vertical pipe (5 m horizontal pipe, bend, 5 m vertical pipe,
bend radius 2.54 · D, D = 150 mm, Uav = 27 m/s, η = 1.0, Δγ = 10°, particle size distribution 15–85 μm, four-way coupling).

Also, the other four-way coupled calculations for monosized particles did not show a distinctive development of counterrotating vortices induced through the particles by the focusing effect within bend or
connecting vertical pipe. Of course, the secondary flow structure was nevertheless modified by the particles also in four-way coupling. In order to characterize the influence of the particle phase on the secondary flow, the SFI is used, which is obtained for one cross section from:
SFI =

1
Vcross

å
i =N

Vi

2
U1,i
+ U 22,i
U 2av

(2.345)

where
Vi is the volume of a computational cell
Vcross is the volume of the cross-sectional slice in the bend or the connecting vertical pipe
U1,i and U2,i are the gas velocity components in each cell lying in the cross-sectional planes
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Figure 2.67
Cross-sectional distribution of streamwise air mean velocity VEL (m/s) (color) as well as secondary flow stream
lines (white lines) both along bend and vertical pipe comparing (a) two-way coupling and (b) four-way
coupling (5 m horizontal pipe, bend, 5 m vertical pipe, bend radius 2.54 · D, D = 150 mm, Uav = 27 m/s, η = 0.3,
Δγ = 10°, particle size 40 μm).

As shown in Figure 2.68 for the development of SFI along the extended bend in the case of four-way coupling,
the strongest reduction of the SFI within the first part of the bend (i.e., up to about 70° bend angle) is observed
for the larger particles due to their relatively strong rebound and the involved more pronounced focusing
effect (see Figures 2.63 and 2.64). Toward the end of the bend and along the vertical pipe, however, the smallest particles (i.e., 20 μm) yield the strongest decay of the SFI as they are closely interacting with the secondary
flow and occupy a relatively large region of the pipe cross section; see Figure 2.61 (note there is however still
slip between the phases). The lowest SFI modification is observed for the case with particle size distribution.
As shown earlier, also interparticle collisions have an influence on SFI (Figure 2.69), as the particle concentration distribution is modified (i.e., the extent of the dust rope in the bend is mostly reduced), mainly in
the bend and the vertical pipe, which is summarized in Figure 2.69 for the overall values of SFI in the pipe
bend and the vertical pipe separately in dependence of particle size. Naturally, the influence of particles on
fluid flow yields a reduction of SFI compared to single-phase flow. With increasing particle size, the SFI for
two-way coupling is continuously reduced in the bend with growing particle diameter. In the vertical pipe,
SFI is almost independent of particle size and shows only a slight maximum for the 40 μm particles. When
accounting for interparticle collisions, the SFI is mostly increasing again for the particle size cases considered;
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SFI (Equation 2.334) along the bend with inlet and outlet sections in the straight pipes for cases ➊ to ➎ in Table
2.5 (5 m horizontal pipe, bend, 5 m vertical pipe, bend radius 2.54 · D, D = 150 mm, Uav = 27 m/s, η = 0.3, Δγ = 10°,
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Figure 2.69
Averaged value of SFI along the bend (a) and the vertical pipe (b) for cases ➊ through ➎ in Table 2.5 in dependence of particle
size; comparison of two- and four-way coupling; the open circle and star indicate the result for the size distribution (case ➊ in
Table 2.5) with a number mean diameter of 40 μm (5 m horizontal pipe, bend, 5 m vertical pipe, bend radius 2.54 · D, D = 150 mm,
Uav = 27 m/s, η = 0.3, Δγ = 10°).

however, this increase depends on particle inertia and hence the bend Stokes number. This implies that the
flow modification by the particles is again reduced. There is almost no difference between two- and four-way
coupling for the 20 μm particles with a small StB = 0.139 (bend and vertical pipe). Then the difference increases,
reaching a maximum for the 80 μm particles having a Stokes number of around unity (i.e., StB = 2.228) for
both bend and vertical pipe. For further growing particle size and bend Stokes number, the difference of SFI
obtained for two- and four-way coupling is again reduced. For such large particles, the SFI within the bend
has the lowest value (i.e., the strongest SFI modification by the particles) since the particles are dispersed over
a wide region of the bend. Within the vertical pipe, the strongest flow alteration by the particles is found for
the 20 μm particles. Also, the SFI for the case with particle size distribution is indicated in Figure 2.69 as open
symbols. With two-way coupling, the SFI is almost identical with the value of the 40 μm monosized particles.
However, with four-way coupling, the secondary flow modification by the particles is lower.
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Figure 2.70
Fluctuating energy along the extended pipe bend configuration: (a) particle phase and (b) gas phase (5 m horizontal pipe,
bend, 5 m vertical pipe, bend radius 2.54·D, D = 150 mm, Uav = 27 m/s, η = 0.3, Δγ = 10°, four-way coupling, different particle sizes).

In the following, cross-sectional averages of the normalized fluctuating velocities of both phases along
an extended bend section (i.e., −2 < s/D < 8) are discussed, which are obtained as k1/2/Uav and k1P 2 /U av,
respectively. Generally, the average fluctuating velocity of the particles increases with particle size in the
entire considered pipe element (Figure 2.70a). This is associated with the growing particle inertia and the
involved increasing importance of particle–wall collisions. Consequently, at the end of the horizontal pipe,
the largest particles have the highest averaged fluctuating velocity. Note that these large particles may be
expected to bounce from wall to wall (Sommerfeld, 2003). When the particles enter the bend, the wall collision frequency is increasing since the particles cannot follow the flow deflection completely. This of course
is depending on the particle size and hence the bend Stokes number. As shown earlier, the wall rebound distance increases with particle size whereby particles with higher inertia are being further bounced back from
the bend outer wall toward the pipe core (see Figures 2.61 through 2.64). Consequently, larger particles show
a more random motion while smaller particles rather quickly follow the flow deflection. Thus, the particle
mean fluctuating velocity drastically increases with particle size. Ultimately, the deflection of the particle
stream in the first part of the bend yields growing particle fluctuating velocities, that is, up to about 45° bend
angle for the largest particles and up to about 60° for the 40 μm particles. Further downstream, the deflection of the particle stream is largely completed and a more or less dense rope is formed at the bend outer wall.
Therefore, the wall collision frequency is reduced, and additionally, the particles are trapped in the rope by
interparticle collisions resulting in the damping of the fluctuating motion. Therefore, the particle velocity
fluctuations are continuously reduced throughout the bend outlet section and the connecting vertical pipe
approaching a new equilibrium value (Figure 2.70a). An exception is the development of the average fluctuating velocity for the smallest particles (20 μm) along the pipe segment. Due to the rapid response of these
small particles to the flow deflection and the secondary flow structure, they begin quickly to slide along
the bend outer wall and mainly remain in the low-flow-velocity region (see Figure 2.61). The particle velocity fluctuations for the case with size distribution are lying between those of the 80 and 40 μm monosized
particles; however, rise beyond their values in the vertical pipe as a consequence of the different response of
particles in a wide size spectrum, which was demonstrated by Sommerfeld (1990) for a vertical channel flow.
Cross-sectional averages of gas-phase fluctuation velocity along the bend with inlet and outlet sections
are shown in Figure 2.70b. With increasing particle size, the gas-phase fluctuating velocity is remarkably
reduced by the particles compared to the single-phase flow in the considered pipe segment. This continuously increasing turbulence dissipation with growing particle size is a consequence of indirect coupling
through the momentum source terms (e.g., reduction of SFI and streamwise mean velocity within the dust
rope) and direct coupling through the source terms in the k- and ε-equation. The single-phase turbulent
kinetic energy increases continuously in the first part of the bend (i.e., up to about 70° bend angle) and then
reduces again to approach a new equilibrium value in the vertical pipe, which is of course higher as in the
horizontal pipe (Figure 2.70b). The increase of k1/2/Uav is associated with the deformation of the streamwise
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mean velocity distribution and the development of the secondary flow that first increases up to the bend exit
and then decreases in intensity along the vertical pipe section (Figure 2.68).
For most of the different particle size cases, the gas-phase fluctuating velocity continuously increases
throughout the bend and also within the first part of the vertical pipe (i.e., up to about s/D = 6), except for the
135 μm particles (Figure 2.70b). As said earlier, this is a consequence of the modification of the streamwise
mean gas velocity distribution and the secondary flow structure by the particles. Therefore, also the gas-phase
fluctuating velocity becomes larger than the values for the single-phase flow at the beginning of the vertical
pipe in the case of the small particles (i.e., 20 and 40 μm) and that with particle size distribution. This implies
that turbulence is enhanced through the particles as an outcome of the strong particle segregation and the
resulting introduction of additional shear to the gas flow at the edge of the high-concentration region. In
more detail, within the narrow dust rope, the streamwise gas velocity is lowest as a result of momentum coupling. At the inner edge of the dust rope, the streamwise gas velocity increases toward the maximum value
near the core (see also Figure 2.56), yielding high shear rates whereby turbulence is generated.
For larger particles (i.e., 80 and 135 μm), turbulence is distinctively lower throughout the entire pipe
system compared to the single-phase flow and the small particle cases (Figure 2.70b). This is motivated
by two effects. First, as a consequence of their inertia and wall rebound, the larger particles are distributed over a bigger region of the pipe cross section within bend and vertical pipe (compare Figures 2.61
through 2.64). Therefore, the particles also affect a larger region of the flow through two-way coupling and
reduce turbulence. Second, the slip velocity between gas and particles increases with particle size, whereby
the momentum source terms are also growing and consequently reduce turbulence more intensely. It
should be mentioned that turbulence generation by the particles through their wakes is not occurring for
the present cases (Gore and Crowe, 1989, Hetsroni, 1989, Crowe, 2000, Lain and Sommerfeld, 2003), as the
particle Reynolds number is much lower than 200–400 even for the largest particles.
2.6.3.7 Analysis of Pressure Drop

For all the cases discussed earlier, the pressure drop in the entire pipe system, as well as that in the individual pipe elements, was determined from the calculations (Table 2.6). In pneumatic conveying, the
pressure drop is composed of the single-phase pressure drop and the additional pressure drop due to the
presence of the particles (Lain and Sommerfeld, 2013). This additional pressure drop, of course, depends
on conveying velocity, mass loading, particle properties, and pipe geometry and material. In the following, the different effects responsible for the additional pressure drop are summarized and values are calculated with the correlations used for engineering design (Siegel, 1991), exemplarily for case ➊ in Table 2.6:
•

Momentum loss due to particle–wall collisions (i.e., often termed particle–wall friction) is relevant
for all pipe elements and depends on the wall collision frequency. With an assumed particle friction
λPart according to Sommerfeld and Kussin (2003), one obtains for the different pipe elements with
Equation 2.345 the following values:
Dppwc = hl Part

Lr 2
U av
D2

(2.346)

Table 2.6 Calculated Pressure Drop across the Different Pipe Elements for the Various
Conditions Considered (D = 150 mm, Uav = 27 m/s, η = 0.3 [Except for the Case with
η = 1.0], Δγ = 10° (Except for the Case with Δγ=1.5°), 5 m Horizontal Pipe, Bend, and 5 m
Vertical Pipe, Bend Radius 2.54 Pipe Diameters, Four-Way Coupling)
Case

Single phase
➊ η= 0.3
➊ η = 1.0
➊ Δγ=1.5°
➋20 μm
➌ 40 μm
➍ 80 μm
➎ 135 μm
➏ 30 + 60 μm
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Δp Total (Pa)

Δp Hor. (Pa)

Δp Bend (Pa)

Δp Vertical (Pa)

556
770
902
757
744
740
833
1129
748

231
280
361
265
254
265
309
449
276

92
145
139
130
158
126
154
167
142

233
345
402
362
332
349
370
513
330
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Figure 2.71
Dependence of pressure drop (a) and wall collision frequency (b) on particle size showing the influence of interparticle
collisions (i.e., two- versus four-way coupling): closed lines and closed symbols, four-way coupling; dashed lines and open
symbols, two-way coupling; and horizontal dash–dot lines with open symbols, single-phase flow pressure drop (5 m horizontal
pipe, bend, 5 m vertical pipe, bend radius 2.54·D, D = 150 mm, Uav = 27 m/s, η = 0.3, Δγ = 10°).

Horizontal pipe (λPart = 0.01),
Pipe bend (λPart = 0.02),
Vertical pipe (λPart = 0.02),

•

44 Pa
10 Pa
88 Pa

(Due to the higher wall collision frequency in bend and vertical pipe here, a value of λPart = 0.02 was
assumed; see Figure 2.71b.)
Particle reacceleration after frequent wall collisions in the bend. Typically, the averaged particle
velocity within the bend is reduced by about 20% of the average conveying velocity; this effect is
relevant for the bend and partly also for the vertical pipe. According to Equation 2.346 and with
ΔUp,acc/Uav = 0.2, one obtains Δppacc = 52 Pa using the following equation:
Dppacc = 2h

•

DU p,acc r 2
U av
U av 2

Particle lifting in the 5 m long vertical pipe against gravity (since the particles are relatively small, it
is assumed that Uav/Up,av = 1 and one obtains Δpplift = 18 Pa):
Dpplift = hrLg

•

(2.347)

U av
U p,av

(2.348)

Modification of the SFI in bend and vertical pipe has a minor effect due to the rather small modifications by the particles as shown in Figures 2.68 and 2.69.

In this estimate, the high number of particle–wall collisions occurring in the bend and vertical pipe
(see Figure 2.71b) is considered by doubling the wall friction coefficient and the secondary flow modification is not accounted for. The total additional pressure drop for the particle phase is then obtained as 212 Pa
(Δphor = 44 Pa, Δpbend = 62 Pa, Δpvert = 106 Pa). According to Table 2.6, the numerically calculated additional
pressure associated with the particles in case of four-way coupling is 214 Pa, indicating that the estimate
(Equations 2.344 to 2.346) is already very good, also for the individual pipe elements. It should, however, be
kept in mind that the wall friction coefficient was estimated accounting for wall roughness and particle size
(Sommerfeld and Kussin, 2003) and that it was assumed that the particle velocity in the bend is reduced by
20%. Moreover, it was presumed that the wall friction in bend and vertical pipe has twice the value assumed
for the horizontal pipe, as the wall collision frequency is higher in these pipe segments (see Figure 2.71b)
giving of course higher wall friction coefficients.
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The calculated gas- and particle-phase pressure drop summarized in Table 2.6 for the different pipe elements allows for the following conclusions:
•
•
•

•

•

Increasing wall roughness enhances wall collisions (through the shadow effect) and hence particlephase pressure drop due to the required reacceleration of the particles by the fluid.
Naturally, the pressure drop is increased with the mass loading of the particles since the absolute
number of wall collisions increases.
When increasing the size of monodispersed particles in the range considered here (i.e., from 20
to 135 μm), the particle response to turbulence goes from partly responsive to very inertial (see
Table 2.5); thus, the overall wall collision frequency and the pressure drop increase (see Figure 2.71).
The total pressure drop is the lowest in the bend followed by the horizontal pipe and then the vertical part (see Figure 2.71a). The high pressure drop in the vertical pipe results from particle–wall
collisions induced by the bend flow and the required lifting of the particles.
In the horizontal and vertical pipes, the pressure drop increases distinctively with particle size due
to the increase in inertia and wall collision frequency.
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The total pressure drop (i.e., gas and particle phase) for the different pipe elements in dependence of particle
size is also summarized in Figure 2.71a comparing two- and four-way coupled calculations. The lowest pressure drop is found in the bend due to its size and the highest in the vertical pipe due to the additional effect
of particle lifting. In all pipe elements, the pressure drop increases with the particle diameter due to growing
particle inertia and wall collision rate, except for the bend region that does not show such strong variations
of pressure drop. Interparticle collisions do not have a direct effect on the pressure drop, but only through
the alteration of the wall collision rate and the modification of the flow structure (i.e., due to interparticle
collisions the dust rope in the bend is compressed and it becomes more concentrated). For all pipe elements, the pressure drop is generally slightly reduced by considering interparticle collisions (Figure 2.71a).
However, this trend is changing when going to the very small particles. The smallest impact of collisions
between particles on the pressure drop is observed for the horizontal pipe.
In order to explain the main factors by which the pressure drop is modified through interparticle collisions, also the wall collision rate in dependence of particle size (i.e., wall collisions per meter pipe length)
was extracted from the simulations for the different pipe elements (Figure 2.71b). For the horizontal and
vertical pipe elements, the wall collision rate is increasing with particle size coupled with growing particle
inertia; that is, particles increasingly bounce from wall to wall. The wall collision rate is only marginally
altered through collisions between particles in the horizontal pipe similar to the pressure drop. The trends
for the pipe bend and the vertical pipe are very similar. For the 20 μm particles (i.e., St B < 1), the wall collision rate reduces through interparticle collisions; however, the pressure drop is slightly increased (see
Figure 2.71a). In case of particles with DP ≥ 40 μm, the wall collision rate within the bend is remarkably
higher accounting for interparticle collisions. This is evident, as the particles are trapped in the concentrated rope, bouncing with other particles and also more frequently with the wall. This implies that the
decrease in pressure drop through interparticle collisions within the bend (Figure 2.71a) is dominantly
the result of flow and pressure gradient modifications (i.e., streamwise velocity field and cross-sectional
flow structure) as the dust rope is becoming more concentrated. The effect of growing pressure drop due to
increasing wall collision rate is of lower importance in the bend (Figure 2.71b) since the particle reacceleration is the dominant contribution.
In the vertical pipe, the trends regarding the influence of interparticle collisions on the pressure drop
closely follow those in the wall collision rate; decreasing wall collision rate also yields decreasing pressure
drop (40 μm particles) and vice versa (135 μm particles). Consequently, the particle-phase pressure drop is
mainly determined by wall collisions in addition to particle lifting.
As indicated earlier, particle–wall collisions are essentially responsible for the particle-phase additional pressure drop. Therefore, a further analysis of color maps for the wall collision rate (i.e., wall
collisions/m 2) throughout the bend is performed for the different particle size cases. Since the small low
inertia particles (i.e., 20 μm; St B = 0.139) follow reasonably well the flow deflection through the bend,
they also have the lowest wall collision rate as indicated in Figure 2.71b. The majority of wall collisions
are observed to occur with the outer wall region of the bend and at large bend angles (i.e., bend angle >
45°), as shown in Figure 2.72a. In accordance with the particle concentration distribution (Figure 2.61),
the wall collision rate is also high over a relative wide angular range. When particle size and hence inertia
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Figure 2.72
Maps of the particle–wall collision rate (collisions/m2) on the outer wall of the bend for different monosized
particles: (a) DP = 20 μm, (b) DP = 40 μm, (c) DP = 80 μm, and (d) DP = 135 μm (5 m horizontal pipe, bend [radius
2.54 pipe diameters], 5 m vertical pipe, D = 150 mm, Uav = 27 m/s, η = 0.3, Δγ = 10°, four-way coupling inflow to
the bend from the left; note that in graphs (a) and (d), a reduced color scale was used to improve clarity).

are increasing, the wall collision rate is growing (Figure 2.71b) and the pattern at the bend outer wall is
shifted toward lower bend angles (i.e., higher wall collision rates are found for θ > 20°) and becomes more
narrow (Figure 2.72b). Hence, very high wall collision rates are found in a narrow strip from θ > 40° up to
the bend outlet. With a further increase in particle size, the strip of very high wall collision rates is shifted
further to the bend entrance and becomes a bit more narrow (Figure 2.72c). These effects are associated
with growing particle inertia whereby they are following less and less the flow defection through the
bend and the gravitational settling in the horizontal pipe entering the bend that yields a shift of the highconcentration region toward the pipe bottom. The ripple structure in the wall collision pattern observed
most pronounced for the 40 and 80 μm particles is a result of the particles’ saltation motion along the
bend outer wall. The map of wall collision rate is completely changed when considering the very inertial
particles (i.e., DP = 135 μm, St B = 6.344), which are bouncing from wall to wall when moving through a
pipe (Figure 2.72d). First of all, the total wall collision rate is lower due to the reduced number density at
2.6 Euler–Lagrange Methods
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the same mass loading. Second, the region of highest wall impact rates is further shifted toward the bend
entrance where the pattern also shows a ripple structure due to saltation motion. Toward the end of the
bend, a strip of higher wall collision rate is visible.
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2.6.4 Erosion in Pipe Bend
The erosion of wall material in particle-laden confined flows is a severe problem in many areas of process
engineering where the process is running for a long time period such as pneumatic conveying, particle
separation, especially in cyclones, or fluidized beds. For predicting the erosion rate, mainly Lagrangian
models for the particle phase are being used (see, e.g., Pereira et al., 2014). However, also a few studies
were done using the two-fluid approach in connection with erosion modeling (see Weickert et al., 2011
and references therein).
As a result of the complexity of single particle erosion and the involved huge number of parameters,
generally, erosion experiments are being done to provide input data for the models. Particle erosion is first
affected by the involved materials, namely, the wall material and wall surface structure (e.g., wall roughness) and the material of the particles, their shape, and surface structure. This implies that the flow temperature, which influences material properties, also has to be considered. Second, the kinematic parameters
of particle motion are of importance, namely, particle velocity (translational and rotation) and particle
impact angle. It is generally accepted that the two physical mechanisms that are also coupled with the wall
material are relevant for erosion:
•

•

Cutting erosion wear mainly occurring at shallow particle impact angles where swarfs of metal
are removed from the wall (Finnie, 1960). This type of erosion is mainly found for ductile
material.
Deformation erosion wear is primarily observed for close to normal particle impact and the material is removed as a result of plastic and elastic surface deformation, mostly after multiple particle
impacts. Such kind of erosion is preferably occurring for brittle wall material.

Generally, both erosion phenomena occur at the same time and it is obvious to combine them into one model,
as suggested already by Bitter (1963). Following these early research works, numerous erosion models were
developed mainly due to the large number of influencing parameters as listed earlier. Consequently, many of
the models are very specific to the case considered. For more details on erosion models, the reader is referred
to Lyczkowski (2006) and Parsi et al. (2014) for detailed reviews.
This contribution is aimed at highlighting the influence of wall roughness and interparticle collisions
(i.e., four-way coupling) as well as mass loading on predicted erosion rates. It should be emphasized that at
present wall roughness is not considered directly in a modified erosion rate (which should be realistically
also accounted for) but only in an altered wall collision frequency through the shadow effect (Sommerfeld
and Lain, 2015) whereby naturally erosion rate is altered.
For describing the combined effect of cutting and deformation erosion, the recently proposed model
of Oka et al. (2005) is used. It should be mentioned that the purpose of the Oka et al. (2005) paper was
“to propose predictive equations for erosion damage caused by solid particle impact that can be applied
to many types of metallic materials under various conditions involving impact angle, velocity, size and
the properties of the particles.” Therefore, the Oka model has been adopted in this work, which is briefly
described as follows.
The predictive equation for erosion damage proposed by Oka et al. (2005) can be expressed as
E ( a ) = g ( a ) E 90

(2.349)

E(α) and E90 denote the volume of eroded material per mass of particles (mm3/kg), where E90 is the erosion
damage at normal impact angle
g(α) is the impact angle dependence expressed by two trigonometric functions that also depend on the material
Vickers hardness number (Hv) in unit of GPa:
1
g (a) = ( sin a ) éë1 + Hv (1 - sin a ) ùû

n
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n2

(2.350)
2. Computational Methods

where n1 and n2 are the exponents determined by the eroded material hardness and other impact conditions
such as particle material properties and shapes. These exponents show the effects of repeated plastic deformation and cutting action, and they are expressed by
n1 ==
s1(Hv )q1 ; n2 s 2 (Hv )q2

(2.351)

The first factor in Equation 2.349 is associated with repeated plastic deformation or the brittle characteristics and with the vertical component of particle impact energy. It is maximal at normal impact angle. The
second term corresponds to the cutting action, which is more effective at shallower impact angles (Oka et al.,
2005). The relative cutting action at an arbitrary angle to that at normal angle takes a maximum at 0°. The
function g(α) is expressed as the product of the two factors in terms of mutual actions and is a continuous
function of the particle–wall impact angle.
The reference erosion ratio E90 (erosion damage at normal impact angle) is related to the impact velocity,
particle diameter, and eroded material hardness and can be expanded as follows:
k2

k3
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k1b æ u ö æ D ö
E 90 = K (aHv ) ç p ÷ ç p ÷
è uref ø è Dref ø

(2.352)

where
up and Dp are the impact velocity (in m/s) and the particle diameter (in μm), respectively
uref and Dref are, respectively, the reference impact velocity and the particle diameter used in the experiments by Oka et al. (2005)
The parameters a and b characterize the load relaxation ratio of the wall material
K denotes a particle property factor, in arbitrary units, that involves particle shape (angularity) and particle hardness
The exponents k1 and k3 are determined by the properties of the particle, although k3 is found to be
roughly constant by Oka et al. (2005)
The exponent k2 can be determined by the Vickers hardness of eroded material and by particle properties
and is given by
k2 = r ( Hv )

p

(2.353)

According to Oka et al. (2005), the term K (aHv ) is highly dependent on the type of the particle and eroded
material Vickers hardness, which are not correlated with the impact conditions and other factors. Therefore,
for the moment a and b were taken to be unity. The present work used the experimental data from Oka and
Yoshida (2005) to obtain the relationship between eroded material Vickers hardness and E90 at the reference
impact velocity for the materials investigated.
The main strength of the Oka model is that the coefficients for a particular combination of eroded material and eroding material (i.e., the particle) can be derived from more fundamental coefficients, which are
specific to either the eroded material or the eroding material. The fundamental coefficients for the eroding
material, in turn, are shown to be derivable from measurable properties of the eroding material such as its
Vickers hardness.
The vast majority of CFD-based erosion modeling has been applied under conditions of very low particle mass loading. This approximation facilitates the measurements, on one side and on the other hand the
computations are much faster because the coupling between the Euler and Lagrange modules is avoided
(i.e., one-way coupling only). Moreover, the validation of CFD-based erosion models in complex geometries
such as bends, tees, and valves has as target variable an erosion measure (i.e., erosion rate and penetration
ratio) along the experimental specimen, but rarely the flow field has been validated.
Validation of the erosion model in this work has been performed by comparing the numerical results
with the experiments on a vertical to horizontal bend flow considered by Mazumder et al. (2008) as sketched
in Figure 2.73. Aluminum (6061-T6) elbow specimens (density ρw = 2700 kg/m3, Hv = 1.049 GPa) were used
in these studies. By applying CFD-based models, erosion predictions were performed for the same geometry.
The continuum phase consists of air with a bulk velocity of 34.1 m/s (ρ = 1.2 kg/m3 and μ = 18 · 10−6 N · s/m2).
Almost monosized angular sand particles (density 2600 kg/m3) having a mean number diameter of 182 μm
k1b
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g

Flow

Figure 2.73
Sketch of the experimental pipe configuration of Mazumder et al. (2008), including vertical pipe, bend, and
horizontal segment (pipe diameter D = 25.4 mm, bend radius Rbend = 1.5·D).

and a mass loading of 0.013 (kg particles/kg air) were injected vertically at about 1.22 m below the test piece.
The bend Stokes number in this case is extremely large (StB = 151) due to the small bend curvature and high
conveying velocity. The test piece was a 90° elbow with a diameter of D = 25.4 mm and a curvature radius of
Rbend = 38.1 mm, as shown in Figure 2.73, which gives a bend radius of 1.5 · D. Hence, the flow deflection is
much stronger than in the previous considered cases (see chapter Conveying Pipe Configuration). In order
to represent more realistic particle behavior at the specimen location, the whole domain was included in the
calculation. After the elbow, a horizontal pipe with 10 pipe diameters was considered. This configuration
attempts to reproduce the experimental conditions much better.
Since the geometry is simple, only hexahedra were used in the mesh construction, which generate less
numerical diffusion than elements such as tetrahedra and pyramid. Gradual refinement is necessary in the
near-wall region, where high-velocity gradients and the boundary layer exist. Hexahedra also allow the
generation of higher quality meshes, with fewer distorted elements than one would obtain with tetrahedral, for example. The mesh resolution used in all simulations is approximately 1,000,000 elements, which
yielded mesh-independent results. At the inlet 48 · D downstream of the bend, a fully developed pipe flow
is imposed. Particles are introduced with the mean streamwise fluid velocity of 34.1 m/s, and a fluctuating
velocity for all components of around 4.5% of the bulk flow velocity was specified. As the experiments were
performed with very low mass loading of 0.013, interparticle collisions and flow modification by the solids
are disregarded in these computations.
At first, the duct walls were considered perfectly smooth. In the simulations, the restitution model of
Grant and Tabakoff (1975) was chosen because this model was originally obtained from experiments with
sand particles hitting against an aluminum surface, the same materials that were used in the Mazumder
et al. (2008) experiments. The normal restitution coefficient e(α) together with the standard deviation σe is
given by (note the particle impact angle α is given in radians)
e ( a ) = 0.993 - 1.76a + 1.56a2 - 0.49a3
se = 2.15a - 5.02a2 + 4.05a3 - 1.085a 4

(2.354)

The employed friction coefficient, depending on the particle–wall angle of impact, is the same as in the Lain
and Sommerfeld (2008, 2012) works. It is written as μ = max(0.15, 0.5–0.0175α), where α is again the particle
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impact angle, but this time in degrees. In the present steady-state computations, 106 particles are tracked
through the computational domain using the fluid forces and time step restrictions described earlier.
The Oka et al. (2005) model provides the erosion damage in mm3/kg (see Equation 2.348), which is converted in erosion ratio ER (kg eroded material/kg erodent agent) by
ER = 10-9 rw E(a)

(2.355)

where the constant 10−9 has the dimension (m3/mm3). Finally, the penetration ratio PRS (m/kg) at each surface element of area AS is obtained as (the index S marks the surface area)
ES ( a )
ER S
10-9
PR S ==
rw A S
AS

(2.356)

ER S

å
=

Nf
i =1

( m piER i )

(2.357)

m T,S

where mpi represents the mass of particle i colliding with the wall.
The parameters of the model by Oka et al. (2005) for the SiO2 angular particles colliding with an aluminum wall are listed in Table 2.7. The resulting function g(α) according to Equation 2.349 is shown in
Figure 2.74 for the Mazumder et al. (2008) case. Due to the rather soft wall material this function rapidly
increases, reaching a maximum around 25° wall impact angle and finally approaches for 90° a value of unity.
In Figure 2.75a, the penetration rate map on the outer wall of the bend geometry of Mazumder et al.
(2008) is presented. Particle flow enters from the lower part, following the direction of the arrow. Hence,
Table 2.7 Parameters Used in the Oka Model for the SiO2 Angular Particles
and Aluminum Wall (Hv = 1.049 GPa)
K

k1

65

−0.12

k2

2.3Hv

0.038

k3

uref (m/s)

Dref (μm)

0.19

104
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2.0

n1

0.71 Hv

n2
0.14

2.4 Hv−0.94

Case Mazumder et al. (2008)
Case Huber and Sommerfeld (1998)

1.5
g(α) [–]
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where ERs is the erosion ratio in the surface element. It is computed as the sum of erosion ratio caused by NS
particle–wall collisions in the surface area AS (Parsi et al., 2014) divided by the total injected mass of erodent
agent mT :
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Figure 2.74
Dependence of the function g(α) on the particle–wall impact angle for different wall hardness and particles
types: the case of Mazumder et al. (2008) and the case of Huber and Sommerfeld (1998).
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Figure 2.75
Numerical results obtained for the Mazumder et al. (2008) configuration: (a) Predicted erosion map on the
bend outer wall. (b) Comparison of penetration ratio obtained for different assumptions in the numerical calculations with the experimental data (pipe diameter D = 25.4 mm, bend radius Rbend = 1.5·D).

gravity is acting against the inflow velocity in this illustration. The obtained erosion pattern is very similar
to that obtained by other authors using CFD-based erosion models in bends (e.g., Chen et al., 2006, Parsi
et al., 2014; Pereira et al., 2014). It consists of a narrow elongated spot of high penetration rate, due to the primary, high-velocity, particle–wall impacts, surrounded by a wider area of moderate erosion. Downstream
of the spot of the highest PR, the particle erosion pattern shows a V-shaped structure. This area is mainly
produced by secondary particle–wall collisions in the elbow (Pereira et al., 2014).
A quantitative comparison of the numerical results with the measured penetration ratio (including error
bars) for a strip of roughly 5 mm width along the center of the bend outer wall is presented in Figure 2.75b.
Here, the origin (θ = 0°) is set at the elbow inlet, and θ = 90° corresponds to the elbow outlet. It is obvious
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that the simulation results without wall roughness (solid line) are lying within the lower part of the experimental uncertainty (vertical bars indicating the standard deviation of the measurement), and hence, a reasonable agreement with the experiments is obtained.
The presented computations are carried out considering a smooth wall. However, it is known that wall
roughness plays a very important role in the particle motion along ducts (Lain and Sommerfeld, 2012a),
Sommerfeld and Lain 2015). Therefore, an additional case with moderate roughness (Δγ = 2.5° in notation
of Lain and Sommerfeld, 2012a) was simulated to illustrate the effect of wall roughness in erosion computations. The obtained results are represented by the dashed line in Figure 2.75b. In short, wall roughness in
a bend redisperses inertial particles remarkably and the dust rope becomes much wider (see Figure 2.57),
which reduces the near-wall particle concentration and eventually results in a reduction of wall collision
frequency; the maximum penetration rate is diminished, regarding the case without roughness, and also the
location of the erosion peak is slightly displaced toward lower elbow angles.
Finally, the importance of the friction coefficient μ is emphasized by the dot–dashed line in Figure 2.75b.
When assuming a constant value for the friction coefficient, that is, μ = 0.175 in this particular case, the
maximum of erosion rate increases slightly regarding the basic case (solid line), which has an average value
around of 0.25. Although not shown, the results for penetration ratio decrease by a factor of two when
friction coefficient is doubled to a value of 0.5, suggesting a nonnegligible sensitivity to this wall collision
parameter. Such trends can be understood as follows: higher friction implies a decrease in particle velocity
regarding the cases with lower friction; moreover, as the erosion ratio varies with particle impact velocity to
a power larger than two, higher friction yields lower penetration ratio and vice versa.
It should be pointed out that in the publication of Mazumder et al. (2008) no information is provided
regarding the two-phase flow field developing throughout the bend. Consequently, the gas- and particlephase properties cannot be validated for this case.
Therefore, a further analysis of bend erosion is conducted for the configuration of a 5 m horizontal pipe, a
bend, and a 5 m vertical pipe with a pipe diameter of D = 150 mm as considered earlier (case 3 in Table 2.4).
For this case, the numerical calculations of the two-phase flow were thoroughly validated in previous studies
(Lain and Sommerfeld, 2013, Sommerfeld and Lain 2015). In this configuration however, the bend radius is
larger than in the Mazumder et al. (2008) configuration, namely, Rbend = 2.54 D and the conveying velocity
is lower so that bend erosion is expected to be much smaller. The erosion calculations were conducted for the
case with particle size distribution (case ➊ in Table 2.5) and for the monosized particles with 40 and 135 μm
(cases ➋ and ➎ in Table 2.5), all with a mass loading of η = 0.3. The main objective for considering these test
cases, although so far no erosion studies were conducted, is related to analyzing the effect of interparticle collisions on bend erosion. For making this effect stronger, a higher mass loading of η = 0.6 was also simulated
for the case with size distribution. The numerical realization of this test case is summarized in detail in the
earlier chapter “Conveying Pipe Configuration.”
For this test case, the dependence of the normal restitution coefficient on impact angle was modeled
for spherical particles as follows: e(α) = max(0.7, 1.0–0.0136 α) according to Lain and Sommerfeld (2012).
Regarding erosion modeling for this case, the Vickers hardness of the stainless steel wall has been taken as
Hv = 1.96 GPa (Nguyen et al., 2014) with a density ρw = 7929 kg/m3. The parameters of the Oka et al. (2005)
model for spherical glass beads and stainless steel wall are listed in Table 2.8. The resulting function g(α)
according to Equation 2.349 is also shown in Figure 2.74, yielding lower values than the Mazumder et al.
(2008) case due to the higher wall hardness and the consideration of spherical particles. Moreover, here the
function continuously increases from zero to one at the wall impact of 90°.
Another difference of this test case compared to the Mazumder et al. (2008) configuration is the direction
of gravity being perpendicular to the horizontal pipe, whereby gravitational settling produces a nonsymmetric
particle concentration distribution at the bend inlet. This will of course yield a modified erosion pattern at the
bend outer wall. Moreover, in the Huber and Sommerfeld (1998) case, particle sizes and conveying velocity are
smaller, yielding of course also lower erosion rates.
Interparticle collisions cause a “compression” of the powder rope formed in the bend as discussed earlier and illustrated in Figure 2.58. This phenomenon yields for the considered configuration (Huber and
Table 2.8 Parameters Used in the Model by Oka et al. (2005)
for the Glass Beads and Stainless Steel Wall (Hv = 1.96 GPa)
K

k1

k2

k3

uref (m/s)

Dref (μm)

n1

n2

27

−0.16

2.1

0.19

100

200

2.8 Hv0.41

2.6 Hv−1.46
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Sommerfeld, 1998) and the particle size distribution an enhancement of particle–wall collision frequency
as obvious from Figure 2.71b. For illustrating the effect of interparticle collisions, the penetration ratio
obtained with the Oka et al. (2005) model is shown in Figure 2.76 using color contours. Note that for these
simulations a wall roughness parameter of Δγ = 10° has been considered. Without particle–particle collisions, the area of maximum erosion has an elongated tear-like shape whose peak is located at a bend angle
of around 35° from the inlet. It is interesting to note that the V-shaped region appearing in Figure 2.75a for
the narrow bend is not present. Beyond θ = 50° the erosion is rather weak. When interparticle collisions are
considered, the peak value of penetration ratio decreases by about 50%, the location of maximum erosion is
displaced toward smaller bend angles (i.e., θ ~ 30°), and at higher bend angles only a strip of moderate erosion is observed. The extent of the maximum erosion region in the streamwise direction is slightly reduced
and broadened sideways. This observation for the erosion pattern is strongly linked with the compression
of the dust rope by interparticle collisions and a slight lateral widening (see Figure 2.58). The reduction of
penetration rate in the four-way coupling case is not explained readily, since the particle–wall collision
rate is slightly increased due to interparticle collisions, that is, from 5.0 to 5.3 1/m, which will in the first
instance enhance penetration rate. Therefore, a decrease in erosion can only result from reduced particle
impact velocities or modified impact angles, which are both included in the erosion model, and hence, their
influence will be further discussed in the following by looking at the profiles of the PR along a small strip
(i.e., 5 mm width) of the bend outer wall.
The effect of interparticle collisions on erosion may be more clearly studied by considering monosized
particles. Therefore, the PR along the bend outer wall is compared in Figure 2.77a for the case with size
distribution (case ➊ in Table 2.5) and 40 μm monosized particles (case ➋ in Table 2.5). As already obvious
from Figure 2.76 (color contours of PR), the penetration ratio is remarkably reduced due to interparticle
collisions for particles with size distribution (mean number diameter 40 μm), which is quantitatively seen
in Figure 2.77a. This reduction of PR is also found in the case of monosized particles although the wall collision rate clearly increases (see Figure 2.71b). Moreover, the PR for the size distribution is larger than for
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Penetration ratio in (m/kg) on the bend outer wall: (a) two-way coupling, (b) four-way coupling (5 m horizontal
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particle size distribution 15–85 μm).

236

2. Computational Methods

1.4 × 10–8
Two, 40 µm
Four, 40 µm
Two, SD
Four, SD

6.0 × 10–9

Penetration ratio (m/kg)

Penetration ratio (m/kg)

8.0 × 10–9

4.0 × 10–9

2.0 × 10–9

Two, 40 µm
Four, 40 µm
Two, 135 µm
Four, 135 µm

1.2 × 10–8
1.0 × 10–8
8.0 × 10–9
6.0 × 10–9
4.0 × 10–9
2.0 × 10–9

0.0

0

10

20

(a)

30
40
50
60
Bend angle (degree)

70

80

0.0

90
(b)

0

10

20

30

40

50

60

70

80

90

Bend angle (degree)

Downloaded by [Cornell University] at 04:29 25 October 2016

Figure 2.77
Penetration ratio in m/kg for a small strip along in the bend outer wall for spherical glass beads comparing two- and four-way
coupling for different particle size distributions: (a) Monosized of 40 μm particles and SD with number mean diameter 40 μm.
(b) Monosized 40 and 135 μm particles (5 m horizontal pipe, bend, and 5 m vertical pipe, D = 150 mm, bend radius 2.54·D,
Uav = 27 m/s, η = 0.3, Δγ = 10°).

the comparable monosized particles in two- and four-way coupling, respectively. This results from bigger
particles being included in the SD, which of course yield higher erosion (i.e., larger impact energy). For the
same reason, erosion also begins at smaller bend angles, as these large particles have higher inertia and do
not easily follow the flow deflection. This is made clearer comparing the PR for 40 and 135 μm monosized
particles (Figure 2.77b). As a consequence of that, the erosion pattern for the larger particles is narrower in
the streamwise direction.
The reduction of the PR due to interparticle collisions is mainly caused by the associated decrease in
particle–wall impact velocity, since the particles are trapped in the powder rope and experience numerous
interparticle collisions and wall collisions reducing the average particle velocity in the near-wall region (see
Figure 2.56) as shown in Figure 2.78a for the wall impact velocity of two monosized particles. The impact
velocity initially rapidly increase with the bend angle and then continuously decrease toward the bend exit
due to continuous loss of particle momentum. Expectedly, the wall impact velocity is larger for the more
inertial particles, that is, 135 μm. It should be noted that the PR increases with an exponent larger than the
square of the wall impact velocity (see Equation 2.351). The decrease in wall impact velocity begins after the
first wall collisions with the bend and is therefore this location is coupled with particle inertia.
The particle–wall impact angle determines the way and the amount of erosion by a single particle and is
included in the erosion model of Oka et al. (2005) in the nonlinear term g(α) given by Equation 2.349 and
shown in Figure 2.74. Also, the averaged impact angle first continuously increases with growing bend angle
and then decreases toward the bend exit again; except for the inertial particles, where the average wall impact
angle again increases for two-way coupling from θ ≈ 65° onward since the particles can freely rebound at
the bend outer wall (Figure 2.78b). For larger and more inertial particles, the average wall impact angle is
higher than for smaller particles throughout the bend. The averaged particle–wall impact angle is remarkably
reduced due to interparticle collisions beginning from a bend angle larger than about 25°. The resulting function g(α) given in Equation 2.349 runs very similar than the average wall impact angle (Figure 2.78c); yielding
a reduction in erosion due to interparticle collisions.
In conclusion, although the particle–wall collision frequency is increased due to interparticle collisions
for monosized particles lager than about 30 μm (see Figure 2.71) the erosion damage is however reduced,
mainly due to the distinct reduction of particle–wall impact velocity and average wall impact angle.
Finally, the effect of particle mass loading on bend erosion is analyzed. Due to the increasing particle
number density for higher mass loading, one would naturally expect an increase in erosion and PR. The
penetration ratio pattern in the bend for a higher particle mass loading of η = 0.6 is shown in Figure 2.79a
for the condition when interparticle collisions are considered. In comparison with Figure 2.76b for the
case with η = 0.3, it can be readily seen that the maximum penetration ratio decreases and that this region
is also displaced toward lower values of the bend angle. The pattern of the highest PR has a V-like shape
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Figure 2.78
Averaged modulus of particle–wall impact velocity (a), averaged wall impact angle (b), and function g(α)
given by Equation 2.349 (c) for a 5 mm strip along the bend outer wall for different monosized particles (40
and 135 μm) (5 m horizontal pipe, bend, and 5 m vertical pipe, D = 150 mm, bend radius 2.54·D, Uav = 27 m/s,
η = 0.3, Δγ = 10°).

and is surrounded by a tear-like shaped region of lower PR values. Toward the end of the bend, a narrow
strip of higher PR with two maxima is observed, indicating a multiple impact of particle clouds. Just at
the elbow exit, a small spot of rather high PR is identified.
The penetration ratio for a strip along the bend outer wall again allows for a quantitative comparison (Figure 2.79b). The reduction of the erosion damage due to interparticle collisions has been thoroughly explained earlier. Now, the question is why an increased mass loading reduces PR for major parts
of the bend outer wall considering both two- and four-way couplings. When interparticle collisions are
neglected, a slight decrease in PR with increasing mass loading is observed only between 20° < θ < 45° and
above θ = 55°. In the four-way coupling case, however, PR is remarkably reduced with increasing loading
between 20° < θ < 55°. Beyond this bend angle, however, erosion increases with mass loading reflecting the
PR pattern shown in Figure 2.79b, resulting from multiple particle–wall collisions. By comparing Figures
2.58b and 2.67a, it is obvious that the dust rope at higher mass loading appears to become more concentrated occupying as smaller region of the bend cross section. This means that at higher loading, particles
moving into the bend will collide more probably with particles in the concentrated dust rope and not with
the bend outer wall. This phenomenon may be called “shielding” effect, which however is only relevant for
the initial part of the bend (Bikbaev et al., 1979). The extent of this region is correlated with particle inertia.
The main reason for the reduction of erosion with increasing mass loading (at least for the considered values) is related to the trapping of the particles in the rather dense dust rope moving along the bend outer wall,
which increases first the wall collision frequency and thereby also reduces particle velocity due to wall collision momentum loss. Moreover, the particles are held in the low-velocity region of the gas flow induced by
two-way coupling. This naturally involves a reduced average particle–wall collision velocity as summarized
in Figure 2.79c. A remarkable reduction of the impact velocity with growing mass loading is found from
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Figure 2.79
Effect of particle mass loading on bend erosion: (a) Color map of penetration ratio in (m/kg) within the bend outer wall for glass
beads using four-way coupling (η = 0.6; compared with Figure 2.75b for η = 0.3). (b) Penetration ratio along the bend outer wall
for a 5 mm strip. (c) Average particle–wall impact velocity along the bend outer wall for a 5 mm strip. (d) Average wall impact
angle along the bend outer wall for a 5 mm strip; comparison of two- and four-way coupled simulations and two mass loadings of η = 0.3 and 0.6 (5 m horizontal pipe, bend, and 5 m vertical pipe, D = 150 mm, bend radius 2.54·D, Uav = 27 m/s, Δγ = 10°,
particle size distribution 15–85 μm).

bend angles larger than 20° when comparing the four-way coupled calculations. These arguments are also
supported by the fact that the two-way coupled calculations show almost no difference for the considered
mass loadings. As a result of the compression of the dust rope and the resulting particle trapping, also the
average impact angle is reduced when considering four-way coupling (Figure 2.79d). In the dilute conveying
regime reduced erosion may be observed with increasing mass loading for a horizontal to vertical bend due
to interparticle collisions damping particle motion within the compressed rope.
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2.7.1 Introduction to MFIX
Multiphase Flow with Interphase eXchanges (MFIX) is a multiphase computational fluid dynamics (CFD)
code written in Fortran for describing the hydrodynamics, heat transfer, and chemical reactions in dense
or dilute gas–solid flows. The MFIX team’s objective is to create a tool to aid in the understanding, design,
optimization, and scale-up of multiphase systems such as gasifiers, carbon capture devices, and chemical
looping reactors. The development of MFIX started at the U.S. Department of Energy’s (DOE) National
Energy Technology Laboratory (NETL) in 1991 as a continuation of a multiparticle (Syamlal, 1985) version of the Eulerian–Eulerian code of Gidaspow and Ettehadieh (1983). Initially developed as a two-fluid
model (TFM) for fossil energy applications at NETL, MFIX is now capable of discrete element model (DEM),
hybrid TFM-DEM, and particle in cell (PIC) simulations. It is distributed as open-source software and used
for solving various multiphase flow problems by numerous institutions around the world. This chapter is on
MFIX-TFM and describes the theory, numerical techniques, and example applications.
The first MFIX-TFM version was completed in 1993. The two-fluid modeling technique uses averaging
to construct mathematical models describing gases and solids as interpenetrating continua. Public distribution of the code was made through the Energy Science and Technology Software Center starting in 1995.
Afterward, the code underwent several revisions whereby high-resolution discretization methods were
added, the source code was migrated from Fortran 77 to Fortran 90, and it was parallelized to run on shared
memory (e.g., OpenMP) and distributed memory (e.g., MPI) systems (Syamlal et al., 2008). More recent
advancements include the development of a k−ε turbulence model (Benyahia et al., 2005), Cartesian cut
cells for complex geometries (Dietiker et al., 2013), a stiff chemistry solver, variable solid density (Xue et al.,
2011), and a number of kinetic theories for granular flows (Garzo and Dufty, 1999, Iddir and Arastoopour,
2005, Garzo et al., 2007a,b, 2012).
A Lagrangian solid model was implemented in 2004 whereby the position and trajectory of each
solid particle are tracked through resolving all particle collisions via a soft-sphere spring-dashpot model
(Boyalakuntla, 2003, Garg et al., 2012a). The DEM, MFIX-DEM, is capable of pure granular simulations in
addition to being executed alongside the Eulerian gas-phase model for coupled gas–solid simulations. This
gas–solid modeling technique uses fewer and less complex closures than the TFM and is therefore considered to contain more certainty overall. However, the computational intensity of tracking particles limits its
application to small-scale devices. Recent efforts have included comprehensive verification and validation
studies (Garg et al., 2012b, Li et al., 2012a), dynamic solids inventory capabilities, and the inclusion of species and energy conservation equations (Musser, 2011). Moderate-sized investigations containing tens of
millions of particles have also been made possible because of recent distributed (Gopalakrishnan and Tafti,
2013) and shared memory (Liu et al., 2014) parallelization efforts.
A second Lagrangian solid model, MFIX-PIC, was implemented in 2013 (Garg and Dietiker, 2013). The
multiphase PIC technique uses parcels, also referred to as notional particles, for the solids where a parcel
may represent a fraction of one particle or thousands of individual particles. This approach is more computationally efficient than other Lagrangian solid models because collisions are not resolved, but rather approximated using frictional stress models and averaged field quantities. Uncertainty in PIC models arises from
the closure needed for the solids, interaction terms as well as the need for accurate interpolation between
the Eulerian and Lagrangian frames of reference. However, this approach offers the potential to shorten the
time to solution making it ideal for initial design investigations.
The MFIX development activities have been preserved through a concurrent versioning system (CVS)
since 1999 to track source code changes. The CVS database has recently been transferred to a Git repository,
which accommodates a more flexible development environment between the core MFIX development team
and external collaborators. The new repository allows greater transparency with respect to code development
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activities because users are permitted to access the archival history of MFIX. This supports efforts to extend the
reach of MFIX by encouraging greater community involvement in development and maintenance activities.
The integrity of the source code was originally maintained through nightly regression tests where a subset of
tutorial and test cases were executed and the results compared to a fixed solution set (Syamlal et al., 2008). This
approach was replaced by a continuous integration (CI) server (www.jenkins-ci.org) to expand the testing capabilities by running all tests and tutorials anytime modifications are committed to the source code repository.
Nightly snapshots from the CI server are uploaded to the MFIX website and archived in the code repository.
As of 2014, the MFIX community contains over 3200 registered members and reaches professionals in
academia (68%), industry (18%), national laboratories (4%), and other institutions (10%) across the globe. The
number of MFIX citations per year has increased in the open literature with 100, 110, 138, and 120 citations in
2010–2013, respectively (https://mfix.netl.doe.gov/citatons.php). MFIX theory and some of the recent developments and applications have been documented in a recently edited book (Pannala et al., 2011). The state-ofthe-art technical significance and uniqueness of MFIX has been recognized with several awards including an
R&D 100 award in 2007 and a Federal Laboratories Consortium Mid-Atlantic Region Technology Transfer
award in 2006.
As the code capabilities are improved, emphasis is being placed on uncertainty quantification, acceleration
of time to solution, and realistic geometry representation. This will allow predictive simulations to become
an integral part of device scale-up engineering processes and accelerate the introduction of new technologies
to market. Current and future code development will continue to appeal to academia for fundamental multiphase flow modeling research and to increase the number and quality of industrial applications.
MFIX is now an active player in the development of computational tools that will enable the deployment of new technologies for clean and efficient utilization of fossil energy. As part of the carbon capture
simulation initiative, MFIX is being exercised in a validation, calibration, and scale-up prediction study of
sorbent-based CO2 capture units, and an uncertainty quantification framework tailored to multiphase flow
simulations is being developed (Lai et al., 2014a,b).
The open-source nature of the code distribution is essential in the development of new constitutive laws
or new models. Large amount of data required to postulate new models can be generated by the original
MFIX source code. New models are postulated and coded within the MFIX framework for further testing
and refinement. Once finalized, the new models are made available to the MFIX community. This cycle can
be repeated to improve or expand the current implementations. This type of model development motivated
the open-source distribution strategy of MFIX. Members of the multiphase community can download the
code, implement new models, and contribute to the tool’s improvement and versatility. The recent migration
of the MFIX repository to GitLab will facilitate collaborations among users and shorten the time to make a
new model available to the MFIX community.
With the development of high-performance computing, MFIX continues to evolve and follow the
trend of hardware development to accelerate computations. Current efforts include porting key sections
of the code to GPU and many-core chips. This highlights another benefit of the open-source distribution
of MFIX, as there is no limit to the amount of cores the code can be run on.
It is an exciting time to be involved in multiphase flow simulations. The level of maturity of various models and speed of execution are now such that simulations are becoming a vital complement to experiments in
the scale-up and optimization of various energy systems such as the next-generation gasification and carbon
capture units. Multiphase flow simulations will play a major role in finding solutions to global energy and
environmental problems, and MFIX is at the forefront of this momentous challenge.
The following section outlines the conservation equations in MFIX-TFM with details concerning their
theoretical development. Subsequent sections describe the numerical technique used to discretize and solve
the governing equations as well as some advanced approaches used to extend modeling capabilities. Finally,
details concerning MFIX-TFM access and usage are presented along with a few interesting MFIX-TFM
applications found in the literature.
2.7.2 Two-Fluid Model Equations
MFIX-TFM (TFM or gas–solid continuum model or Euler–Euler model) describes the motion of a mixture
of gas and solids as two or more interpenetrating continuum phases, one gas phase and one or more solid
phases. Although referred to as “gas” in this chapter, the continuous phase could also be a liquid. The collective motion of particles is described by the motion of a continuum, referred to herein as a solid phase. The
particles may be differentiated by their size, density, or composition and assigned to separate solid phases
(Figure 2.80).
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Figure 2.80
A fluidized bed containing two types of particles (black and white) could be described by a two-phase or a
three-phase model depending upon the objectives of the modeling study.
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By representing the particles as a solid phase, the motion of individual particles or the gas flow around
each particle is not calculated. This approach considerably reduces the computational cost. To compensate
for the model’s reduced resolution, constitutive equations need to be included in the continuum model
(e.g., gas–solid drag, solid stress).
The conservation equations governing the multiphase continua are either postulated (mixture theory)
or derived by averaging the particle-scale equations. In the mixture theory approach, the multiphase flow
equations are postulated, and restrictions on the constitutive relations are derived from general principles of
continuum mechanics (Atkin and Craine, 1976, Bowen, 1976, Bedford and Drumheller, 1983). In the averaging approach, the equations are derived by space, time, or ensemble averaging of the local, instantaneous
balances for each of the phases (Anderson and Jackson, 1967, Drew, 1983, Ishii and Mishima, 1984, Joseph
et al., 1990, Zhang and Prosperetti, 1994a,b, Jackson, 1997, 2000, Prosperetti, 2007). Both approaches yield a
set of balance equations for mass, momentum, and energy that need to be closed by specifying constitutive
equations. Because of the limited space, only a subset of the equations used in the MFIX code is presented
here. For complete details of the equations, see Syamlal et al. (1993), Syamlal and Pannala (2011), Benyahia
et al. (2012), and other references mentioned in the following sections.
2.7.2.1 Conservation of Mass

The conservation of mass (or continuity equation) for the gas phase is
¶
¶
e g rg ) +
(
( eg rgU gj ) =
¶t
¶x j

Ng

åR

(2.358)

gn

n =1

The first term on the left-hand side accounts for the rate of mass accumulation per unit volume, and the second term is the net rate of convective mass flux. The term on the right accounts for interphase mass transfer
because of chemical reactions or physical processes, such as evaporation.
There are M solid-phase continuity equations, one for each solid phase. Subscript m going from 1 to M
represents different solid phases.
¶
¶
( emrm ) + ( emrmU mj ) =
¶t
¶x j
2.7.2.1.1 Equation of State
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The gas phase is either incompressible or obeys the ideal gas law
rg =

Pg M w
RTg

(2.360)

The solid-phase densities can be a constant or they can change because of chemical reactions (see Section 2.7.4.2).
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2.7.2.2 Conservation of Momentum

The gas-phase momentum balance is
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where the R terms represent momentum transfer caused by the mass transfer from the gas phase to the
mth solid phase and Igmi is the momentum transfer between the gas phase and the mth solid phase due to
interphase forces such as drag force.
The mth solid-phase momentum balance is
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(2.362)
where the R terms represent momentum transfer caused by the mass transfer from the mth phase to the
lth phase, and Imli is the momentum transfer between the mth and lth phases (l = 0 being the gas phase) due
to interphase forces such as drag force. There could be other forces caused by mass transfer that cannot be
accounted for in a TFM—caused, for example, by jets of volatile gases issuing from heated coal particles
(Syamlal and Pannala, 2011).
In the equations given earlier, Rml is the rate of mass transfer from the mth phase to the lth phase and
Rlm is the rate of mass transfer from the lth phase to the mth phase (m or l set to g or 0 being the gas phase).
By definition, both Rml and Rlm are greater than or equal to zero. They could be equal in magnitude, but
usually they are not. For example, in the case of carbon particles burning in air (C + O2 → CO2), Rgm is the
mass flux of O2 from the gas phase to the particle surface and Rmg is the mass flux of CO2 from the particle
surface to the gas phase. Furthermore, the net rate of mass transfer to the mth phase is equal to the total rate
of generation of the species mass in that phase:
M

å( R
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- Rml ) =

Nm

åR

mn

(2.363)
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By default, MFIX accounts for the buoyancy through a shared gas pressure formulation (i.e., εm(∂Pg/∂xi)),
which Bouillard et al. (1989) call Model A. Although widely used in open-source and commercial computer
codes, Model A in the inviscid limit leads to ill-posed initial value problems. This problem could be overcome by explicitly including a buoyancy force term in the momentum equations, which is called Model B
option in MFIX, using the terminology of Bouillard et al. (1989). However, Model B accounts for the buoyancy resulting only from the gravitational force and cannot account for a general buoyant force. Syamlal
(2011) showed that Model A with a newly proposed buoyant force term (resulting from the relative velocity
between gas and solid phases) leads to well-posed initial value problems. The magnitude of the new buoyant
force term is likely to be small and, hence, Model A is a good approximation of the well-posed model.
2.7.2.3 Gas–Solid Momentum Transfer

The mechanisms and formulation of momentum transfer have been reviewed in detail by Johnson et al.
(1990) and Massoudi (2003). From the studies of the motion of a single particle in a fluid (e.g., Maxey and
Riley, 1983), several different mechanisms for momentum transfer have been identified: drag force caused by
velocity differences between the phases; buoyancy caused by the fluid pressure gradient; virtual mass effect
caused by relative acceleration between phases; Saffman lift force caused by fluid-velocity gradients; Magnus
force caused by particle spin; Basset force, originating from the history of the particle’s motion through
the fluid; Faxen force, a correction applied to the virtual mass effect; and forces caused by temperature and
density gradients.
Drag force is the most significant interphase momentum transfer mechanism. Several well-known formulas
accurately represent the drag force on a single sphere as a function of the Reynolds number (e.g., Khan et al.,
1987). In a multiparticle system, the nearness of other particles makes the drag force on each particle significantly
2.7 Two-Fluid Model in MFIX
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greater than that given by the single-particle drag formula. Thus, the formula for multiparticle drag force must
include the gas volume fraction as an additional parameter to account for the effect of neighboring particles.
To ensure that the aforementioned requirements are satisfied, a multiparticle drag coefficient is defined as
follows:
I gmi =

3 C Dm e g emrg
U g - U m (U gi - U mi )
4
d pm

(2.364)
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where CDm is a function of the Reynolds number and gas volume fraction εg.
The drag coefficients are usually obtained from correlations developed from two types of experimental
data. One type, valid for high values of the solids volume fraction, is the packed-bed pressure drop correlation, such as the Ergun equation (Ergun, 1952). Because the Ergun equation does not have the correct dependence on the Reynolds number in the limit of εg → 1 (single-particle limit), it is often supplemented with a
drag correlation, such as the Wen and Yu equation, applicable in that limit (Gidaspow, 1986). The combined
form is sometimes called the Gidaspow drag model (Gidaspow, 1994):
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ì 200 (1 - e g )
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ï 2
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0.687 -2.65
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(2.365)

e g > 0.8, ( e g Rem ) ³1000

The other type of experimental data is the terminal velocity measured in fluidized or settling beds, given
as correlations for the ratio of the terminal velocity of a multiparticle system to that of a single particle.
Richardson and Zaki (1954) correlation, for example, is a well-known formula of this type. Syamlal and
O’Brien (1987) showed that a formula for the multiparticle drag coefficient can be derived from such terminal velocity correlations as follows:

C Dm

æ Re ö
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è Vrm ø
=
2
Vrm

(2.366)

where
CDs(Rem/Vrm) is a single-particle drag formula expressed as a function of Rem/Vrm (rather than as a function
ofc Rem)
Vrm is the ratio of the terminal velocity of a multiparticle system to that of a single particle given by a
Richardson–Zaki-type correlation
An explicit formula for drag can be derived from such a correlation reported by Garside and Aldibouni (1977):
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and the Reynolds number of the mth solid phase is given by
Rem =

d pm U g - U m rg
mg

(2.370)

Numerous formulas are available for CDs (e.g., Khan et al., 1987), including the following simple formula
proposed by Dalla Valle (1948):
2
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The parameter Re in Equation 2.370 must be replaced with Re/Vrm when this formula is used in Equation 2.365.
The drag coefficients have an irreducible uncertainty, which could be reduced by calibrating them with
the minimum fluidization velocity (Syamlal and O’Brien, 2003, Syamlal and Pannala, 2011).
Drag coefficients can also be derived from accurate numerical experiments, some of which are included
in MFIX-TFM. For example, Hill et al. (2001a,b) derived a set of drag correlations from their Lattice–
Boltzmann simulations. Benyahia et al. (2006) combined those drag correlations with known limiting forms
of the drag formula to derive a formula applicable to the full range of void fractions and Reynolds numbers
encountered in fluidized beds. MFIX-TFM also includes drag coefficients for polydispersed systems proposed by Beetstra et al. (2007a,b), Yin and Sundaresan (2009a,b), and Holloway et al. (2010). Several other
closure equations for the drag force on particles and drops are included in Chapter 1.
2.7.2.4 Solid–Solid Momentum Transfer

As in the case of gas–solid drag, the drag between solid phases arises due to velocity differences. Formulas
for the drag have been derived or suggested by several researchers: Soo (1967), Nakamura and Capes (1976),
Syamlal (1985, 1987), and Srinivasan and Doss (1985).
In MFIX-TFM, the solid–solid momentum transfer, Imli, is represented as
I mli = Fml (U mi - U li )

(2.372)

Syamlal (1987) used a simplified version of kinetic theory to derive an expression for the drag coefficient Fml
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where the last term accounting for a “hindrance effect” caused by particles in enduring contact was later
added by Gera et al. (2004) and Scoef is an adjustable parameter. The radial distribution function at contact
for a mixture of hard spheres is given by Lebowitz (1964):
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MFIX also has polydisperse kinetic theory models with their own inherent solid–solid drag due to relative
velocity (e.g., Iddir and Arastoopour, 2005). If one of those theories is invoked, the formula given earlier will
be changed to the appropriate one.
2.7.2.5 Gas-Phase Stress Tensor

The total gas-phase stress is given by the formula −Pg δij + τgij. But the addition of the buoyant force term gives
rise to the term −εg(∂Pg/∂xi) in the Model A version of gas-phase momentum equation (see Section 2.7.2.2.)
MFIX-TFM uses modified k−ε theories to model gas-phase turbulence:
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The stress tensor τgij is given by

(

2
tgij =+
2(m g mtg )D gij - dij rg k g + (m g + mtg )D gkk
3
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(2.377)

where Dgij is the strain rate tensor for the gas phase
1 æ ¶U gi ¶U gj ö
D gij = ç
+
÷
2 è ¶x j
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(2.378)

The eddy viscosity mtg is
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mtg = rg C1m

k g2
εg

(2.379)

See Benyahia et al. (2005) for the definition of the other functions and constants in the modified k − ε
equations: σk, sε , Pkg , P εg , C1ε , C 2ε , and C1μ.
For dense gas–solid flows without any high-velocity gas jets, the turbulence model could be turned off as
the collisional stresses dominate when εg < 0.99 (Benyahia et al., 2005). By default, MFIX-TFM does not solve
the turbulence equations, and only the molecular viscosity terms remain in Equation 2.376.
2.7.2.6 Solid-Phase Stress Tensor

The development of constitutive equations for particle–particle interactions over the entire range of dilute to
dense granular flows must consider the fundamentally different modes for particle–particle force transmission in different flow regimes. A general formulation for solid stresses can be written as

(

)

ìï 1 - f ( e g ) tmpij + f ( e g ) tmvij
tmij = í
ïîtmvij

e g < e*
e g ³ e*

(2.380)

where the quasi-static and plastic stresses are represented by τmpij and the viscous stresses are represented
by τmvij. The function ϕ(εg) is a blending function that has a smooth but rapid variation across the transition
point, the void fraction at close packing ε* (Pannala et al., 2009, Syamlal and Pannala, 2011). For uniformly
sized particles ε* is a specified constant. For a mixture of particles of different sizes, ε* can be calculated
from the Fedors and Landel (1979) or the Yu and Standish (1987) correlations available in MFIX-TFM.
2.7.2.6.1 Plastic Regime Syamlal et al. (1993) developed constitutive equations for the plastic regime using
the frictional theory of Schaeffer (1987):
tmpij = 2mmpDmij

(2.381)

The shear viscosity is adapted from Schaeffer (1987):

mmp

ì
ì
ï
ï Pc sin ( f )
min
í
ï
=í
ï 4I m 2 D
î
ï
ï0
î

ü
max ï
,
m
s
ý
M
ï
el
l =1
þ

em

å

e g < e*

(2.382)

e g ³ e*

where
ϕ is the angle of internal friction
msmax is a specified maximum granular viscosity
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The solid pressure in the close-packed regions is related to the void fraction (Jenike, 1987):
ïì1024 ( e* -e g )
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(2.383)

The second invariant of the rate of strain tensor is
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Another option available in MFX-TFM is the Srivastava and Sundaresan (2003) stress model. Benyahia
(2008a) has compared the earlier two plastic regime stress models. Also see Oger and Savage (2013) who
modified the Srivastava and Sundaresan model in MFIX-TFM to model the development of higher concentration flows in airslides, which are used to transport granular materials over long distances.
2.7.2.6.2 Viscous Regime The closure relationships for the solid-phase stresses for εg ≥ ε* are derived from
the kinetic theory of granular gases. The kinetic theory equations typically are derived for a monodisperse
granular media without considering the gas phase (e.g., Jenkins and Savage, 1983, Lun et al., 1984, Campbell,
1990, Gidaspow, 1994). These equations are combined with two-fluid equations to develop closure relations
for the solid-phase stresses (Johnson and Jackson, 1987, Sinclair and Jackson, 1989, Syamlal et al., 1993,
Gidaspow, 1994, Peirano and Leckner, 1998, Jackson, 2000, Agrawal et al., 2001). Two things happen when
the equations are combined: (1) The solid stress τmv in TFM is taken as the granular stress in the kinetic theory of granular gases; (2) a granular energy equation is added to the TFM. An example of the kinetic theory
stresses implemented in MFIX-TFM is summarized later. Explanations for the equations can be found in
Syamlal et al. (1993) and Agrawal et al. (2001). Although a subscript m is used, the following equations are
valid only for a single solid phase.
The collisional stress tensor from the kinetic theory can be represented by the following equations:
¶U mi ö
æ
tmvij = ç -Pm + hmb
dij + 2mmSmij
¶x i ÷
è
ø

(2.385)

where the deviator of the strain rate tensor is
¶U mj
1 æ ¶U
Smij = ç mi +
2 è ¶x j
¶x i

ö 1 ¶U mk
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÷ø 3 ¶x k

(2.386)

and the normal solid pressure is
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The solids, viscosity is
æ 8 M
öæ 8
m*m
æ 2 + a ö éê
mm = ç
ç 1 + h el g 0ml ÷ ç 1 + h ( 3h - 2 )
÷
ç
÷ç 5
è 3 ø êë g 0mm h ( 2 - h) è 5 l =1
øè

å

ù
ö 3
el g 0ml ÷+ hmb ú
÷ 5
úû
l =1
ø
M

å

(2.388)

where
m*m =
rm
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Here, Θm is the granular temperature or pseudo-thermal energy. The granular temperature is a measure
of the kinetic energy of the fluctuating motion of particles, just as thermal temperature is a measure of the
kinetic energy of the fluctuating motion of molecules. The granular temperature is calculated from the following granular energy balance equation:
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The first term on the right-hand side stands for the granular temperature diffusion or conduction, the second term represents the production, the third term includes viscous dissipation and the effect of gas-particle
slip, and the final term stands for the collisional dissipation. The granular conductivity, associated with the
conduction of granular temperature, is
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where
k*m =
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The collisional dissipation term and the exchange terms are
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g 0mmd 3pmrm pQm

If the transport of the granular energy is not important (e.g., in bubbling beds the granular energy produced
could be mostly dissipated locally), one can construct the algebraic form by equating the rate of production to
the rate of dissipation and derive the following algebraic equation:
2
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The algebraic form may reduce the computational cost of simulations (Van Wachem et al., 2001).
There are several other kinetic theory options available in MFIX-TFM. One option is the Garzó and
Dufty (1999) theory, derived from the Enskog kinetic equation, which assumes molecular chaos (i.e., that the
velocities of colliding particles are uncorrelated) and is applicable to flows up to moderate concentrations.
With the help of that theory, for example, Mitrano et al. (2014) demonstrated that kinetic-theory-based continuum models are surprisingly accurate even at large Knudsen numbers. Benyahia et al. (2007) evaluated
MFIX-TFM implementation of the theories of Simonin (1996) and Balzer et al. (1996) and Cao and Ahmadi
(1995), which include kinetic theory stresses as well as gas-phase turbulence models that account for the
exchange of turbulence energy between the gas and solid phases. Several kinetic theories for describing
polydispersed systems have been implemented in MFIX (Garzo et al., 2007a,b, 2012). See Hrenya (2011) for
a critical comparison of kinetic theories for polydispersed systems. Benyahia (2008b) compared four different kinetic theories for polydispersed systems and found the most accurate one to be Iddir and Arastoopour
(2005) theory, which was implemented in MFIX-TFM by Galvin (2007).
2.7.2.7 Conservation of Species Mass

The gas and solid phases may contain an arbitrary number of chemical species, Nm. The mass conservation
equation for the gas-phase species n is
¶
( eg rg X gn ) + ¶¶x ( eg rgU gj X gn ) = ¶¶x
¶t
j
j

æ
¶X gn
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¶x j
è

ö
÷+ R gn
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(2.404)

The species conservation equation for solid phase, m, species n, is
¶
¶
( emrm X mn ) + ( emrmU mj X mn ) = Rmn
¶t
¶x j

(2.405)

2.7.2.8 Conservation of Internal Energy

The internal energy balances are implemented in MFIX-TFM in terms of the temperatures. The equation for
the gas phase is
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m =1

where the second term on the right-hand side is the gas–solid interphase heat transfer and the third term is
a simplified model for the heat transfer due to radiation. The equation for the mth solid phase is
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where the second term on the right-hand side is the gas–solid interphase heat transfer and the third term is
a simplified model for the heat transfer due to radiation. Three simplifying assumptions have been made in
the formulation of internal energy Equations 2.404 and 2.405: (1) The irreversible rate of increase in internal
energy due to viscous dissipation and interphase momentum transfer has been neglected. Such terms are
negligible except in the case of very large relative velocities. (2) The direct heat transfer between different
solid phases has been neglected. (3) Interfacial work terms have been neglected.
The total rate of enthalpy change due to chemical reactions and phase changes is given by Syamlal and
Pannala (2011) and Musser et al. (2015):
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and
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Hm =

å
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The enthalpy change due to species diffusion, although shown in Equations 2.406 and 2.407, is small and has
been neglected in MFIX. Rgmnp is the rate of formation (or destruction) of the nth gas-phase species attributed
to the pth reaction between the gas phase and the mth phase. The case of m = 0 represents homogeneous gasphase reactions. Rmgnp is the rate of formation (or destruction) of the mth solid phase’s nth species resulting
from the pth reaction between the mth phase and the gas phase. Rmmnp is the rate of formation in homogeneous mth solid-phase reactions, and any direct solid–solid reactions are not considered. ξgmp is the enthalpy
transfer attributed to mass transfer between the mth solid phase and the gas phase for the pth reaction.
Musser et al. (2015) proposed the following constitutive equation for ξ gmp to account for enthalpy transfer
caused by mass transfer:
Ng

xgmp =

åh

gn

(Tgm ) Rgmnp

(2.410)

n =1

The temperature at which the specific enthalpy is evaluated, Tgm, is identified explicitly and given by
ìTg for R gmnp £ 0 (i.e.,consumption of nth gas species)
Tgm = í
îTm for R gmnp > 0 (i.e.,formationof nth gas species)

(2.411)

2.7.2.9 Gas–Solid Heat Transfer

The heat transfer between the gas phase and solid phase m is assumed to be a function of the temperature
difference and given by γgm(Tm − Tg), where γgm is the coefficient of heat transfer between the gas phase and
the mth solid phase. γgm is a corrected heat transfer coefficient, the correction necessitated by the interphase
mass transfer (Bird et al., 2006):
g gm =

C pg Rgm
é
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(2.412)

Note that in the limit
lim g gm = g 0gm

Rgm ®0
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where the intrinsic heat transfer coefficient g 0gm is calculated from
g 0gm =

6l g em Num
2
d pm

(2.413)

where Num is the Nusselt number for the particles constituting the mth solid phase.
The Nusselt number is typically determined from one of the many correlations reported in the literature
for calculating the heat transfer between particles and fluid in packed or fluidized beds (e.g., Zabrodsky,
1966, Gelperin et al., 1971, Gunn, 1978). Syamlal and Gidaspow (1985) and Kuipers et al. (1992) used such
correlations in their TFMs. MFIX-TFM uses the Gunn (1978) correlation, applicable for a porosity range of
0.35–1.0 and a Reynolds numbers up to 105:

(

)(

) (

)

Num = 7 - 10e g + 5e2g 1 + 0.7 Rem0.2 Pr1/3 + 1.33 - 2.4e g + 1.2e2g Rem0.7 Pr1/3

(2.414)

where the Prandtl number is defined as
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2.7.2.10 Conductive Heat Flux in Gas Phase

The conductive heat flux within the gas phase, qgj, is given by Fourier’s law
q gj = -l g

¶Tg
¶x j

(2.416)

2.7.2.11 Conductive Heat Flux in Solid Phase

In a simulation of the heat transfer from a fluidized bed to a wall, Syamlal and Gidaspow (1985) found that
solid-phase conductive heat flux must be considered in order to accurately calculate bed-to-wall heat transfer coefficients. The conductive heat flux in the solid phase, qmj, is assumed to have a form similar to that in
the gas phase:
qmj = -lm

¶Tm
¶x j

(2.417)

MFIX-TFM uses a particle phase conductivity model taken from Syamlal and Gidaspow (1985), who adapted
a model proposed by Zehner and Schlunder (Bauer and Schlunder, 1978).
2.7.2.12 Initial and Boundary Conditions

The initial values of all the field variables (εg, εm, Pg, Ugi, Umi, Θm, Tg, Tm, Xgn, X mn) must be specified for the
entire computational domain. Although the initial conditions serve as a starting point for the simulations,
the stationary state that is reached after the initial transients subside is the solution that is of interest in most
engineering applications. Therefore, the initial conditions chosen are such that the stationary state solution
is reached faster. In fluidized beds, for example, the solids, velocity is usually initialized to zero, and the gas
velocity is initialized to some uniform unidirectional value.
On the other hand, the accuracy of the stationary state solution critically depends upon the boundary
conditions. The different types of boundary conditions available in MFIX-TFM are described as follows:
Inflow boundary: An inflow boundary condition should be specified at a location where uniform flow is
expected. All the field variables must be specified at the boundary. Two types of inflow boundary conditions
are possible, specified pressure or specified mass flux; the specified mass flux condition is more commonly
used inflow boundary condition.
Outflow boundary: Specified constant pressure with zero-gradient velocity at the exit is the most common condition for the gas outflow boundary. For this condition to be valid, the outflow must be spatially uniform with
no flow reversal across the boundary. If there is flow reversal at a specified boundary (caused, e.g., by a jet crossing the outflow boundary), the domain must be extended so that the flow is uniform at the outflow boundary.
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Cyclic boundary: A cyclic boundary condition may be specified for a pair of boundaries in the x-, y-, or
z-direction. The field variable values at one end of the domain in the cyclic direction become the same as
those at the other end. There is also the option of fixing the pressure drop so that the gas pressure changes
by a specified constant value across the cyclic boundary. Another option is to fix the domain-averaged mass
flux of gas instead of the pressure drop.
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Walls: Boundary conditions for all the variables must be specified at the walls. Since, in most devices, walls
play an important role in the overall performance of the reactor, much attention must be paid to selecting
wall boundary conditions. Typically, at the wall, the gas-phase normal component of velocity is set to zero
(no-penetration condition) and either the gradient of the tangential component is set to zero (free-slip condition) or the tangential component itself is set to zero (no-slip condition). Benyahia et al. (2005) compared
a standard wall function with a wall function modified to include the effect of particles and found only a
small effect on the radial profile of gas turbulent kinetic energy.
The boundary conditions for the solids velocities could have a profound effect on the simulation results
(e.g., Benyahia et al., 2005). The boundary conditions developed by Johnson and Jackson (1987) are widely
used to determine the solutions for solids velocity and granular temperature. These boundary conditions rely
on two parameters: the specularity coefficient and the particle–wall coefficient of restitution. Jenkins (1992)
has proposed a different form of the boundary condition for frictional particles, which requires parameters
related to the frictional properties of the particles and the nature of the wall surfaces. These boundary conditions were further extended for both small and large sliding cases (Jenkins and Louge, 1997). Benyahia
et al. (2005) evaluated these boundary conditions by simulating dilute, turbulent gas/solids flows in a pipe
and concluded that the experimental data for solids velocity, gas turbulent kinetic energy, and solids turbulent kinetic energy fell between the small-friction/all-sliding and large-friction/no-sliding limits of Jenkins
and Louge (1997) boundary condition. The experimental data fell much closer to the small-friction limit.
The small-friction limit could be mimicked with a small specularity coefficient in the Johnson and Jackson
(1987) boundary condition. The significant effect of the specularity coefficient (and particle–wall restitution
coefficient) on the predicted solids, velocity and bubble properties in a bubbling fluidized bed is discussed
by Li et al. (2010a). The specularity coefficient is, however, experimentally not measureable, and Li and
Benyahia (2012) developed a model for calculating the specularity coefficient as a function of the measurable
quantities particle–wall restitution coefficient, the frictional coefficient, and the normalized slip velocity
at the wall. Li and Benyahia (2013) evaluated their model by simulating bubbling and circulating fluidized
beds. These different boundary condition models for solids velocity and granular temperature are available
in MFIX-TFM. Other boundary conditions for MFIX and similar Eulerian models, which are based on DNS
simulations, have been studied by Davies et al. (2012) and Feng et al. (2014).
The thermal boundary condition is implemented in MFIX-TFM as
¶Tm
+ hwm (Tm - Twm ) = c m
¶n

(2.418)

where n is the normal pointing from the fluid into the wall. In the limit when the wall heat transfer coefficient hwm → 0, the heat flux at the boundary is a specified value, and in the limit of hwm → ∞, the temperature
at the boundary is a specified value.
Similarly, the boundary conditions for the species mass fractions are implemented as
¶X mn
+ hwmn (X mn - X wmn ) = c mn
¶n

(2.419)

where n is the normal pointing from the fluid into the wall. In the limit when the wall mass transfer coefficient hwmn → 0, the mass flux at the boundary is a specified value, and in the limit of hwmn → ∞, the species
mass fraction at the boundary is a specified value.
2.7.3 Numerical Method
MFIX utilizes the finite volume method to discretize the governing equations over a staggered grid where
scalar values are located at the center of a control volume and velocity components are situated along the
control volume faces. This approach is desirable because it invokes the physical basis of the conservation
equation derivations while ensuring global conservation of mass, momentum, and energy, even on coarse
grids (Patankar, 1980). Details on the control volume method are available elsewhere (Patankar, 1980,
Versteeg and Malalasekera, 1995, Syamlal, 1998).
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MFIX-TFM uses an extension of the SIMPLE algorithm (Patankar, 1980) for solving the discretized conservation equations. As the original algorithm was derived for single-phase flows, Spalding (1980) identified
three issues that result from extending it to multiple phases: (1) there are more field variables and therefore
more equations to solve, (2) no unique fluid pressure correction equation exists because there are multiple
continuity equations, and (3) interphase exchange terms strongly couple momentum equations, which can
lead to instability if not adequately addressed.
Two additional concerns arise in granular multiphase flows that determine the success of a numerical
scheme (Syamlal, 1998). The first potential problem is managing solids in close-packed regions because
it is difficult to constrain the solids, volume fraction to be at or below maximum packing in a numerical
algorithm. Overpacking is resisted by the numerical algorithm by using an equation of state for the solid
pressure that increases exponentially as the solids, volume fraction approaches the close-packed limit.
In monodisperse simulations, MFIX utilizes solids, volume fraction correction equation to account for
solid pressure and stabilize computations in close-packed regions.
The second issue encountered with multiphase systems is how to calculate field variables across phase
discontinuities where the volume fraction goes to zero. A harmonic mean is used to calculate face values of
scalar field variables to ensure that arbitrary values are not used. The linearization of the convection terms
in the momentum equations complicates this task because the normal velocity may become very large across
a phase discontinuity. The resulting error in momentum conservation is negligible because the product of
a near-zero volume fraction and normal velocity remains small. However, the large normal velocities may
destabilize calculations (or force the use of very small time steps) and therefore are avoided in MFIX by
approximating the normal velocity when the phase volume fraction drops below a threshold value.
MFIX employs automated time step adjustment to account for the inherently transient nature of multiphase flows where the limiting timescales change throughout a simulation. Small upward or downward
modifications to the step size are applied to ensure that simulations progress with the highest possible
execution speed. This minimizes simulation failure by reducing the time step if divergence is detected or
the maximum number of iterations per time step is exceeded. Conversely, the step size is increased when
the number of iterations becomes small to reduce the time to solution.
The individual procedures executed during a time step can be summarized as follows:
1. At the start of each iteration, the physical (e.g., specific heat) and exchange coefficients (e.g., convective heat transfer coefficients) are calculated.
2. The gas and solid momentum equations are solved using the pressure fields and volume fractions
from the previous time step. The calculated velocities are referred to as the intermediate or starred
velocities, u*m , v*m , and w*m . At this time, the coefficients for the fluid pressure correction equation
are calculated, but the pressure correction equation is not solved.
3. The solid-phase continuity equations are solved:
a. Monodisperse simulations solve a solid volume fraction correction equation. The correction is
used to update the solid volume fraction and solid velocity components.
b. Polydisperse simulations solve a solid continuity equation for each phase. No corrections are
made to the solid velocities.
4. The gas-phase volume fraction is calculated from the solid volume fractions.
5. The solid pressure is calculated from a state equation, Pm = Pm(εm).
6. The face-centered densities are calculated.
7. The fluid pressure correction equation is solved. The corrections are used to update the gas pressure
field and gas velocity components.
8. The material densities and the face-centered mass fluxes are calculated.
9. The scalar equations (e.g., species, energy) are solved.
10. The normalized residuals are calculated and checked for convergence. The time step is advanced if
the convergence criteria are satisfied; otherwise, iterations are continued (Step 1).
As noted earlier, details on the control volume method (Patankar, 1980, Versteeg and Malalasekera, 1995,
Syamlal, 1998) and SIMPLE algorithm (Patankar, 1980, Spalding 1980) are available elsewhere. Information
specific to the numerical methods and implementations of MFIX-TFM, such as the multiphase partial
elimination algorithm and solids, volume fraction correction equation, are also available (Syamlal, 1998).
The following section presents more advanced methods that have been incorporated to increase modeling
capabilities.
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2.7.4 Advanced Numerical Methods
This section provides an overview of several advanced numerical techniques used in modeling reacting
gas–solid flows as implemented in MFIX-TFM. The stiff chemistry and variable solid density sections discuss how chemical reactions are managed and used to modify the gas and solid phases. The point source
and filter model sections discuss coarse grid modeling options to reduce the time to solution. Finally, the
Cartesian grid cut-cell technique presents how complex geometries are integrated into staggered grid codes.
2.7.4.1 Stiff Chemistry Solver
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As indicated in previous sections, multiphase CFD models solve governing equations for each phase that are
tightly coupled through interphase transfer terms. Chemical reactions further couple the continuity, species, and energy equations with the formation and destruction of chemical species, interphase mass transfer,
and heats of reaction. Unlike the interphase transfer terms found in the momentum and energy equations,
coupling by reactions cannot be separated through “partial elimination” techniques. Therefore, numerical
stability of chemically reacting flows is typically achieved through small time steps making the simulations
prohibitively time consuming. The objective of a stiff chemistry solver, also referred to as a fractional step
method, is to reduce the time to solution. This is accomplished by maintaining stability using time step sizes
limited by the hydrodynamic timescales rather than chemical reaction timescales, which may be several
orders of magnitude smaller.
The key aspect of a stiff chemistry solver is that transport (convection–diffusion) and chemical reaction
effects are treated independently such that different solution methodologies can be used for each problem type. For example, discretized transport equations for nonreacting, cold flow systems result in large,
sparse matrices whereby interphase transfer terms binding the phases are decoupled through partial elimination algorithms. The linear systems are solved in succession using iterative techniques that aim to exploit
the matrix structure. In contrast, chemical reactions couple mass, species composition, and temperature
through highly nonlinear source terms. Locality is such that chemical reactions in a computational cell
are independent of reactions occurring in adjacent cells. Therefore, a low-dimensional, nonlinear system of
coupled mass, species, and energy equations is solved to account for reactions.
The general approach of a stiff chemistry solver is depicted in Equation 2.419. First, the transport
equations are solved without chemical reaction source terms. These intermediate solutions are denoted
by a star, ϕ* (t + Δt) and provide the initial conditions for the set of differential equations based on the
chemical reaction source terms. The set of differential equations is directly integrated for each computational cell, completing the time step:
f (t ) ¾transport
¾¾¾
® f* (t + Dt ) ¾reaction
¾¾® f (t + Dt )

(2.420)

The set of differential equations sent to the stiff solver is dynamically constructed for each computational
cell; every time step is constructed to minimize the computational impact of the solver. The form of the
chemical reaction conservation equations is given in the following equations:
d
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(2.423)

Following the solution of the transport equations, the stiff solver evaluates the reaction rates for a computational cell, skipping cells where all reaction rates fall below a minimum threshold. If a cell does not contain
any reactive solids, the cell is restricted to homogeneous gas-phase reactions to minimize computational overhead. The energy equations for all phases are an important exception and are always included in the set of
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differential equations. This allows for an otherwise inert solid phase to act as a solid catalyst, thereby receiving
the heat of reaction. Once the set of differential equations is determined, the active variables are mapped into
the low-dimensional space and passed to the solver, ODEPACK (Hindmarsh, 1983). After the direct integration
is preformed, the results are mapped back to the full dimensional space.
2.7.4.2 Variable Solid Density
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A variable solid density model is used to capture the effect of solid particles maintaining a constant size
while losing mass due to a chemical reaction or phase change. This is similar to the progressive conversion
model of Levenspiel (1972) but adapted for a TFM. The traditional TFM accounts for solids mass sources
and sinks by adjusting the solids, volume fraction. If the solids, diameter and density are constant, this leads
to the implicit assumption that any loss (or gain) of solids, mass is the result of a decrease or increase in the
particle number density.
The variable solid density model, as implemented in MFIX-TFM, requires that each solid phase be defined
B
B
with a baseline species mass fraction composition, X mn
, along with the material densities of each species, rmn
.
Here, the subscripts m and n indicate the phase and species, respectively. The superscript B indicates that this
is a baseline quantity. The baseline apparent solid density for the solid phase is then calculated as
1
=
rmB

Nm

å
n

B
X mn
B
rmn

(2.424)

where Nm is the total number of species comprising solid phase m.
The term baseline is used to assert that these values are specific to the phase definition and do not restrict
the initial conditions or instantaneous composition of the solid phase. For example, consider a solid phase
defined to represent coal particles and taken to be composed of the four pseudo-species char, ash, volatiles,
and moisture. The baseline composition of the coal would likely reflect the proximate analysis (e.g., 40%
char, 15% ash, 35% volatiles, and 10% moisture), whereas the initial conditions for the solid phase might be
defined as either a normalized char/ash mixture (73% char and 27% ash) or all ash (100% ash).
The definition of the baseline solid density is only valid with respect to the baseline mass fractions
of solids species. The equation employs the assumption that the volume of a particle is equivalent to the
mass of a particle divided by the material density; however, as mass is lost or gained, this assumption no
longer holds. This is easily demonstrated again by considering a coal particle. If all of the char, volatiles,
and moisture are consumed such that only ash remains, then Equation 2.423 indicates that the solid density approaches the material density of ash as the mass fraction of ash goes to one. This is incorrect as the
solid density should approach the mass of ash divided by the volume of solids. Xue et al. (2011) noted this
phenomenon and suggested that the apparent solid density is related to the baseline density by a porosity,
εp, such that
rm = rmB (1 - e p )

(2.425)

This approach is not desirable in a generalized multiphase CFD code because it requires users to provide an
additional closure to account for the evolution of porosity.
The variable solid density model in MFIX-TFM is generalized by having users identify one solid-phase
species as inert. This is a reasonable approach given that the solids diameter is considered invariant to
mass loss, and therefore, an inert material is needed to provide a rigid matrix to support reactants and/or
products. Continuing with the example of a coal particle, the ash species can be marked as inert because it
is not consumed or formed by any chemical reactions. The fact that an inert species is neither formed nor
destroyed as a result of phase change or chemical reactions can then be exploited to construct a variable
density model.
First, observe that an instantaneous solid density can be defined as the sum of the individual species
masses, mmn, divided by the volume that the phase occupies, Vm:
rm =

åV

mmn

n
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(2.426)

m
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Using the assumption that the inert species mass is constant gives
mm =

B
mm0 X mI
X mI

(2.427)

where
the superscript “0” indicates the initial value
the subscript “I” is the index of the inert species
The definition of the initial solids mass, mm0 = rm0 Vm , is then used to condense the instantaneous solid density
calculation:
rm =

å
n

B
æ mm0 X mI
ö mmn B
XB
rmVm = rmB mI
ç
÷
X mI
è X mI ø Vm

(2.428)
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The simplified form of the instantaneous solid density is compact making it ideal for implementation in
CFD programs. Additionally, this approach does not require any new information, such as new field variables or additional species data, to calculate the solid density. Finally, the calculation is reasonably safe to
perform without risk of floating-point arithmetic errors because the mass fraction of the inert material
remains sufficiently large, in most practical cases.
2.7.4.3 Point Sources

As the name implies, point sources provide a way to specify mass sources to the discretized governing equations at either a specific location (point) or a region defined by a plane or volume. They are typically used in
place of flow boundary conditions to model features such as injector tubes. Point sources are especially useful when substantial mesh refinement would otherwise be required to model the geometry of these smallscale mass sources as illustrated in Figure 2.81.
In MFIX, point sources are defined by specifying the mass flow rate, species composition, and temperature of
incoming material and predominately operate on the scalar field. Unlike a traditional flow boundary condition,
which defines the velocity at the face of a computational cell, point sources do not need to contribute directly to
the momentum equations. If desired, point sources can be made directional by specifying magnitude and orientation whereby the momentum source is applied to the cell face in the point source’s flow direction.
2.7.4.4 Filtered Models

Gas–solid flows in fluidized beds, circulating fluidized beds, and risers typically exhibit fluctuations and
instabilities over a wide range of length and timescales. For example, inhomogeneous structures, or clusters,
Grid resolved injector

Point source on coarse mesh

Injector

Mass inflow
boundary condition

Wall cells

Point source

Figure 2.81
Illustrative example of an injector that is modeled either by resolving the grid or by a point source.
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Figure 2.82
Gas–solid flow simulations at various scales. (Adapted from Milioli, C. et al., Constitutive model for the fluidparticle drag coefficient in filtered two-fluid models for gas-particle flows, in AIChE Annual Meeting, AIChE,
Pittsburgh, PA, 2012.)

can develop within very small scales, on the order of 10 particle sizes (Agrawal et al., 2001), which can
affect the flow dynamics. As noted earlier, TFM is based on locally averaged quantities wherein details of
the flow at the individual particle level are unresolved, unlike direct numerical simulations (Figure 2.82).
This approach requires closures (constitutive relations) to close the system of equations. These closures are
typically based on data and/or analysis of homogeneous systems that do not natively take into account the
formation of clusters at scales smaller than the computational cell size. When the computational mesh is sufficiently fine to resolve small scales (smaller than the cluster size), no additional modeling effort is required
to capture their effects, but the burden is placed on the computational resources to achieve such fine resolution. For example, at the mesoscale level, high-resolution TFM simulations can capture small-scale structures, provided the computational cells are of the order of a few particle diameters. While high-resolution
TFM simulations of large-scale devices, like those found in the industry, are theoretically possible, they
are practically beyond current computational capabilities. Consequently, coarse mesh simulations are preferred. Coarse grids, however, are insufficient to resolve small-scale structures (i.e., at the subgrid scale
level). As a result, the constitutive equations must be modified to account for the effects of the unresolved
structures. For example, in the presence of clusters, the drag force needs to be reduced and compared to a
homogeneous particle distribution to represent the lower resistance encountered by the air flowing around
clusters. Similarly, mass and energy transfer will be reduced due to the tendency of the gas to bypass dense
particle regions. The drag law can be corrected through an apparent cluster size (O’Brien and Syamlal, 1993,
Heynderickx et al., 2004) or by using an energy minimization multiscale approach (Li and Kwauk, 2003,
Yang et al., 2004). The implementation of these correction terms in the constitutive relations is referred to as
filtered models. Although this is a fairly new development and a rapidly evolving field in the multiphase community, a similar technique is routinely applied to model single-phase turbulent flows and is known as large
eddy simulation (Smagorinsky, 1963, Pope, 2000, Sagaut, 2006). The following sections describe two filtered
models currently implemented in MFIX for monodisperse systems. For monodisperse systems, the Igci and
2.7 Two-Fluid Model in MFIX
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Milioli filtered models are currently available in MFIX (Release 2014-1). Details about the formulations can
be found in Igci et al. (2008, 2012), Igci and Sundaresan (2011), and Milioli et al. (2012, 2013). A discussion
of filtered models for bidispersed system can be found in Holloway and Sunderasan (2014).
2.7.4.5 Cartesian Grid Cut-Cell Technique
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MFIX uses a 3D structured Cartesian or cylindrical coordinate system, with staggered grid representation
of the velocity components. The advantages of the structured grid are the simple discretization of the governing equations, fairly straightforward programming of the numerical method, and fast mesh generation.
However, structured grids have the disadvantage of not being able to accurately represent curved or sloping boundaries, which limits its range of applications. In a structured grid system, a boundary that is not
aligned with the grid is typically approximated by a series of steps, referred to as staircase representation.
Accuracy can be improved by refining the grid, but this requires additional computational resources, which
often proves prohibitive.
For improved flexibility, the Cartesian grid cut-cell technique was implemented to represent complex
geometries. This technique has the advantage of keeping the traditional Cartesian grid formulation to discretize the computational domain away from the boundaries, while computational cells near the boundaries
are truncated so that they conform to the boundary surface. Therefore, additional treatment is only required
for the boundary cells. A description of the Cartesian grid cut-cell method for staggered grid system is given
in Kirkpatrick et al. (2003), and the original MFIX implementation can be found in Dietiker et al. (2009).
In the latter, improvement over the usual staircase representation of curved or sloped boundary was highlighted through several simple benchmark tests. For a 2D single-phase flow in a skewed channel, the error on
the velocity can be reduced by an order of magnitude. Figure 2.83 shows an example of velocity profile across
a channel with a coarse grid. The solution with cut cell is smooth and compares well with the exact solution,
whereas the solution with staircase boundary exhibits large discrepancies, even far away from the walls.
In the Cartesian grid cut-cell method, once the geometry is defined, the computational cells are truncated to conform to the shape of the boundaries. Current geometry input methods include quadric surfaces
for relatively simple shapes (cylinders, cones, etc.), 2D polygons, user-defined functions, or direct input from
a CAD file (STL format). Velocity nodes are moved to the center of cut-cell faces, and computation of fluxes
through cut-cell faces is modified to account for the new nodes location.
Figure 2.84 shows the computational grid near a curved boundary, where arrows indicate the location
of velocity nodes. The wall is represented by a thick solid line. Three types of cells are shown: standard
(uncut) cells, cut cells that require special treatment due to the presence of the wall, and blocked cells that
are excluded from computations. Figure 2.85 shows an x-momentum cut cell (cell bordering a boundary
surface), where uP refers to the x-velocity in that cell and uE refers to the x-velocity in the east-neighbor cell.
The interpolated velocity, ue, at a boundary cell surface based on velocity nodes uP and uE is not necessarily
1
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Figure 2.83
Illustration of the benefits of Cartesian grid cut cell. The velocity profile across a skewed channel shows large error with a staircase representation on the boundaries. When cut cells are used, the wall boundary is smooth and the velocity profile matches
the exact parabolic solution.
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Figure 2.84
Different types of scalar cells and location of velocity nodes with the Cartesian grid cut-cell technique.
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Figure 2.85
Interpolation correction for uec at the east face of an x-velocity cut cell.

located at the center of the cell face. To calculate the velocity at the cell face center, uec, a correction is applied.
For a no-slip boundary condition, uec is computed by assuming zero velocity at the wall using the ratio of
normal distances to the wall from uec = Δhecue/Δhe = αeue. For a free-slip boundary condition, the coefficient
αe is set to one. For partial slip (Johnson–Jackson), the value of αe is between 0 and 1 and depends on the
specularity coefficient. Since the line between uP and uE is not aligned with the x-axis, nonorthogonality
correction terms are included in the computation of velocity gradients.
A wide variety of cut cells are typically generated, and cut cells vary in shape and size. The generation of small pressure cells can lead to stability issues. Due to the staggered grid formulation, velocity cells
require pairs of pressure nodes (East/West, North/South, and Top/Bottom) to compute pressure gradients.
However, when some pressure cells are removed (blocked cells), the corresponding velocity cells will only
have one pressure node and the pressure gradient cannot be computed in that direction. When this situation
occurs, the velocity cell is flagged as a “wall cell,” and the momentum equation is not solved for this cell. The
treatment of single-pressure velocity cells effectively limits their size to half the size of a standard cell in any
direction. This criterion automatically avoids problems linked to small velocity cells.
The treatment of cut cells involves additional interpolation and correction terms, which increases the
computational cost of the flow solver. However, the geometric parameters are computed during preprocessing and have negligible impact on the overall code efficiency. Cut-cell simulation results are stored in vtk
files (Avila, 2010) for visualization. For meshes that contain a large number of unused computational cells
(i.e., blocked cells), it is beneficial to reindex the cells in the program memory, such that the flow solver only
2.7 Two-Fluid Model in MFIX

261

Downloaded by [Cornell University] at 04:29 25 October 2016

Figure 2.86
Example of a simulation using the Cartesian grid cut-cell technique.

loops over fluid and boundary cells. Reindexing is performed after the preprocessing and has been shown
to greatly improve the performance of the code. Figure 2.86 shows an example of a chemical looping reactor
simulation with a fairly complex geometry. The rendered image shows the void fraction in the unit, where the
light gray corresponds to a packed solid phase and the dark gray corresponds to a dilute region. The geometry was created in a CAD software and imported into MFIX at run time. The geometry was defined using
an STL file and consists of about 175,000 triangular facets. The total number of cells is about 2.7 million, but
due to the large number of blocked cells, only 0.3 million cells are actually active computational cells. In this
case, the reindexing method provided a speedup factor of 4.5, which greatly reduces the time to solution.
An example of an ongoing industrial application of MFIX-TFM at NETL is shown in Figure 2.87. The entire
geometry is defined by quadric surfaces, and the mesh consists of 4 million cells after reindexing.
2.7.5 Accessing and Using MFIX
MFIX is an open-source multiphase flow solver developed and maintained at the NETL. Over the years,
many additional researchers from national laboratories or universities have contributed to the code. MFIX
can be downloaded for free from the MFIX website (https://mfix.netl.doe.gov/), and a one-time (free) registration is required prior to downloading the source code. Typically, one or two new releases occur per year,
and bug fixes are provided on a regular basis.
MFIX is primarily designed to run on Linux operating system; therefore, users should be familiar with basic Linux operating system commands and procedures before attempting to install and use
MFIX. A Windows operating system executable file is also available for download, which can run basic
models. Advanced models requiring user-defined functions (such as chemical reaction rate specifications) are not available from the Windows executable file. Users that do not have access to a Linux
machine can install the Linux emulator Cygwin (https://cygwin.com/) on their machine to have the
capability to customize the code. Other options to run MFIX on Windows include MINGW (http://
mingw.org/). The code may also be compiled with a Windows Fortran compiler, but the MFIX development team does not support this format.
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Time = 20.0 s

Figure 2.87
Example of an ongoing industrial application of MFIX-TFM at the National Energy Technology Laboratory.
The Integrated Waste Treatment Facility Unit, developed to process sodium-bearing waste (acidic radioactive waste resulting primarily from radioactive decontamination of equipment and other components) stored
at the Idaho Nuclear Technology and Engineering Treatment Center, will convert the waste into a granular
product that can be further processed for disposal with the help of a fluidized bed conversion process similar
to coal gasification/combustion. An MFIX-TFM model is providing insights into how the bed operates in the
current design and is helping to optimize the bed operation. This figure shows void fraction isosurfaces in the
unit, illustrating the bubble pattern in the bed, above the sparge ring and rail distributors.

MFIX is distributed as a single tarball that contains the source code, documentation, and a suite of tutorials. A Fortran 90 compiler is required to compile the code. Typical compilers include GNU (gfortran),
Portland Group (pgf90), and Intel (ifort) compilers. For parallel execution in distributed memory parallel
(DMP) mode, an MPI library must also be available (mpich or openmpi). Once the tarball is extracted, the
code can be installed by invoking a build script. Typically, the compilation is performed in a directory called
the run directory, where the input file and user-defined files are located. Invoking the makefile goes through
a series of options to select the mode of execution (serial, DMP, SMP, or hybrid mode), the level of optimization (ranging from none for debugging purposes to aggressive for production runs), and the Fortran compiler. Advanced users can customize the compilation flags to use a compiler that is not listed in the makefile
or take advantage of their hardware architecture by adding specific compilation flags that will optimize the
code. After successful compilation, an executable file called mfix.exe is created.
As with any CFD tool, becoming fully accustomed with the operation of the software requires time, and
a careful study of the various tutorials that are distributed along with the source code is recommended. For
basic simulations, the entire setup is contained within a single input file, called mfix.dat. This is a text file
with a list of keywords/values that can be edited to modify the simulation parameters. A complete description of the keywords is given in the user guide (also called the Readme file). Only keyword values that differ
from the default value or do not have a default value need to be specified. Keywords can be entered in any
order, but they are usually grouped into logical sections. Typically, new users will study a few tutorials and
then select one that is similar to the simulations they want to perform. The input file from the tutorial serves
as a starting point, which minimizes the effort required to define the simulation parameters.
2.7 Two-Fluid Model in MFIX
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Knowledge of Fortran programming language is not required to use MFIX. However, simulations involving chemical reactions require editing a user-defined subroutine to define the chemical reaction rates. Careful
study of the tutorials is always recommended to gain experience before attempting to build and run a simulation, especially, a chemically reacting simulation. To implement new models or modify a feature of the
code, good knowledge of Fortran is necessary, and time must be invested to understand the code structure
and variable names. Both Doxygen (http://www.stack.nl/~dimitri/doxygen/) and STI (https://scitools.com)
documentations are available for developers and interested users. These documentations provide in-depth
analysis of the code. They allow users to navigate through the code and see how variables, subroutines, and
functions are used. Call graphs allow users to get more quickly accustomed with the code structure and
reveal where to implement their own models or improve existing ones. Finally, a mailing list system has
been set up to provide a mechanism for communication among MFIX users and developers. Users can post
technical questions, and members of the development team or other users provide the answers.
MFIX development activities are tracked through a Git repository. Therefore, MFIX users that actively
collaborate with the MFIX development team can view the source code changes as they are being made by
developers or other users through the Git interface. In addition to downloading the latest release, MFIX
users can also retrieve a previous version of the code. Therefore, simulations may be conducted with an
older version allowing users to exactly reproduce simulations reported in the literature or compare different
versions of the code.
Results can be postprocessed after the simulation is complete, or while the simulation is running, as long
as intermediate data are saved regularly. A simple postprocessing tool, called post_mfix, is distributed with
MFIX, which allows the flow field to be probed at specified locations. This tool can also be used to extract
time or spatial averages. Similar to the flow solver mfix.exe, post_mfix must be compiled prior to its first use.
The data can also be visualized by other open-source tools, such as ParaView (www.paraview.org/) and VisIt
(wci.llnl.gov/simulation/computer-codes/visit/).
2.7.6 MFIX Applications
The scale and complexity of simulations leveraging the MFIX suite continue to grow as the modeling capabilities are expanded and refined. Although primarily intended to aid in the design and troubleshooting of
reacting, multiphase systems, especially with respect to fossil energy technologies such as gasifiers, MFIX
has been used in a variety of applications. This section reviews a sample of the interesting MFIX research
activities and applications reported in the literature.
2.7.6.1 Kinetic Theory of Gas–Solid Flows

As an open-source project, MFIX is regularly used to test new gas–solid flow theories and modeling techniques. One area of active research is the kinetic theory of gas–solid flows for which MFIX contains several
theories (Garzo and Dufty, 1999, Iddir and Arastoopour, 2005, Garzo et al., 2007a,b, Garzo et al., 2012).
These types of gas–solid flow theories are derived as pure mathematical models employing different assumptions such as the number of phases, granular or gas solids, and base state of the Enskog expansion (see Garzo
et al., 2007b, Hrenya 2011). Verification of the theories is typically restricted to cases that yield analytical
solutions for highly idealized conditions (e.g., a homogeneously cooling system). After being implemented
into MFIX, these highly sophisticated theories can be evaluated with respect to more complex flow dynamics, compared against existing models, used in validation studies, or used to analyze fundamental flow
dynamics (e.g., Mitrano et al., 2014).
2.7.6.2 Subgrid Cylinder Array Model

In industrial-size fluidized beds, heat exchange is often provided by arrays of immersed tubes, such as in a
solid sorbent–based CO2 capture reactor. The tube diameter is much smaller than the vessel size, and it is
computationally expensive to model each individual tube. Similar to the filtered drag models discussed in
Section 2.7.4.5, Sarkar et al. (2013) developed a subgrid drag model to represent the presence of a horizontal
cylinder array in a fluidized bed. A series of highly resolved simulations were conducted to gather the necessary data to construct the closure models. For each simulation, a pressure drop was imposed vertically on a
periodic domain with an immersed array of cylinders. The pressure drop controls the average gas and solids
velocity in the domain. Figure 2.88 shows an example of a computational domain. The cylinders were represented by the Cartesian grid cut-cell technique described in Section 2.7.4.4. The simulations were conducted
with various values of the tube diameters, spacing between tubes, averaged solids, volume fraction in the
domain, and pressure drop. Figure 2.89 illustrates the flow structures for various solids, volume fractions.
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Illustration of the computational domain for high-resolution simulations. (From Sarkar, A. et al., Chem. Eng.
Sci., 104, 399, December 2013.)
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Figure 2.89
Snapshots of the solids, volume fraction distribution for averaged volume fractions ranging from 0.01 to 0.6.
(From Sarkar, A. et al., Chem. Eng. Sci., 104, 399, December 2013.)

For small volume fractions, the formation and dissociation of clusters are visible, whereas at larger volume
fractions, bubbles develop and break around the tubes.
For coarse grid simulations that cannot resolve the flow around individual cylinders, an additional stationary solid phase is introduced, and a closure is required to model the drag force exerted on the gas–solid
suspension by the cylinder array. The filtered drag force was obtained by curve fitting the data obtained
from hundreds of simulations and was expressed as a function of averaged volume fractions, velocities, and
geometric parameters (cylinder diameter and spacing). The formulation clearly shows a kinetic component
and a buoyancy component. Another series of simulations where the pressure drop was imposed horizontally, that is, perpendicular to gravity, showed that the horizontal drag coefficient is smaller than the vertical
drag coefficient. The presence of cylinders also modifies the structure of the gas–solid suspension for solids,
volume fractions larger than 0.30. For dense suspensions, the cylinders promote the formation of bubbles,
and the Igci drag coefficient must be further reduced. Details about the proposed subgrid drag models can
be found in Sarkar et al. (2013), and verification of the subgrid models is described in Sarkar et al. (2014).
2.7.6.3 High-Fidelity Gasifier Simulations

First of their kind, high-fidelity gasifier simulations were carried out with MFIX-TFM to demonstrate the use
of multiphase CFD as a tool for studying system scalability, performance optimization, and troubleshooting
analysis (Gel et al., 2010). As part of this effort, two commercial-scale configurations were simulated with
nearly 10 million computational cells each. The nonproprietary, commercial-scale, reactor was 50 m tall with a
2.7 Two-Fluid Model in MFIX
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Figure 2.90
Instantaneous gas-phase steam mass fraction predicted in a simulation used for studying jet penetration in a gasifier. (From Li,
T. et al., Ind. Eng. Chem. Res., 49, 10767, 2010b.)

1.6 m in diameter, which was represented with a grid at 1 mm resolution in regions of interest. A reduced scale
system utilizing 2.4 million computational cells and a high-order discretization scheme was used to investigate
coal jet penetration (Li et al., 2010b). Time-averaged data from the full-scale simulations were used to impose
the flow boundary conditions for the reduced case. A snapshot of the gas-phase steam mass fraction is shown
with a volume rendering in Figure 2.90 for three vertical locations (left) and the centerline (right).
MFIX simulation results of the pilot-scale gasifier at the Power Systems Development Facility in
Wilsonville, Alabama, provided insight into the systems operation (Syamlal et al., 2011). Simulations showed
that oxygen penetrated into the upper region of the mixing zone, whereas the design called for oxygen to be
consumed in the lower mixing zone region. This prediction was later confirmed by measuring the oxygen
concentration in the gasifier. Additionally, simulations showed higher concentrations of carbon monoxide
in the disengager, which again was later confirmed.
Modifications to the pilot-scale gasifier were simulated in 2 weeks at a cost of around $10 thousand,
while the physical changes took 14 weeks and cost approximately $6 million. The simulation predicted a
substantial increase in the carbon monoxide concentration in the syngas. Measurements taken on the modified geometry later confirmed these results. Furthermore, it was possible to determine from the simulation
results that the increase in the carbon monoxide concentration was caused by the larger concentration of
solids along the walls of the modified reactor. Finally, the validated model was employed in the design of
a commercial-scale gasifier with a scale-up factor of 50. Simulation results provided guidance in design
selection as they indicated that various configurations may lead to hotspots that could impact the gasifier’s
performance and operability.
2.7.6.4 Wood Gasification

Wood gasification is a promising renewable energy technology that needs to be better understood and optimized. Although experiments are still required to study the complex nature of gasification in fluidized bed
reactors, numerical simulation tools provide useful data for quantities that cannot be easily measured in
experiments. To gain confidence in those predictions, validation studies are often performed at increasing
levels of complexity. For example, Gerber et al. (2010) used the MFIX-TFM to model wood gasification in a
bubbling fluidized bed reactor and compared their results with experiment. In this case, they implemented
a comprehensive model for wood pyrolysis, char gasification, and homogeneous gas-phase reaction. Three
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Figure 2.91
(a) Schematic of the wood gasification reactor. (b) Snapshots of the gas-phase volume fraction. (From Gerber,
S. et al., Fuel, 89, 2903, October 2010.)

solid phases were used, one phase for wood, and two phases of different particle sizes for char. The gas phase
consisted of eight species (N2, O2, H2, CH4, CO, CO2, H2O, and tar). A primary pyrolysis model, converting
wood into wood gas (CO, CO2, CH4, H2, H2O), char, and tar was taken from Grønli (1996). For the secondary
pyrolysis model, two descriptions (Boroson and Howard, 1989, Rath and Staudiger, 2001) were investigated.
Figure 2.91a shows a schematic of the reactor. Wood is fed into the reactor at a rate of 2 kg/h. Preheated air
fluidized the bed from the bottom. The products of gasification were analyzed at the outlet, located near the
top of the reactor. Figure 2.91b illustrates the gas-phase volume fraction and shows the bubbling pattern
in the bed. The steady-state concentrations of some components of the product gas are compared with the
experimental data in Table 2.9. The predicted values are all within the experimental range.
2.7.6.5 Spouted-Bed Nuclear Fuel Coater

Pannala et al. (2006, 2007) used MFIX-TFM to model the hydrodynamics of a spouted-bed nuclear fuel coater.
The project objective was to model a coating device used for making the tristructural isotropic (TRISO) fuel
particle, which is at the heart of the advanced gas reactor concept of U.S. DOE Nuclear Energy (DOE-NE)
Table 2.9 Steady-State Values of Gas Species
Concentrations at the Outlet
Experiments
Gas Species

CO
CO2
H2
CH4
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MFIX Results

Min

Max

0.139
0.158
0.076
0.036

0.13
0.13
0.07
0.02

0.21
0.17
0.11
0.06

267

Downloaded by [Cornell University] at 04:29 25 October 2016

(Kinsey, 2014). The TRISO particles consist of a UO2 kernel coated with buffer carbon (to accommodate
fission gases), pyrolytic carbon (to prevent chlorine and other species from attacking SiC), silicon carbide
(pressure capsule), and pyrolytic carbon (protect SiC from cracking during fuel assembly). The particles are
fabricated in a high-temperature (1300°C–1500°C) spouted-bed reactor operated in a batch mode, cycling
them through deposition and annealing zones that affect complex chemical changes in the particles. The
particles can be fabricated with very low rates of defect to contain fission products with a high degree of
safety. The scaled-up design must maintain optimal temperatures, gas compositions, and residence times in
each zone in order to attain the right microstructure of the coating layers at a nanometer scale. Pannala et al.
(2006) addressed this scale-up challenge by building an MFIX model and then validating it with lab-scale
data. The resulting model was used to conduct simulations and identify important characteristics for evaluating the designs of a production-scale coater.
Pannala et al. (2007) describe 2D and 3D MFIX-TFM simulations of spouted beds and compare the
simulation results with experimental data. A key finding of their study was that MFIX-TFM captured the
experimentally observed features of the solids, circulation and spout formation. Specifically, MFIX-TFM
simulations showed that solids are transported up through the spout and deposited across the bed surfaces.
Meanwhile, solids move downward along the walls and accumulate at the spout inlet until sufficient gas
pressure builds to push the solid packet up through the bed. This predicted pattern of solids accumulation
and discharge at the inlet lead to pulsations in the gas pressure, which were also observed in experiments.
Over 20 discriminating characteristics (DCs) of importance to the coating process (e.g., particle residence
time in the coating zone) were determined from the modeling study. Using DCs was necessary because all
the nondimensional parameters of the full-scale coater could not be matched in the lab-scale coater. Pannala
et al. (2006) evaluated four different designs with the help of the DCs. Cardioid chalice with the multiport
design appeared to have the best gas–solid mixing and heat transfer rates (see Figure 2.92). The full-scale
coater was built by B&W at Lynchburg, Virginia. After some initial fine tuning, the coater was used to coat
nuclear fuel particles for DOE-NE’s advanced gas-cooled reactor program. This is an example of reducing
the design cycle time from what could be two decades to around 2 years with the help of a validated CFD
model (personal communication with S. Pannala, 2009).
2.7.6.6 Pyroclastic Flows from Volcanic Eruptions

A less traditional MFIX application is in the geological and earth sciences field (Dufek and Bergantz, 2006,
Dartevelle and Valentine, 2007, Ruprecht et al., 2008, Dartevelle, 2011, Molina et al., 2012). Particularly interesting simulations of the Kos Plateau Tuff volcanic eruption were conducted by Dufek and Bergantz (2007)
to investigate the role of bed load and suspended solids as well as the role of topography and overwater/
overland effects on the transportation of pyroclastic flows. Specialty boundary conditions were developed
to account for flow overwater (leaky) and flow overland (saltation). The simulations were carried out using
Standard design

New design 1

New design

Figure 2.92
Evaluating the design of fluidized bed chemical vapor deposition coater for making nuclear fuel particles.
(From Pannala, S., Personal communication, 2009.)
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cylindrical coordinates with a vertical resolution of 10 m near the boundary expanding to 100 m in the far
field. The horizontal resolution ranged from 20 to 100 m as needed to capture the topography of the model
region. Dufek and Bergantz (2006) used simulation results to estimate the ring vent eruptive flux and thereby
approximate the eruption duration needed to generate the observed depositional distribution of volcanic solids. Furthermore, simulation results suggested that there was likely a body of water south of Kos at the start
of the eruption that could aid in estimating the neotectonic subsidence in the area.
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Nomenclature
CDm
CDs
Cfml
Cpm
dpm
Dmij
Dmn
eml
fgi
gi
g0ml
hmn
Hm
i,j,k
Imli
kg
m,l
M
Mw
n
Nm
Num
p
p,v
Pg
Pc
Pm
Pr
qmj
R
Rem
Rlm
Rmn
Rmlnp

Multiparticle drag coefficient
Single-particle drag coefficient
Coefficient of friction between particles constituting the lth and mth solid phases
Specific heat of the mth phase; J/kg ∙ K
Diameter of the particles constituting the mth solid phase; m
Rate of strain tensor for mth phase; s−1
Diffusion coefficient of nth species in the mth phase; kg/m ∙ s
Coefficient of restitution for the collisions between particles constituting the lth and mth solid
phases
Fluid flow resistance due to porous media; N/m3
Acceleration due to gravity; m/s2
Radial distribution function at contact for a mixture of hard spheres
Specific enthalpy of the nth species in the mth phase; J/kg
Total rate of enthalpy change in the mth phase due to chemical reactions and phase changes; J/m3 ∙ s
Subscripts for identifying vector and tensor components; if there are multiple subscripts, these
indices appear at the end of the list of subscripts and summation convention is implied only for
these indices
Momentum transfer between the mth and the lth phases due to interphase forces such as drag
force; N/m3
Gas-phase turbulent kinetic energy; m2/s2
Subscripts for identifying phases: m = 0 or g is gas phase; m = 1 to M are solid phases
Total number of solid phases
Average molecular weight of gas
Subscript for the nth chemical species
Total number of chemical species in phase m
Nusselt number
Subscript for identifying a chemical reaction out of the P chemical reactions in total
Subscripts for identifying plastic regime (p) and viscous regime (v) stresses in the solid phase
Gas-phase pressure; Pa
Solid-phase pressure in close-packed regions; Pa
Viscous regime pressure in the mth solid phase; Pa
Prandtl number
Conductive heat flux in the mth phase; J/m2 ∙ s
Universal gas constant; Pa ∙ m3/kmol ∙ K
Particle Reynolds number of the mth solid phase
Rate of transfer of mass from lth phase to mth phase; kg/m3 ∙ s
Rate of formation (or destruction) of the nth chemical species in the mth phase; kg/m3 ∙ s
Rate of formation (or destruction) of the nth species in mth phase attributed to the pth reaction
between the mth and lth phases; kg/m3 ∙ s

Nomenclature
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Smij
t
Tm
TRm
ue
uec
uE
uP
Umj
vt
Vrm
xj
Xmn

Deviator of rate of strain tensor for mth hase; s−1
Time; s
Thermodynamic temperature of the mth phase; K
Background temperature in a radiation model; K
Interpolated velocity; m/s
Velocity at the cell face center; m/s
x-velocity in east-neighbor x-momentum cell; m/s
x-velocity in x-momentum cell; m/s
jth component of the mth phase velocity; m/s
Particle terminal velocity; m/s
Ratio of the terminal velocity of a multiparticle system to that of a single particle of the mth solid
phase
jth coordinate direction; m
Mass fraction of the nth chemical species in the mth phase
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Greek Letters
αe
Ratio of wall distances Δhec/Δhe
δij
Identity tensor
Δhe
Wall distance to the location of interpolated velocity; m
Δhec
Wall distance to cell center; m
γgm
Gas–solid heat transfer coefficient; J/m3 ∙ K ∙ s
γRm
Radiative heat transfer coefficient for the mth phase; J/m3 ∙ K4 ∙ s
ε*
Void fraction (or gas volume fraction) of close-packed solids
εm
Volume fraction of the mth phase
εg
Turbulent energy dissipation rate in the gas phase; m2/s3
η
Function of the restitution coefficient
Θm
Granular temperature of the mth solid phase; m2/s2
κm
Granular temperature conductivity of the mth solid phase; kg/m ∙ s
λg
Thermal conductivity of the mth phase; J/m ∙ K ∙ s
μg
Molecular viscosity of the gas phase; kg/m ∙ s
t
mg
Turbulent viscosity of the gas phase; kg/m ∙ s
μm
Granular viscosity of the mth solid phase in plastic or viscous regimes; kg/m ∙ s
ρm
Microscopic (material) density of the mth phase; kg/m3
ξ gmp
Enthalpy transfer attributed to mass transfer between the gas and the mth solid phases for the pth
reaction; J/m3 ∙ s
τmij
Stress tensor of the mth phase; Pa
ϕ
Angle of internal friction
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In the current applications of multiphase CFD, some examples of which are discussed in other chapters of
this book, predictive calculations are considered deterministic, which seems to be justified by the fact that
multiphase CFD is based on a set of deterministic equations. However, various sources of uncertainty can
affect predictive simulations, making their results uncertain; quantifying those uncertainties is essential for
establishing the degree of confidence in the predictions. If the degree of confidence is known, technology
developers will be able to use predictive simulations for making better design decisions, enabling them to
take larger steps while scaling up a technology. Thereby, the time and cost of bringing new technologies to
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market will be reduced. Quantifying the confidence in multiphase CFD predictions is currently a major
research focus at NETL, and some of the methods and recent results are reviewed in this section.
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2.8.1 Verification and Validation
A series of steps are required for establishing the degree of confidence in predictive simulations. The first
two steps are verification and validation (V&V): verification is “the process of determining that a model
implementation accurately represents the developer’s conceptual description of the model and the solution
to the model” and validation is “the process of determining the degree to which a model is an accurate
representation of the real world from the perspective of the intended uses of the model” (Oberkampf and
Trucano, 2002). Typically, CFD code developers ensure that their code solves the model equations correctly
by comparing the solution given by their code with benchmark numerical solutions (generated by other
highly accurate codes), analytical solutions for simplified problems, or asymptotic solutions (the verification step). Another useful technique is the method of manufactured solutions. In that method an analytical
solution is picked and the source terms required to generate that solution are determined and added to the
governing equations. By numerically solving the modified equations, the discretization error can be determined exactly and the order of reduction of the discretization error can be evaluated. Then by comparing
the observed order of accuracy with the formal order of accuracy, coding errors and algorithm inconsistencies can be identified. Choudhary et al. (2014) describe such an approach for verifying MFIX-TFM.
The user of a CFD code ensures that the equations solved by the code accurately describe the real world by
comparing the simulation results with data from experiments closely related to their application (the validation step). Usually comparisons with experiments at multiple levels of complexity are necessary for complete
model validation because no single lab-scale experiment is sufficient to capture all the complexities of a
real-world multiphase reactor and sufficiently detailed data are often not available from the more complex
pilot-scale experiments. Such a validation hierarchy is developed and used, for example, by the Carbon
Capture Simulation Initiative (CCSI), which is developing multiscale and multiphysics computational tools
for enabling the rapid scale-up of carbon capture technologies (Miller et al., 2014). CCSI’s validation hierarchy for a solid sorbent-based carbon capture system comprises CFD simulations of experiments ranging
from simple fluidized beds to complex CO2 reactors as shown in Figure 2.93 (Ryan et al., 2012).
2.8.2 Validation Uncertainty Quantification
Traditionally, a good agreement between the simulation results and experimental data justifies the use of
the model for predictive simulations. This approach has some inherent difficulties, however. The goodness
of agreement is a subjective judgment, which could be unreliable and overly optimistic (e.g., Grace and
Taghipour, 2004). More importantly, the judgment is solely based on the validation comparison error (E),
which by itself may not provide a good estimate of the error in a predicted quantity. E is the mean of an
uncertainty distribution, which results from the various sources of uncertainty that unavoidably are introduced in CFD simulations (see Figure 2.94). Unless the spread of the uncertainty distribution is known, it is
not possible to know whether the error in a predicted quantity will be of the order of E because the error in
the predicted quantity will be a realization of the uncertainty distribution and for a wide distribution the
probability that the realization falls far away from the mean is high. A solution to this problem is offered by
ASME V&V Standard (2009), which requires that the validation uncertainty uval—a measure of the spread
of the uncertainty distribution—also be determined to quantify “the degree of accuracy inferred from the
comparison of solution and data” (ASME V&V Standard 2009, Coleman and Steele, 2009):
2
2
uval =+
unum
uinput
+ uD2

(2.429)

where three known sources of uncertainties are considered: the numerical solution (unum), the model inputs
(uinput), and the experimental data (uD).
If |E| ≫ uval, the errors other than the model form error (resulting from modeling assumptions and
approximations) are very small, and the model form error is approximately equal to E. Then the analyst may
decide either that the model form error is acceptably small for the predictive simulations or that the model
needs to be improved or calibrated to reduce uval. If |E| ≤ uval, the other errors are comparable or greater than
the model form error, and the analyst cannot judge the acceptability of the model for predictive simulations.
In the earlier discussion we made, the tacit assumption that the model validity established at the validation domain holds good at the prediction domain. That is not necessarily true as the validation and prediction
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A CFD validation hierarchy, illustrating the various unit problems and the levels of validation that lead up to
a quantitative confidence on predictions for full-scale devices. (Adapted from Ryan, E.M. et al., CCSI validation and uncertainty quantification hierarchy for CFDmodels, CCSI Technical Report Series, 2012, http://www.
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The probability distribution of modeling errors. Even when the validation comparison error (E) is small, the error
in a predictive simulation (δ) could be large if the error distribution is not narrow (|E| ≤ uval).
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domains can have many different relations: one contained in another, partially overlapping or not overlapping.
The prediction domain in a scale-up simulation, for example, is likely not to overlap the validation domain. The
first step in quantifying the uncertainty in predictive simulations is the estimation of the model form error from
the validation domain as required by ASME V&V Standard (2009). In addition, the model form error must be
extrapolated to the prediction domain and other uncertainties in the predictive simulation must be quantified.
Such a method was proposed by Roy and Oberkampf (2011), which is discussed in the next section.

Downloaded by [Cornell University] at 04:29 25 October 2016

2.8.3 Predictive Uncertainty Quantification
Gel et al. (2013a) applies the method of Roy and Oberkampf (2011) to perform a validation assessment of
an MFIX-TFM model of a circulating fluidized bed. They use experimental data of Shadle et al. (2011) to
validate the model. Their results are discussed later to illustrate the Roy and Oberkampf (2011) method for
uncertainty quantification in predictive simulations.
In an uncertainty quantification analysis, first, it is necessary to identify the quantity of interest (QoI),
which is an important design parameter that the engineer needs for scaling up a device. Gel et al. (2013a) use
the pressure drop (ΔP) across the circulating fluidized bed as their QoI.
Next, all the sources of input uncertainty must be identified and characterized. The input uncertainty
could be aleatory or epistemic, which Roy and Oberkampf (2011) define as follows: “Aleatory uncertainty
(also called irreducible uncertainty, stochastic uncertainty, or variability) is uncertainty due to inherent
variation or randomness and can occur among members of a population or due to spatial or temporal variations. Aleatory uncertainty is generally characterized by either a probability density function (PDF) or a
cumulative distribution function (CDF).” For example, the inlet gas velocity, which is an input in the circulating fluidized bed model, is an aleatory uncertainty. The inlet gas velocity can be measured, but its values
vary from run to run, making the uncertainty irreducible.
“Epistemic uncertainty (also called reducible uncertainty or ignorance uncertainty) is uncertainty that
arises due to a lack of knowledge on the part of the analyst, or team of analysts, conducting the modeling
and simulation. Epistemic uncertainty is traditionally represented as either an interval with no associated
PDF or a PDF that represents degree of belief of the analyst (as opposed to frequency of occurrence of an
event in aleatory uncertainty).” For example, the particle restitution coefficient for the glass beads used in the
circulating fluidized bed experiment is an epistemic uncertainty. It has a fixed but unknown value because
the value is not reported by Shadle et al. (2011). From the physics of particle collisions we can deduce that the
restitution coefficient must fall in the interval [0, 1]. The interval can be further narrowed down to [0.8, 0.9]
based on the values reported in the literature. Had Shadle et al. (2011) measured the restitution coefficient
precisely, the uncertainty would have been reduced or even eliminated.
A list of all the uncertain model input parameters is created by surveying the open literature and polling subject-matter experts. The experts are asked to provide a nominal (or baseline) value and a range for
the upper and lower bounds for each of the input parameters. Typically, this list turns out to be long, and
considering the entire list is not desirable for two reasons. One, conducting simulations by varying all the
input parameters could be prohibitively expensive. Two, the results of the validation study would be less
precise (contain higher variability) because the amount of validation data available is often limited. If the
subject-matter experts are confident that some input parameters are not important, it is better to eliminate
them from the analysis. Therefore, the list is shortened to include only the important input parameters.
The important input parameters could also be determined with the help of a (more expensive) sensitivity
analysis. For example, Gel et al. (2013b) use the Sobol’ sensitivity indices method to apportion the output
uncertainty to the input uncertainty in certain MFIX-TFM simulations. They show that the particle–particle
restitution coefficient contributed the most to the variability observed in the QoI mean bed height. Therefore,
particle–particle restitution coefficient will be the highest ranked input parameter for an uncertainty analysis with the mean bed height as the QoI. A less expensive alternative is to use scatterplots to understand
the relationships between the uncertainty in inputs and the uncertainty in the predictions as discussed by
Helton et al. (2006).
For the QoI pressure drop across the circulating fluidized bed, Gel et al. (2013a) select the gas velocity (Ug)
and the solid circulation rate (Gs) as the important input parameters, both of which are aleatory uncertainties. For demonstrating the methodology, Gel et al. (2013a) characterize Ug as a truncated normal distribution with a mean of 7.2 m/s and standard deviation of 0.04 m/s, and Gs as a truncated normal distribution
with a mean of 14.0 kg/s and standard deviation of 0.34 kg/s.
The next step is the propagation of the uncertainty in input parameters. This involves running the MFIXTFM circulating fluidized bed model for multiple realizations of gas velocity and solids circulation rate
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sampled from their distributions. This is an impossible task because of the huge number of MFIX-TFM
simulations that would be required, each simulation taking 2–4 weeks of computational time. Therefore,
the propagation of the input uncertainty is carried out with the help of a surrogate model. Gel et al. (2013a)
develop a surrogate model by expressing the ΔP predicted by 13 simulations as a polynomial in Ug and Gs.
Of the 13, seven are preexisting simulations; six additional simulations are identified through a central
composite design sampling method. The optimum form of the surrogate model is determined with the help
of an adjusted R 2 method. Then the input uncertainty is propagated by drawing 100,000 samples from the
distributions of Ug and Gs and conducting a Monte Carlo simulation.
The use of a surrogate model in place of the simulator causes an additional uncertainty, which Gel et al.
(2013a) assume to be the maximum difference between MFIX-TFM results and the surrogate model predictions. However, a better estimate of this uncertainty could be obtained by conducting new MFIX-TFM simulations and determining the maximum difference between those simulation results and surrogate model
predictions (i.e., cross validated error).
The next step is to determine the model form uncertainty, which comes exclusively from the inadequacies
of the model. However, model form uncertainty can only be estimated, and the estimates tend to incorporate uncertainties in the validation data and input parameters. Roy and Oberkampf (2011) define model
form uncertainty as the minimum area between the CDFs of experimental data and the simulation results.
This yields the model form uncertainty at the validation domain.
The model form uncertainty at the prediction domain can be determined through an extrapolation
method (Roy and Oberkampf 2011). The total uncertainty in the predictions can be then calculated by
combining the model form uncertainty and the uncertainties arising from input, surrogate model, discretization, and time averaging at the prediction domain. See Roy and Oberkampf (2011) for an example of
uncertainty quantification for predictive simulations.
Gel et al. (2013a) demonstrate the output of the method by simply combining the uncertainties at the validation domain. The output of the method is the cumulative probability for the QoI ΔP (Figure 2.95). The plot
is called a p-box (probability box), which consists of the two S-shaped curves that merge while approaching
the cumulative probability values of 0 and 1. The regions within the p-box, identified with different colors
in Figure 2.95, are shown only for explaining the contributions from the various sources of uncertainty. The
blue curve at the center arises from the (aleatoric) uncertainty in the input parameters Ug and Gs. The other
uncertainties (surrogate, model form, discretization, and time averaging) are added to this curve as epistemic uncertainties because we know only their interval values, not their distributions. The addition of these
epistemic uncertainties transforms the blue curve into the p-box, which represents all the possible families
of CDFs that fit within its bounds. The greatest uncertainty arises from the spatiotemporal discretization
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Figure 2.95
The p-box summarizes all the uncertainties considered in a predictive simulation. The box is colored to show
the contributions from various sources of uncertainty in a multiphase application. (Adapted from Gel, A. et al.,
Ind. Eng. Chem. Res., 52(33), 11424, 2013a.)
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(17.9%), which Gel et al. (2013a) calculate by applying a mixed-order analysis method proposed by Roy
(2003), and the next highest uncertainty is the model form uncertainty (5.2%).
It is instructive to compare the p-box resulting from the uncertainty quantification study with the traditional approach of validation and prediction. In the traditional approach, the calculated ΔP (~19 kPa) would
be compared with the experimental value of 20 kPa, to establish the validity of the model. Then it will be
assumed that the error in the predictive simulation will be similar to that observed in the validation simulation (~5%). Figure 2.95, which includes all sources of uncertainties, tells an entirely different story. It does
not give a unique value for the predicted ΔP or a unique error bar. Rather it gives the upper and lower limits
of probabilities for observing different values of ΔP. For example, for ΔP = 20 kPa, the probability range is
[0, 1]; that is, no meaningful information can be gained for this value from the p-box. For ΔP = 14 kPa, the
probability range is [0, 0.5]; that is, the probability is at most 50% that the ΔP would be less than 14 kPa. For
ΔP = 24.2 kPa, the probability range is [0.8, 1.0]; that is, the probability is at least 80% that the ΔP would
not exceed 24.2 kPa.
What is the value in making such a nondeterministic prediction of ΔP? Suppose a design specification
requires ΔP ≤ 24.2 kPa. Then Figure 2.95 predicts that there is [80%–100%] certainty that the specification
will be met when the device is built as designed and operated; conservatively, there is 80% certainty. In contrast, the traditional approach would have placed 100% certainty that the design specification will be met.
However, that degree of certainty is just an illusion, in light of all the uncertainties involved in making the
prediction, especially the epistemic uncertainties arising from the numerical discretization and the model
form. Now, an 80% certainty might be sufficient for certain applications, in which case the design engineer
would accept the proposed design. For more critical applications, however, the design engineer may need a
greater degree of certainty (say 95%) in the predicted quantities. In that case, the engineer can either revise
the design or try to reduce the uncertainty in the predictive simulation. The design engineer could choose
a higher pressure drop (e.g., 25 kPa) because there is greater certainty (95%) that ΔP would not exceed that
value. In that case, the design will need to be revised, for example, by increasing the pressure vessel wall
thickness to withstand the higher pressure expected from the predictions. Or the design engineer may try to
reduce the uncertainty in the predictions by measuring the important model parameters with greater accuracy or increasing the grid resolution or using higher-fidelity constitutive equations or using a combination
of these approaches. The improved predictive simulations could very well increase the certainty in meeting
the specification ΔP ≤ 24.2 kPa, and the design engineer need not revise the design; however, there is no
guarantee that the certainty will increase.
More importantly, Figure 2.95 also tells the design engineer where to put his or her resources in order
to reduce the uncertainty. Finer grids and additional experiments for model calibration would be the likely
candidates for reducing the uncertainty in the predictions.
2.8.4 Bayesian Calibration
In the approach described earlier, all the uncertainties identified during the validation are attributed to
model form uncertainty, and the (epistemic) uncertainties in the model parameters are kept fixed or disregarded. The aforementioned approach cannot handle situations where many parameters are used to describe
different physical phenomena in a complex multiphysics problem and a hierarchy of cases is needed to validate the model (e.g., Figure 2.93). The approach does not provide a way to learn from each addition of new
information and improve the model progressively (or reduce model parameter uncertainty) as the model is
hierarchically validated. This limitation can be overcome through the application of Bayes’ theorem (Efron,
2013). When new information K (experimental data) becomes available, it can be used to improve our
knowledge of the unknown U (model parameters) by applying Bayes’ theorem:
P (U |K ) = P (U )

P (K |U )
P (K )

(2.430)

where
P(U) is the prior distribution of U (our existing knowledge about U)
P(K|U) is the probability of K given U (Little, 2013)
Kennedy and O’Hagan (2001) use this basic idea to propose a method for improving the traditional model
calibration by (1) allowing for all sources of uncertainties in predictions and (2) correcting for inadequacies
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in the calibrated model by introducing a discrepancy function. Higdon et al. (2004) further extend this
approach and represent the problem as follows:
y ( x i ) = h ( x i ,q ) + d ( x i ) + e ( x i )

(2.431)
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where
xi is the input variables
y is the experimental observations
θ is the model parameters
δ is the discrepancy between the simulator η and reality
e is the experimental observation error
In this approach, θ and δ are the unknowns (U), although prior knowledge about them may exist. θ are
unknown scalars, whose estimate in the Bayesian paradigm is a random variable and the prior information
about θ is represented by PDFs (prior distribution). δ are functions and the prior information is represented
by a stochastic process, usually assumed to be a Gaussian process (Kennedy and O’Hagan, 2001). With the
new information y, the knowledge about θ and δ is updated to generate their posterior distributions.
The simulator is treated as a black box, and computationally expensive simulators are replaced by an emulator. An emulator is not just an approximation of the simulator, but rather a statistical approximation. If the
simulator (e.g., MFIX) is represented as a function that calculates an output F (x ) for an input x, then a surrogate model (e.g., Section 7.3) is an approximation f(x) that gives a unique value, say f0 = f(x0), for each value
of the input x = x0. In contrast, an emulator will provide an entire probability distribution for F (x = x 0 ) at
each value of x, which will be a normal distribution if the emulator is constructed as a Gaussian process
(O’Hagan, 2006). At the design points where MFIX simulations were actually run, the variance of the distribution will be equal to zero; the further x0 is away from those design points, the variance will increase.
As already discussed, four sources of uncertainty must be considered for determining the confidence
bands for predicted quantities: (1) model parameters and constitutive models (e.g., friction coefficient,
drag model); (2) model form (accounting for the known and unknown approximations in the mathematical
model); (3) input parameters (e.g., the solids flux in a circulating fluidized bed); and (4) numerical approximations (e.g., grid resolution, time averaging).
The uncertainties from sources (1) and (2) must be determined during validation simulations. Source
(1) includes model parameters that may need to be calibrated because of insufficient measurements (e.g.,
particle–wall friction coefficient) or the inability to measure certain parameters (e.g., specularity coefficient). From the previously known plausible values of the model parameters (prior distributions) and new
experimental observations (e.g., bubble frequencies measured in a fluidized bed), the Bayesian calibration
enables the analyst to generate better estimates of the model parameters (posterior distributions). In addition
to calibrating scalar parameters, the best categorical parameters also could be identified through Bayesian
calibration (e.g., which drag formula explains the new experimental observations the best), as demonstrated
perhaps for the first time by Storlie et al. (2014). Source (2) that accounts for the inadequacies in the model is
captured by the discrepancy function.
The uncertainties from sources (3) input quantities and (4) numerical approximations are determined
during predictive simulations. The analyst may conduct multiple predictive simulations for values sampled
from input distributions specified by the design engineer (e.g., solids flux) to quantify the uncertainty in the
predicted QoIs (e.g., pressure drop) arising from the input uncertainty. Likewise, the analyst may run longer
simulations to reduce and estimate the uncertainty arising from time averaging; the analyst may run simulations with finer grid resolution to reduce and estimate the uncertainty arising from spatial discretization.
This method is demonstrated by Lane et al. (2014) with the help of an MFIX-TFM model developed by
Li et al. (2011). The physical system is a bubbling fluidized bed that contains 25 heat transfer tubes. The QoI
are chosen as the bubble frequency and bubble-phase fraction around a tube at the center of the tube bank, for
which Kim et al. (2003) have reported experimental data. These experimental data are the new information y.
The bubble frequency and bubble-phase fraction predicted by the MFIX-TFM model or an emulator are η; the
gas velocity and angular location on the tube are the input parameters xi. The MFIX-TFM model parameters
selected are θ (particle–particle and particle–wall restitution coefficients, particle–particle and particle–wall
friction angles, packed-bed void fraction, and drag models). There are two discrepancy functions δ, one for
the bubble frequency and another for the bubble-phase fraction, each of which is a function of the gas velocity
and the angular location. The measurement errors in the bubble frequency and bubble-phase fraction are e.
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The physical ranges and the most likely values of θ are determined from a literature review and expert
advice, and their prior distributions are constructed. Coefficients of restitution and packed-bed void fraction
are assigned symmetric distributions: shifted and scaled β-distributions centered at their respective modes.
Friction angles are assigned asymmetric distributions: shifted and scaled β-distributions that matched their
respective modes. The drag models are treated as three categorical variables weighted equally with a discrete
uniform distribution: Gidaspow, Syamlal-O’Brien, and Wen-Yu.
To reduce the computational cost, an emulator is developed. The emulator and discrepancy functions are
modeled with Bayesian Smoothing Spline Analysis of Variance (BSS-ANOVA) models (Reich et al., 2009).
The BSS-ANOVA model is a form of Gaussian process that increases the ease of handling categorical inputs
and correlated outputs. Forty thousand Markov chain Monte Carlo iterations are used to calculate the posterior distributions of the emulator, discrepancy functions, and model parameters. The analysis shows that
the posterior distributions of the parameters are similar to the prior distributions in all but two cases. For
the parameter particle–particle friction angle, the posterior distribution changes from a wide distribution
to a narrow distribution centered at 25° (Figure 2.96); for the categorical variable drag model, Wen-Yu is
identified as the drag model that best explains the new information. The calibrated model parameters and
discrepancy function and the emulator are used to make predictions for a held-out data set (i.e., the data set
that was not used for model calibration). For example, Figure 2.96 shows that the experimental data fall well
within the 95% confidence bands of the predicted bubble frequency.
2.8.5 Hierarchical Validation and Prediction
Lai et al. (2014a) use the method described in the previous section for the hierarchical validation of an
MFIX-TFM model of a CO2 adsorber. Unit problems with increasing levels of physical complexities are used
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Figure 2.96
Bayesian calibration of a bubbling fluidized bed and the prediction of a held-out data set. (a) The continuous
line is the prior distribution and the stacked bar graph is the posterior distribution determined from Bayesian
calibration. (b) The mean (dark gray), several realizations (light gray), and the 90% bands (medium gray) of the
discrepancy function. (c) Mean (continuous line) and 95% confidence bands (broken lines) given by predictive
simulations compared with experimental data. (Adapted from Lane, W.A. et al., Powder Technol., 253, 733, 2014.)
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as the building blocks for progressive model parameter calibration (see the hierarchy in Figure 2.93). First,
the model is calibrated with data from cold flow experiments where only the hydrodynamics is considered
and the pressure drop is the only QoI. Next, heat transfer is considered by simulating a hot, nonreacting
bed, where bed temperature (temporal and spatial) is also included as a QoI. Finally, chemical reactions are
introduced to simulate the multiphase hydrodynamics coupled with heat transfer and chemical reactions in
the adsorber, where CO2 adsorption capacity and the breakthrough curve are included as QoIs. The posterior distributions from each level of the hierarchy become prior distributions for the simulations for the next
higher level in the hierarchy, and the BSS-ANOVA calibration is used to process the simulation data with the
corresponding experimental measurements and to determine the new posterior distributions.
The chemical kinetics model developed by Lee et al. (2011) is used to model CO2 adsorption kinetics. Lee
et al. (2011) determined prior distributions of the parameters in the chemical kinetics model with the help
of data from thermogravimetric analysis experiments. Fifteen model parameters are calibrated: the sorbent
particle size, sorbent capacity, sorbent decay rate, and 12 equilibrium and chemical kinetics parameters for
the 3 chemical reactions involved in CO2 adsorption. The data from NETL’s carbon capture unit (C2U) are
the new information used for model parameter calibration. Seventy-one experimental data sets for CO2
breakthrough curves are available from the C2U experiments. Nine of the experimental data sets are not
used for the calibration (held out) so that out-of-sample validation predictions could be made for those
experimental settings without the benefit of their data influencing the calibration results. These calculations
show that “the emulator prediction bands are within observation error in all cases” (Lai et al., 2014a); a typical plot is shown in Figure 2.97.
The posterior distributions of model parameters from the earlier validation study are used by Lai
et al. (2014b) to predict the behavior of a conceptual, pilot-scale (1 MW) CO2 adsorber. They use five
flue-gas flow rates and 351 parameter settings sampled from the 15 posterior distributions, to conduct
a total of 1755 MFIX-TFM simulations. From the results of the over 1200 successful simulations, they
calculate the uncertainty distributions for the QoIs CO2 adsorption rate and bed height. At a flue-gas
flow rate of 0.72 kg/s, they predict that the conceptual adsorber will capture more than 95% of the CO2.
However, the lower, 95%-confidence bound suggests that the value could be as low as 83% capture. They
predict that a flow rate below 0.65 kg/s guarantees that the lower, 95%-confidence bound exceeds the DOE
target of 90% capture.
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Figure 2.97
The predicted CO2 breakthrough curves for a held-out data set. The predicted breakthrough curve (continuous red line) and 95% confidence bands (broken red line) are well within observation error (green region).
The blue lines are the predictions before the discrepancy function correction is applied. (Adapted from Lai, K.
et al., Hierarchical calibration and validation of high-fidelity CFD models with C2U experiments, CCSI Milestone
Report, 2014a.)
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2.8.6 Comments about the Calibration Process
As mentioned before, treating the computer code as a black box is customary in the Bayesian calibration
process. Although this process has the great advantage of avoiding custom code development for uncertainty quantification, the process could disregard direct relationships between the input parameters and the
output results dictated by the underlying physics. Calibrating the particle diameter with experimental data
on pressure drop, for example, is physically reasonable because a direct relationship between the two can
be deduced from the multiphase CFD equations. Calibrating the particle diameter with experimental data
on the conversion of a gas-phase species, however, need not be physically reasonable. Whereas carbon monoxide (CO) generation from carbon combustion would be affected by the diameter of the carbon particle,
CO generation from the (gas phase) water gas shift reaction would not be. The physical connection between
CO conversion and particle diameter is then ambiguous, and a deficiency in the reaction kinetics model
could corrupt the diameter calibration. Although the reader is cautioned about this possibility, the calibration process need not be so easily fooled: The model form discrepancy should allow for the reaction model
deficiency, and the calibration process should (in principle) give the prior distribution for particle size back
as the posterior.
The calibration process also must anticipate the design specifications. If, for example, the particle size
distribution is one of the design specifications, a calibrated particle diameter would not be useful for conducting predictive simulations. In that case, the predictive simulation needs a method for determining the
mean particle diameter from a given particle size distribution (e.g., Sauter mean diameter vs. volume–width
diameter). If there is no compelling physical reason for selecting one averaging method over another, the
different averaging methods could be included as categorical variables, and a suitable method could be identified through the calibration process.
The discrepancy function accounts for every uncertainty in the CFD model that caused the validation
simulation results to differ from the experimental observations and that could not be corrected by calibrating the model parameters. However, the discrepancy function cannot very well compensate for the missing
physics or numerical approximations. Suppose a particle-scale, reaction rate model ignores the effects of
mass transfer. That deficiency could appear in the discrepancy function developed through the calibration
process. The discrepancy function will not be able to account for the missing physics in predictive simulations, however. That is, the discrepancy function may not predict an increased reaction rate in response
to an increased relative velocity, although the underlying physics implies an increased reaction rate, caused
by an increased mass transfer rate, which, in turn, is caused by an increased relative velocity. Bhat et al.
(2016) have proposed a way to correct for the missing physics by putting the discrepancy function directly
into the reaction rate and equilibrium expressions. Furthermore, any unquantified uncertainty caused by
a poor grid resolution in the validation simulations could appear in the discrepancy function, which may
distort the uncertainty arising from the grid resolution used in the predictive simulations.
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