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Abstract – Dynamic state estimation on of power systems stability based on Phasor 
Measurement Units (PMUs) data is a requirement in order to assess power system security. This 
paper addresses the state estimation problem from a strong mathematical point of view to be 
applied for estimation on real time. Specifically, this paper formulates a framework based on the 
Unscented Kalman Filter (UFK) in order to estimate in real-time if the angle stability is 
compromised or approaching instability. This paper proposes a predicting window as a time 
interval to forecast the rotor angle using real-time information. The framework uses the generator 
rotor angles and the electrical angular velocity as state variables, given that the power output of 
the generators is measured by PMUs and that the rotor movement equations are separated from 
the network ones. The estimation of the angle stability can provide meaningful information needed 
to evaluate and enhance the power system security. In order to note the performance for the UKF 
to assess and forecast online system stability for power systems, the UKF is tested when there are 
not measurements available. In this case, the UKF performs a forecasting on the angle in a one-
second window without available data. Emulated PMUs sampling data have been used for 
carrying the simulations and have been validated using the 9-IEEE buses test system. The results 
confirm the method and the performance of the estimation. The proposed approach provides an 
effective tool for real-time environment for security. Copyright © 2019 Praise Worthy Prize S.r.l. 
- All rights reserved. 
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Nomenclature 
k  Index of step time 
i  Index of machine 

kx   State vector at step k 

ku   Control actions of input vector at step k 

i  Rotor angle for machine i 
i  Angular speed for machine i 

w  Model uncertainties  
,k kw v  Gaussian noises at step k 

kP  Covariance matrix of the state estimation 
error in step k 

kP  Predicted covariance matrix of state 
estimation in step k 

kH  Linear function of state variables  

kz  Noisy measurement at step k 

kK  Kalman filter gain matrix at step k 
ˆkx  Forecasted measurements at step k 

kx  Predicted state mean at step k 

kY  Measurement-update function at step k 

kR  Covariance of noise vk 

kr  Noise at step k in the UKF 

1k  State transition matrix at k-1 

1k  Matrix and control actions coefficients  

kC  Cross-covariance of the state and 
measurement at step k  

kS  Measurement covariance matrix at step k 

k  Control actions at step k 
( )iW  Weighting coefficients  

ˆ
kX  Propagated sigma points matrix at step k 

AFRSMC Adaptive Fuzzy of Robust Sliding Mode 
Controller 

DSE Dynamic State Estimation 
EKF Extended Kalman Filter 
EMS Energy Management System 
LMIs Linear Matrix Inequalities 
MPC Model Predictive Control  
PMUs Phasor Measurement Units  
SCADA Supervisory Control and Data Acquisition 
UKF Unscented Kalman Filter 
UAS Unmanned Aircraft Systems 
WAMS Wide Area Protection systems 
WAPS Wide Area Protection systems 
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I. Introduction 
One of the main functions of an Energy Management 

System (EMS) is the real time monitoring and control in 
order to achieve a secure and reliable operation of power 
systems. To achieve this mission, EMS has used SCADA 
(Supervisory Control and Data Acquisition) systems for 
state estimation [1]. However, the updating rate of a 
SCADA system, of several seconds, and the linear 
estimation methods used altogether, do not always allow 
capturing the dynamics of power systems during an 
electromechanical perturbation. Phase Measurements 
Units (PMUs) have been introduced in the power 
systems in order to monitor the current and voltage 
phases. Today, the operators are implementing Wide 
Area Measurements Systems (WAMS) and Wide Area 
Protection systems (WAPS) based on PMUs networks.  

PMU’s enable synchronous power system dynamics to 
be monitored on a more refined time scale. Due to these 
capabilities, WAMS attract important attention to 
implement applications such as power system dynamic 
monitoring [2], under frequency protection systems [3], 
control and stability assessment and preventive control 
[4]. However, it should be considered that PMU’s might 
include measurements errors and bad data [5]. The 
integration of wind power requires new tools to evaluate 
power system security [6]. State estimation for Kalman 
filtering has been used in different approaches. In [7], the 
speed of a three-phase induction motor has been 
estimated using a Kalman filter approach with the stator 
current and rotor flux as state variables. In [8], a Kalman 
based time delay compensation strategy has been used to 
feed a model predictive control scheme to damp inter-
area oscillations in power systems with latencies in their 
communications. The authors in [9] have proposed a 
fuzzy control of wind cage induction generator system.  

The authors in [10] have proposed an automatic 
Extended Kalman Filter tuning for UAS path following 
in turbulent air. In [11], a Kalman observer has been 
employed in order to estimate the state of charge of a 
battery using an adaptive unscented Kalman filter for 
photovoltaics systems. Several approaches to steady state 
estimation and dynamic state estimation based on PMUs 
have been proposed during the last years with promising 
results [12]. However, most of them use bus voltage 
phasors as state variables. The method presented in this 
paper has used generator rotor angles and electrical 
angular velocity as the state variables given that 
generators power output are measured by PMUs and they 
separate rotor movement equations from network 
equations. Besides, a non- linear non-Jacobian based 
Kalman Filter has been used as dynamic state estimator. 

Under stable conditions, state variables (voltage 
phasors) change slowly and steadily as driven by load 
changes and the power systems operate as a quasi-static 
system [13]. The state estimation has been performed at 
short intervals of time to obtain a continuous monitoring. 
Since the system is in a quasi-static operation, linear 
estimation supported by SCADA systems has been 
considered appropriate for steady state conditions. 

However, the large size of an actual power system, the 
need to capture its dynamic behavior and the introduction 
of WAMS lead to further development of algorithms for 
Dynamic State Estimation (DSE). These techniques 
allow predicting the state of the system several steps 
ahead and could be extremely useful tool for 
implementing security actions by operators in WAPS 
architectures [14]. (DSE) uses the knowledge of present 
and previous state measurements along with the 
knowledge of the system’s physical model in order to 
estimate the present state and to predict the state vector 
for the next time step. Several techniques for DSE and 
transient stability prediction have been proposed in the 
technical literature and are summarized in this section 
[15]-[18]. Some authors have proposed different 
approaches to provide system stability, for instance, a 
heuristic algorithm in order to determine PSS parameters 
have been proposed in [19]. The state estimation could 
be used to design strategies in order to mitigate the 
impact of high-impact low probability events as 
blackouts [20]. In general, power system security 
assessment is a critical issue to be modelled and analyzed 
[21]. Some strategies to design control strategies have 
been proposed recently. For instance, in [22] a 
methodology to compute robust controls to damp 
electromechanical oscillations has been proposed. In 
[23], the system has been represented by a set of 
interconnected subsystems and the stability conditions 
have been presented in terms of LMI. In [24], an 
adaptive fuzzy of robust sliding mode controller 
(AFRSMC) as an intelligent robust nonlinear control 
algorithm has been developed to estimate state variables.  

The authors in [25] have proposed an optimal control 
action using a Model Predictive Control (MPC). This 
paper discusses various issues in tuning and maintaining 
constraints on states and control variables for a system 
using Thyristor Controlled Series Compensator (TCSC) 
as a controller.  

This paper addresses the state estimation problem 
from a strong mathematical point of view with a suitable 
application for estimation on real time using phasor 
measurement data. Moreover, the proposed approach 
indicates if the angle stability is compromised or nearby 
to be instable. The proposed method is based on an 
unscented Kalman filter to estimate the angle on real-
time. This paper has four sections more. In Section II, the 
theoretical preliminaries of the Kalman filter are 
presented with the mathematical framework. Then, in 
section III, simulation results are presented based on the 
IEEE 9 bus-system and a 68-bus network. Finally, the 
conclusions and future work are given. 

II. Estimation by Kalman Filter 
Kalman Filtering techniques have been used in power 

system estimation [26]-[29] in order to improve the 
performance of traditional steady state estimation 
processes to track states of voltages and phase angles. 
Kalman filter is usually applied to linear systems, or to 
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linearized version of nonlinear systems based on the 
linearized version of them. Two main techniques are 
applied to linearize; the first one is applied to linearize a 
nominal trajectory in the state. The second one uses the 
measurements to update over the trajectory. It means that 
the linearization is about the trajectory already estimated 
by the filter. In this case, the filter is known as Extended 
Kalman Filter (EKF) [30]. The EKF uses a linear model 
in order to propagate mean and covariance of each state.  

The EKF technique does not always provide suitable 
approximations when it is used to forecast a highly 
nonlinear system as the transient stability problem in a 
power system dynamic. Therefore, the Unscented 
Kalman Filter (UKF) version is proposed to assess 
system stability. The Kalman Filter provides a valuable 
tool for dynamic state estimation, which means 
estimating the state variables in the non-linear 
differential-algebraic equations representing the power 
system. The system model may be expressed by: 

 
  1   , , ,k k k kx f x u w k   (1) 
 
where k is the sample time, x is the state vector, u is the 
control actions or inputs vector, w represents the model 
un- certainties and f () represents the nonlinear function.  

The uncertainty model is usually represented by a 
white Gaussian noise with zero mean and covariance Q 
[31]: 

 
 1 1 1 1 1      k k k k k kx x w u          (2) 
 
and the measurement model by: 

 
     k k k kz H x v   (3) 
 
where the Gaussian noises kw  and kv  are uncorrelated. 
Given an estimated a priori it is required to obtain a 
posteriori estimate based on the measurements and by 
minimizing the covariance error: 
 
   ˆ ˆ  T

k k kP E x x x x      (4) 

 
The a posteriori estimate, which minimizes the error, 

is a linear combination of the a priori estimate and the 
difference between the actual measurements and the 
forecasted measurements, as: 
 
  ˆ ˆ ˆ      k kk kx x K z Hx    (5) 
 

where matrix K is the so-called Kalman gain matrix, 
and it is given by: 
 

   1
    T T

k kk kK P H HP H R


   (6) 
 

The Kalman Filter is a recursive estimator. Fig. 1 

shows the flow diagram for the application of the 
Kalman Filter. Fig. 2 shows the way the Kalman Filter 
update estimates at every step-in time sample. 

II.1. Extended Kalman Filter 

The application of the Kalman Filter technique to non-
linear systems by linearizing the system can be done in 
two ways.  

The first one is the linearization of the nonlinear 
system around a nominal trajectory. The difficulty here is 
to know the nominal trajectory. However, the Kalman 
Filter can be used to estimate the state of the system and 
use this estimate as the nominal trajectory. The nonlinear 
system is linearized around the Kalman Filter estimate, 
which at the same time is based on the linearized system.  

This is the idea of the EKF, it has been proposed in 
several papers and it has proved to be a good estimator.  

However, this method requires large computational 
efforts and difficulties that might be seen as a drawback 
for these techniques.  

The EKF approach can be summarized as shown in 
Fig. 3. This flow chart shows the loop to estimate state 
variables. The first stage starts with the measurements 
and the corresponding calculation for the Kalman gain.  

Then an error covariance is estimated in order to 
deduce a priori estimation for the state variables. The 
first stage for estimation ends with an update to the next 
time step.  

In the updated stage a new set of state variables are 
estimated.  
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Fig. 1. Flow chart for recursive Kalman Filter 
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Fig. 2. Estimates update at every time sample for the Kalman Filter 
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Fig. 3. Flow chart for extended Kalman Filter 
 

Extended Kalman Filter relies on linearization for the 
propagation of the mean and covariance of the state and 
may give unreliable predictions in highly nonlinear 
systems. In addition, the EKF requires calculations of the 
derivatives or Jacobian matrices. The UKF presented in 
next section is used in this research work for stability 
prediction in power systems. 

III. Unscented Kalman Filter Approach for 
Dynamic Power System Estimation 

The UKF is an efficient discrete-time recursive filter 
able to solve estimation problems and to forecast state 
variables such as the machine angles. The general 
formulation for the state vector x and the measurement 
vector x  is as follows: 

 
  1 1  , 1   k k kx f x k q     (7) 
 
    ,  k k ky h x k r   (8) 
 

Functions  f   and  h   are non-linear equations 
representing system and measurements models in terms 
of state variables and system inputs. The EKF uses a 
linearized transformation of mean and covariance in 
order to approximate the true nonlinear transformation, 
but this transformation could be unsatisfactory. The UKF 
proposes an unscented transformation based on two 
principles. First, performing a nonlinear transformation 
on a single point. Second, finding a set of individual 
points in state space whose sample probability density 
function approximates the true probability density 
function of a state vector. The UKF consist of three 
major stages: unscented transformation based on sigma 
points, Kalman filter state prediction and Kalman filter 
state correction; each one of them is explained in the next 
section.  

III.1. Unscented Transformation Based on Sigma Points  

If the mean x  and the covariance P of a vector are 
known, then a set of points called sigma points whose 
ensemble mean and covariance are equal to x  and P.  

Next, each deterministic vector is evaluated in the 

nonlinear function to obtain transformed vectors. The 
ensemble mean and the covariance of the transformed 
vectors will give an estimate of the true mean and 
covariance.  The sigma points calculation is based on the 
unscented transformation to create sets of  2 1n   points, 
using the state vector x at time k+1 and the 
corresponding covariance matrix 1kP   as follows: 

 
  1 1 1 1 1 = 0k k k k kx x x c P P         (9) 

 
where  = c n  . 

III.2. Mean Approximation 

If the mean x  and the covariance P of a vector x are 
known, and the nonlinear function ( )y h x , then a good 
approximation of the mean of y  can be obtained if each 
individual sigma point of Eq. (7) is evaluated in the 
function  h  , and then taking the weighted sum of the 
transformed sigma points to approximate the mean of y , 

where  ( ) ( )  ,   1, , 2i iy h x i n   . The true mean of y  
is denoted as y  and the approximated mean of y  is 
denoted as uy  and is computed as follow. The 
mathematical development for the true mean and the 
approximate mean by sigma points is demonstrated in 
[31]. The approximated mean uy  matches the true mean 
of y correctly up to the third order, whereas linearization 
only matches the true mean of y up to the first order. 
Therefore, the advantage of the UKF is the increased 
accuracy of the mean transformation.  

III.3. Covariance Approximation 

If an n-element vector x  with known mean x  and 
covariance P, and the nonlinear function ( ),y h x  then 
the covariance of y can be estimated using the equation: 

 

   ( ) ( ) ( )

1

n Ti i i
u u u

i
P W y y y y



    (10) 

 
where the ( )iy  vectors are the transformed sigma points 

and the weighting coefficients are in ( )iW . 

III.4. Kalman Filter State Prediction 

In this stage, the sets of sigma points calculated are 
evaluated through the state-update function: 
 

  1
ˆ   , 1 ,       0, , 2i i

k kX f X k i n     (11) 
 

The resulting ˆ
kX  is a    2 1n x n   matrix containing 

the propagated sigma points. The predicted state mean 
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kx  and the predicted covariance matrix kP  are given 
by: 

 

 
2

0
  =  

n
m i

k i k
i

x W X


  (12) 

 

   
2

1
0

      
n Tc i i

k i k k k k k
i

P W X x X x Q  




        (13) 

III.5. Kalman Filter State Correction 

In this stage, the sets of sigma points are associated to 
the predicted state mean vector and the covariance matrix 
according to: 

 

 
1
    0

k k k k kx x x c P P


            
  (14) 

 

The sigma points kX   are propagated through the 
measurement-update function: 

 

    ,k kY h x k   (15) 
 
The mean of the propagated points is calculated as an 

average of the vector kY  : 
 

 
2

0
  

n
m i

k i k
i

W Y 



   (16) 

 
The measurement covariance matrix and the cross-

covariance of the state and measurement are calculated 
as: 
 

   
2

0
 = 

n Tc i i
k i k k k k k

i
S W Y Y R  



       (17) 

 

   
2

0
 = 

n Tc i i
k i k k k k k

i
C W X x Y R  



       (18) 

 
The filter gain kK , the state mean kx  and the 

covariance kP  are calculated for the step k  according to 
[20]: 
 

 1  k k kK C S  (19) 
 

        k k k k kx x K y     (20) 
 

     T
k k k k kP P K S K   (21) 

 

IV. System Description 
In order to determine the application in the state 

estimation using the Kalman filter, it is used in the IEEE 
9-bus system, that consists of three synchronous 
machines interconnected by 12 buses, 6 transmission 
lines, 6 transformers and 3 constant impedance loads [16] 
shown in Fig. 4. The state vector x which is a vector of 
dimension 2 1n , is given by: 

 

 
 
 

1 2 3 4 5 6

1 2 3 4 5 6

, , , , ,

, , , , ,
Tx x x x x x x

     

 


 (22) 

 
where i  and j  represent the rotor angle and electrical 
angular velocity respectively for machine i  in the 
system.  

V. Illustrative Results 
The implementation of the proposed dynamic state 

estimation approach is straightforward to be used in 
security analyses. This section covers an application to 
assess the dynamic security based on the rotor angle 
estimation using the traditional KF and comparing it with 
the UKF. In this example, the disturbance initiating the 
transient is a three-phase fault occurring near bus 7 at the 
end of line 5-7. The fault is cleared in five cycles 
(0.083s) by opening line 5-7. After 35 seconds, the 
breaker recloses and the system network configuration is 
the same as before the faults occurred. Fig. 5 shows the 
solution of the set of nonlinear equations for the three 
different network conditions. Fig. 6 and Fig. 7 show the 
rotor angle measurements for generator 1 and the 
estimation by using the linear Kalman Filter and its 
comparison with the solution of the non-linear 
differential equations. From Fig. 7 it is possible to note 
that forecasting precision depends on the time window or 
the time horizon prediction. It is not only a prediction or 
forecasting for the next sample time but for a period 
enough to make actions to improve security or to respond 
to contingencies. Fig. 8 and Fig. 9 show the rotor angle 
measurements for generator 2, corresponding to the 
estimation by using the linear Kalman Filter and its 
comparison with the solution of the non-linear 
differential equations. 
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Fig. 4. WSCC Nine-bus three-generator system 
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Fig. 5. Plot of rotor angles (in degrees) versus time. 
Fault occurs at time zero 

 

 
 

Fig. 6. Rotor angle measurements and estimation for generator 1 
 

 
 

Fig. 7. Rotor angle actual solution and estimation for generator 1 
 

 

 
 

Fig. 8. Rotor angle measurements and estimation for generator 2 

It can be observed that even if the transient stability 
perturbation is non-linear, the Kalman Filter may give a 
reasonable approximation for the estimation. However, if 
measurements are not received and it is necessary to give 
a forecasting for the state variables in its transient 
perturbation, approximation depends on extension of the 
time horizon and the instant where forecasting should 
start. Fig. 6 shows rotor angle forecasting after 
measurements stop.  

The forecasting shown for rotor angle of machine 2 is 
based on the linear model and the last measurement 
available. From Fig. 8 it is possible to note that 
forecasting precision depends on the time window or the 
time horizon prediction. It is not only a prediction or 
forecasting for the next sample time but for a period 
enough to make actions in order to improve security or to 
respond to contingencies.  

In order to note the performance for the UKF to assess 
and forecast online system stability for power systems, 
now, the UKF is used to observe the case when there are 
not measurements available. In this case, the UKF 
performs a forecasting on the angle in a one-second 
window without data (Fig. 9).  

The real angle, the PMU measurements and the 
corresponding estimation and forecasting curve are 
indicated. In this case, the UKF approach shows an 
acceleration in the rotor angle after 2 seconds, it is a 
signal of instability. This information can be used as an 
alarm to take actions on the system. 

 

 
 

Fig. 9. Rotor angle actual solution and estimation for generator 2 
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Fig. 10. Dynamic estimation and forecasting  
using the UKF with predicting window 
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VI. Conclusion 
In this paper, the UKF is applied for the rotor angle 

state estimation based on real time data. The performance 
of the method is illustrated by simulation. The results 
provide a useful tool for ambient data. This paper 
presents a complete development on Kalman filtering 
techniques to assess online system stability for power 
systems based on the rotor angle as variable. In 
particular, the advantages of the UKF over EFK and KF 
are shown. Two study cases are tested in order to observe 
the performance forecasting power system stability. This 
paper provides a comparison between Kalman filters, 
finding out that the UKF has better performance than the 
EKF. The UKF approach proposed in this paper allows 
taking advantage of real time information to monitor 
power system stability based on rotor angle information.  

This methodology can be used on WAMS 
applications. Particularly, the Kalman Filter may give a 
reasonable approximation for the estimation of rotor 
angles. However, if measurements are not received and it 
is necessary to give a forecasting for the state variables in 
its transient perturbation, approximation depends on 
extension of the time horizon and the instant where 
forecasting should start. The proposed methodology can 
be used for solving a wide range of problems related to 
dynamic state estimation: for operational planning, for 
deployment of new PMUs, for increasing power systems 
awareness, for designing WAMS systems. Moreover, the 
proposed methodology can be easily extended to other 
state variables such as voltages and currents. In the future 
work, other state variables will be included to estimate 
power system security performance.  
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