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This study presents further developments in Euler/Lagrange approach to calculate confined particle-laden flows in pneu-
matic conveying lines. Special emphasis is placed on influence of particle-wall collisions and wall roughness as well as inter-
particle collisions with possible agglomeration on developing two-phase flow structure and resulting process parameters. Models
and numerical method were validated based on pressure drop measured along a 6 m horizontal channel, and agreement was found
to be excellent for different particles sizes, mass loading and wall roughness. In a horizontal pipe flow, due to wall roughness-
induced focussing of particle trajectories towards the core of pipe, a secondary flow in pipe cross-section develops. Additional
pressure drop due to particles in pipe flow was higher than that in channel due to different wall collision behaviour.
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Introduction
For numerical treatment of two or multiple interpen-

etrating phases, two approaches commonly used are
Euler/Euler (EE) and Euler/Lagrange (EL) approach1.
First approach is preferred by industry, since considered
problem can be numerically solved rather fast. Several
groups have considerably advanced two-fluid approach
for calculation of turbulent dispersed two-phase flows
over the last 20 years2,3. Second approach is only
applicable to dispersed two-phase flows and is based on
a coupled computation of fluid flow (Eulerian) and
particle phase (Lagrangian). Dispersed phase is
modelled by tracking a large number of representative
point-particles through previously computed flow field
by solving equations of motion accounting for all
relevant forces acting on particles and other important
elementary processes4. An essential advantage of this
method is that discrete nature of dispersed phase
particles is retained. Moreover, physical effects
influencing particle motion (particle-turbulence
interaction, particle-wall collisions, inter-particle collisions
or agglomeration), can be modelled on the basis of
physical principles5,6. Essential in the application of both
approaches is modelling of elementary processes

affecting particle motion, which considerably influences
temporal and spatial distributions of dispersed phase in
the process of consideration. For operational conditions,
where influence of particle phase on fluid flow (so-called
two-way coupling) becomes important, also fluid flow is
strongly affected by elementary processes. As a conse-
quence, integral parameters are influenced, as pressure
drops in pneumatic conveying7.

EL-approach has been applied to pneumatic
conveying with more or less sophisticated modelling
approaches for dispersed phase 8. A very detailed
numerical calculation for a particle-laden horizontal
channel flow on the basis of EL-approach in
combination with k–e turbulence model and full two-way
coupling has been presented9. One of the first fully
coupled EL calculations of horizontal particle-laden chan-
nel flow by accounting for wall roughness effects has
been introduced by Lain et al10 in comparison with
experimental data11. Recently, numerical predictions for
different degree of wall roughness were performed and
particle diameter was in excellent agreement with
measurements12.

This study presents EL calculations of confined hor-
izontal gas-particle flows (channel and pipe flows)
emphasising importance of elementary processes
(particle collisions with rough walls and inter-particle
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collisions) on predicted overall performance of these
processes.

Experimental Section
Euler-Lagrange (EL) Approach

Numerical scheme adopted to calculate
different configurations of confined particle-laden
two-phase flows was fully coupled EL approach12 .
Fluid flow was calculated based on Euler approach by
solving Reynolds-averaged conservation equations in
connection with a full Reynolds-stress or standard k-e
turbulence model. Conservation equations were
extended in order to account for the effects of dispersed
phase (two-way coupling). Time-dependent
three-dimensional conservation equations for fluid may
be written using tensorial notation as

pi,k,iki,it SS)()U(),( φφ ++φΓ=φρ+ρφ …(1)

where ρ is gas density, Ui are Reynolds-averaged
velocity components, and Γik is an effective transport
tensor. Usual source terms within continuous phase
equations are summarised in Sφ, while Sφp represents
additional source term due to phase interaction12.

ip
ip u

dt

dx
=

ilrils
p

ip

PipiDp
p

ip
p

FFgm

uuuucm
Ddt

du
m

++









−+

−−=

ρ
ρ

ρ

1

)(
4
3

           …(2)

i
ip

p T
dt

d
I =

ω

where xpi, upi and ui are components of particle location
vector, particle and fluid velocity, respectively. mp is
particle mass, Ip moment of inertia, Dp  particle
diameter, gi gravity vector and ρ and ρp are fluid and
particle material densities. Different forces acting on
particles and respective resistance coefficients
allowing extension of equation of motion to higher
particle Reynolds numbers are reported12.

Two-way coupling considers momentum
transfer from dispersed phase to continuous phase
through appropriate source terms in the momentum,

Reynolds-stress or turbulent kinetic energy and
dissipation rate conservation equations. These source
terms are sampled for each control volume during
Lagrangian tracking procedure. An under-relaxation
approach is used when introducing the source terms in
conservation equations of fluid flow 12,13. Hence, a
sequential calculation of fluid flow and particle phase is
performed until coupled system has converged.

Modelling Of Elementary Processes
Instantaneous fluid velocity components along parti-

cle trajectory are determined from local mean fluid ve-
locity interpolated from neighbouring grid points and a
fluctuating component generated by a single-step
Langevin model14. In this model, fluctuation velocity is
composed of a correlated part from previous time step
and a random component sampled from a Gaussian
distribution function. Correlated part depends on particle
response characteristics (turbulent Stokes number) and
is calculated using appropriate time and length scales of
turbulence estimated from turbulence models. In confined
flows, change of linear and angular particle velocity
during a wall collision process is calculated based on the
solution of impulse equations coupled with Coulomb’s law
of friction. Separating the process in a compression and
rebound period and introducing a restitution coefficient
as ratio of normal impulse of rebound to that of
compression yields two sets of equations for a sliding
and sticking collision. Distinction between these two types
of collisions is made on the basis of friction coefficient.
Hence, two model parameters are needed to calculate
wall collision process, depending on impact velocity,
particle size and impact angle, which generally have to
be extracted from measurements15.

Wall roughness has a substantial influence on parti-
cle-wall collision process, depending on particle size and
wall roughness structure. Since a detailed
consideration of wall roughness profile in Lagrangian
calculations is not feasible, a stochastic model was
developed, assuming that instantaneous wall collision
angle is composed of particle trajectory angle and a
stochastic contribution from wall roughness as

ξγ∆+α=α 0w   …(3)

where ξ  is a random number with zero mean andvariance
one and γ∆  is standard deviation of
roughness angle distribution depending on particle size
and roughness height11,15.
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From thorough experiments and numerical
calculations, correlations between γ∆  and particle
diameter with degree of roughness as a parameter have
been elaborated (Fig. 1); these curves also may be fitted
by appropriate correlation functions8. PDF of roughness
angle with standard deviation γ∆  is described with a
normal distribution function as
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However, due to shadow effect, this distribution func-
tion is effectively skewed to positive values of
roughness angle, especially for smaller wall impact
angles15. For such cases, there is a pronounced transfer
of horizontal to transverse particle momentum
associated with a strong increase of particle fluctuation
velocity and as a consequence wall collision frequency
in pipe and channel flows. Incorporating these details in
wall collision model, particle velocities and pressure drop12

can be correctly predicted.
Inter-particle collisions are modelled by

stochastic approach16, which relies on generation of a
fictitious collision partner in each Lagrangian time step
of a considered particle. Fictitious particles represent
local particle population and hence their size and
velocities are sampled from previously determined local
distribution functions. Velocity distributions are assumed
to be normal distributed and possibility of a correlation
between velocities of colliding particles is accounted for
through a dependence on particle turbulent Stokes
number. Once all instantaneous properties of real and

fictitious particle are known, collision probability is
calculated as
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where subscripts pr and pf refer to real and fictitious
particle, respectively, np is particle phase number
concentration and ∆tL represents Lagrangian time step
of particle tracking.

A collision will occur, in case a random number in
the range [0, 1] becomes smaller than collision
probability. As it is very sophisticated to determine point
of impact on the surface of particles in an Eulerian frame
of reference, velocities (linear and rotational) are
transformed in a coordinate system where fictitious
particle is stationary. In this configuration, relative
velocity vector is aligned with the axis of collision
cylinder and lateral displacement of centres of both
particles as well as appropriate collision angles are
sampled by a random process16. By solving again the
impulse equations in connection with Coulomb’s law of
friction, one obtains two sets of equations for a sliding
and sticking collision, whereby new velocities of real
particle are calculated. These velocities are then re-trans-
formed in fixed Eulerian frame of reference. Velocities
of fictitious particle are not of interest subsequently.

Results and discussion
Numerical Prediction of Pneumatic Conveying in Pipes and
Channels

EL approach was applied to two flow
configurations (particle-laden horizontal channel and pipe
flow), which are very common in powder technology.
Using code FASTEST/LAG 3D, three-dimensional
steady-state computations were done, as summarised in
connection with standard k-ε  turbulence model.
Horizontal channel has: length, 6 m; height, 35 mm; and
width, 350 mm. Computational domain was discretised
by a single block structured grid (240,000 hexahedral
control volumes). Pipe had hydraulic diameter identical
with that of the channel, yielding a diameter of 63 mm.
Pipe length was 6 m. Computational domain was
discretised by 5 blocks (280,000 control volumes). For
both configurations, conveying gas velocity was 20 m/s
and particles were spherical glass beads (mono-disperse;
diameter, 130 µm; and solids density, ρp = 2,450 kg/m3).
Particle mass loading (particle mass flow rate/gas mass
flow rate) was set as 1.0. In each of the coupling
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Fig. 1—Correlation between standard deviation of roughness angle
distribution and particle diameter for different mean roughness height
(data extracted from experiments and numerical calculations)
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iterations, particle phase was simulated by tracking
240,000 parcels through flow field in order to yield
statistically reliable particle phase properties and source
terms. For particle–particle collisions, restitution

coefficient was taken as a constant (0.9) and static and
dynamic friction coefficients were assumed to be 0.4.
Cross-sectional distributions of different gas and
particle phase properties were considered at 5.8 m down-

 

a)  

b) 

c) 
Fig. 2—Comparison of calculated flow structure in a particle-laden developed channel and pipe flow for different cases [left column: two-
way coupling and without inter-particle collisions, ∆γ = 0.8°; middle column: four-way coupling, ∆γ = 0.8°; right column: four-way coupling
with ∆γ = 5°; a) particle concentration distribution; b) distribution of stream-wise particle velocity; c) distribution of stream-wise gas
velocity and white lines: streamline of gas-phase cross-sectional velocity (average conveying velocity 20 m/s; DP = 130 µm, particle mass
loading 1.0)
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stream of inlet, where flow is fully developed. Wall
collision process was modelled, accounting for a certain
degree of roughness.

A detailed comparison of 2-d calculations with
Reynolds stress turbulence model and experiments was
performed for channel flow12. Agreement of calculation
and experiment11 for vertical profiles of gas and particle
phase properties was found to be very good for different
particle size, mass loading and also different degree of
wall roughness. Especially, consideration of pressure drop
along the channel revealed a drastic increase of
additional pressure drop due to particle phase when wall
roughness height is increased. This is because wall
roughness enhances wall collision frequency8, whereby
average energy dissipation due to particle phase increases
and accordingly pressure drop due to required particle
reacceleration. For mass loading of 1.0 and a low
roughness of 2.3 µm, total pressure drop at the channel
end was 500 Pa, whereas a mean roughness height of
17 µm yielded more than 1000 Pa total pressure drop.
Calculated pressure drop for different particle sizes and
mass loading was in excellent agreement with
measurements. A comparison of cross-sectional
distributions of gas and particle phase properties at the
end of channel and pipe (Fig. 2) demonstrated influence
of inter-particle collisions and degree of wall roughness
at constant mass loading (1.0). Neglecting inter-particle
collisions results in an unrealistic accumulation of
particles near the bottom of pipe or channel (Fig. 2a).
Collisions between particles yield a somewhat better
dispersion of particles, which are however still
concentrated in lower half of cross-sections. An increase
of wall roughness to ∆γ = 5° causes a better dispersion
of particles in cross-section.

Stream-wise, mean velocity of particles has a
maximum in the core of pipe, but the region of highest
velocity has a different shape for three calculations. Due
to strong gravitational settling of particles, when
neglecting inter-particle collisions, the highest particle
velocities are found above the region of high particle
mass flux where flow resistance is larger (Fig. 2a). For
low roughness case with inter-particle collisions,
particle velocity distribution is almost symmetric with
respect to the pipe axis. In high roughness case, region
of highest particle velocities has an ellipsoidal shape,
flattened in the horizontal direction (Fig. 2b). Similar
cross-sectional distributions are found for stream-wise
mean gas velocity, since particles are of course
conveyed by gas flow (Fig. 2c).

In graphs for stream-wise gas velocity also
streamlines of cross-sectional component of gas
velocity are shown (Fig. 2c). A secondary flow develops
in cross-section of pipe for all cases. Without
inter-particle collisions and for low roughness, two
circulation cells are visible, whereas other two
conditions yield four circulation cells. This phenomenon
is only observed in circular pipes and not in channels.
Such a secondary flow is originating from a so-called
focussing effect. Particles sedimenting in a horizontal
pipe will collide with the bottom part of pipe wall and
then are rebound towards the core of pipe. This is
associated with a concentrated momentum transfer to
the fluid (if mass loading is high enough) inducing such a
secondary flow. In case of strong gravitational settling
(without inter-particle collisions and at low roughness),
particles preferably collide with the bottom wall. Almost
no particles are colliding with top wall. Hence,
cross-sectional flow is pushed upwards by the particle
focussing forming only two circulation cells. If vertical
dispersion of particles is enhanced (due to roughness or
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Fig. 3—Calculated pressure drop along the channel (Top) and the
pipe (bottom), comparing single-phase flow and particle-laden flow
(mass loading 1.0) for different wall roughness (four-way coupled
calculation, DP = 130 µm, particle mass loading 1.0, conveying
velocity of 20 m/s)
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inter-particle collisions), collision frequency with the

upper pipe wall increases. As a consequence, these

particles are also rebound from upper wall towards the

core of pipe and due to momentum transfer to the fluid,

four circulation cells develop in pipe cross-section

(Fig. 2c)

Finally, a comparison of pressure drop along

channel and pipe is shown (Fig. 3) for pure gas flow and

particle-laden flow. Single-phase pressure drop is almost

identical for channel and pipe since hydraulic diameter

was chosen to be identical. In particle-laden flow, an

additional pressure drop arises mainly due to

particle-wall collisions (particle wall friction). For a low

roughness situation, this additional pressure drop is

considerably smaller than for higher roughness case,

caused by enhanced wall collision frequency8.

Remarkable is the considerably higher pressure drop in

pipe compared to channel, which is again the result of

larger wall collision frequency of particles in a pipe. Thus,

a channel used for pneumatic conveying requires less

energy than a pipe.

Conclusions

Numerical predictions of integral operational

parameters for horizontal pneumatic conveying were

performed using EL approach. A detailed modelling of

elementary processes occurring on the scale of particles

was required for computing flow structure and pressure

drop. In confined flows, effect of wall roughness needs

to be accounted for, since thereby wall collision

frequency is considerably altered. In pneumatic

conveying, an increase of wall roughness enhances wall

collision frequency and due to the associated particle

phase momentum loss, pressure drop is also remarkably

increased. Inter-particle collisions have already a

pronounced effect on flow structure even at rather low

overall mass loading. For horizontal pipe, due to a

particle focusing effect and two-way coupling, a

secondary flow develops in pipe cross-section, which

might have two or four circulation cells depending on

the degree of particle dispersion. Pressure drop was

remarkably higher in pipe flow compared to channel,

which is again associated with wall collision frequency.
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